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Abstract. The set of all linear recurrence relations satisfied by given sequences of
finite length is described by the annihilator ideal of the sequences. The Massey-
Ding algorithm to compute a linear recurrence relation of minimal order for
several finite sequences of equal length is generalized to compute a minimal
Gröbner basis of the annihilator ideal of several finite sequences of generally
different lengths.

Keywords: Linear recurrence relation, Shift register synthesis problem, Annihila-
tor ideal, Minimal Gröbner basis.

1 Introduction

Let s"(s
0
, s

1
, . . . , s

n~1
) be a finite sequence of length n in an arbitrary field K.

A linear recurrence relation for s

s
L`j

"

L~1
+
i/0

a
i
s
i`j

for j"0, 1, . . . , n!1!¸ (1)

can be described by its characteristic polynomial

f (X)"XL!
L~1
+
i/0

a
i
X i3K[X].

The degree ¸ is called the order of the linear recurrence relation. Such recurrence
relations can be realized by linear feedback shift registers, and the resulting
sequences are employed in various branches of electrical engineering, especially in
coding theory and in cryptology. In these applications, the ground field K is
a finite field, usually the binary field or some finite extension thereof (see, e.g., [7]
or [9]).

A central problem in the theory of linear recurring sequences is the synthesis
problem:

Given several sequences in K of finite but generally different lengths,
find the linear recurrence relation of least order that is satisfied by all
the sequences.



In general, the solution of the synthesis problem is not unique. In the case of
a single sequence, Massey has described the complete solution, i.e., the set of all
solutions of the synthesis problem, in [8] by two polynomials obtained from the
Berlekamp-Massey algorithm. A generalization of this algorithm to several se-
quences of equal length was conjectured by Massey, and Ding [4] proved that
Massey’s conjectured algorithm yields a particular solution of the synthesis prob-
lem. Other algorithms to compute particular solutions of the synthesis problem
have been proposed by Feng and Tzeng [6] and by Sakata and Dai [11]. In [5]
Feng and Tzeng used a generalized Euclidean algorithm to find the complete
solution for multiple sequences of equal length. In [1] the authors described the
complete solution by a polynomial ideal called the annihilator ideal of the se-
quences and proposed computing a Gröbner basis of this ideal by first applying
the Berlekamp-Massey algorithm to each sequence separately and then using an
ideal intersection algorithm.

In the present paper, we generalize the Massey-Ding algorithm (MDA) to
obtain a Gröbner basis of the annihilator ideal for several finite sequences of
generally different lengths. As the MDA, the Generalized Massey-Ding algorithm
(GMDA) iterates along all sequences simultaneously. The GMDA has a more
complicated control structure than the MDA but the computational work is not
much higher. To explain the idea of the GMDA, we use the ideal-theoretic
approach introduced in [1] and briefly recall the necessary notation. Let A be the
K-vector space of all formal series

a"
=
+
i/0

=
+
j/0

a
i,j

X~i½~j

where X, ½ are indeterminates such that X i½j"0 whenever i'0 or j'0. Then
the polynomial ring K[X,½] operates on the space A by multiplying a polynomial
with a power series and omitting terms with positive powers of either indetermi-
nate. Let

S :"
n~1
+
j/0

s
j
X~j½~(n~1~j)3A

be the generating function of the sequence s"(s
0
, s

1
, . . . , s

n~1
), and let

F :"XL!
L~1
+
i/0

a
i
Xi½L~i

be the homogenization of the characteristic polynomial. Then direct computation
shows that the sequence s satisfies the linear recurrence relation (1) if and only if

F ) S"0.

Thus linear recurrence relations can be studied in terms of their generating
functions in the K[X,½]-module A. For a detailed discussion of the topological
duality between polynomials and formal series, we refer to [1] and [10]. Given
several sequences s(1), s(2), . . . , s(m) with generating functions S(1), . . . ,S(m), the
annihilator ideal of the sequences is

Ann(s(1), . . . , s(m)) :"MG3K[X,½] DG ) S(1)". . ."G ) S(m)"0N.
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Then the solution of the synthesis problem is

R (s(1), . . . , s(m)) :"GG(X, 1) K
G homogeneous polynomial in Ann(s(1), . . . , s(m))

of minimal degree that is not a multiple of ½ H.
Example 1 ¸et s(1) :"(110), s(2)"(001), and s(3) :"(010) be three sequences in
K"GF (2). ¹hen

Ann(s(1), s(2) )"SX3,X½#½2,½3)OSX3,X2½,X½2,½3T"Ann (s(1), s(2), s(3) ).

However, the linear recurrence relations satisfied by s(1), s(2) and by s(1), s(2), s(3)
coincide and are all linear recurrence relations of order at least 3. ¹hus two sets of
finite sequences may have different annihilator ideals but satisfy the same linear
recurrence relations. In [1] it was shown that the annihilator ideal describes exactly
the linear recurrence relations satisfied by both the sequences and by their initial
parts, i.e., the sequences shortened by removal of trailing digits.

The GMDA presented here iterates along a descending chain of ideals

K[X,½]"J
~1

.J
0
.J

1
.

. . .
.J

n~2
.J

n~1
"Ann(s(1), . . . , s(m) )

where n denotes the maximum length of the sequences and where all the factors

J
N
/½J

N~1

are principal ideals. The GMDA starts with the basis M1N of the ideal K[X,½] and
computes a generating polynomial ofJ

N
mod ½J

N~1
at each step. We prove that

the resulting basis is in fact a minimal Gröbner basis of the ideal Ann(s(1), . . . , s(m)).
Then an explicit representation of the complete solution of the synthesis problem
can be obtained from the low degree polynomials of the Gröbner basis.

If all sequences have equal length, the GMDA reduces to the MDA and hence
the ideal-theoretic interpretation of the GMDA given above sheds new light on the
MDA.

2 The Generalized Massey-Ding Algorithm

Let s(1)"(s(1)
0

, s(1)
1

, . . . , s(1)
n1~1

), . . . , s(m)"(s(m)
0

, s(m)
1

, . . . , s(m)
nm~1

) be m finite sequences
in the ground field K, and let

n :"max(n
1
, . . . , n

m
)

denote the maximum length of the sequences. For N"!1, 0, 1, . . . , n!1 and
i"1, . . . , m, we consider the initial parts (s(i)

0
, s(i)

1
, . . . , s(i)

N
) of the sequences s (i) and

their generating functions

S(i)
N

:"G
+N

j/0
s(i)
j

X~j½~(N~j )

+ni~1
j/0

s(i)
j

X~j½~(ni~1~j )

if N6n
i
!1

otherwise.

(For N"!1, the initial part (s(i)
0

, s(i)
1

, . . . , s(i)
N

) is empty and S(i)
N
"0). Then, for

N"!1, 0, 1, . . . , n!1,

J
N
:"MG3K[X,½] DG ) S (i)

N~n`ni
"0 for i"1, . . . ,mN

Generalized Massey-Ding Algorithm 3



is a homogeneous ideal in K[X,½]. In particular, J
~1

"K[X,½] and J
n~1

"

Ann(s(1), . . . , s(m)). In general, the ideals J
N

enjoy the following properties.

Lemma 1 For N"0, 1, . . . , n!1,

(i) (J
N
:½ )"J

N~1
(Here (J

N
:½)"M f3K[X,½] D½ f3J

N
N is the ideal quotient [2], [3]).

(ii) ½J
N~1

-J
N
-J

N~1
(iii) J

N
/½J

N~1
is a principal ideal.

Proof. (i) We have (J
N
:½)"M f3K[X,½] D½ f3J

N
N"M f D (½ f ) ) S(i)N!n#n

i
"0 for

all iN"M f D f ) S(i)N!1!n#n
i
"0 for all iN"J

N~1
because N6n!1 implies

N!n#n
i
6n

i
!1 and hence ½ ) S(i)N!n#n

i
"S(i)N!1!n#n

i
.

(ii) The first inclusion ½J
N~1

-J
N

is an immediate consequence of (i). The second
inclusion J

N
-J

N~1
follows from the observation that, for G3J

N
,

G ) S(i)N!1!n#n
i
"G ) (½ ) S(i)N!n#n

i
)"½ ) (G ) S(i)N!n#n

i
)"0 for all i and thus

G3J
N~1

.
(iii) is a consequence of Lemma 2. K

Looking at the definition of the ideals J
N
, one sees that the first time that the

term s(i)
k

affects the ideal J
N

is for N"k#n!n
i
. Thus the terms of shorter

sequences are considered later when iterating N"!1, 0, 1, . . . , n!1. The reason
for our choosing this delayed approach is that although the straightforward
definition

I
N
:"MG3K[X,½] DG ) S (i)

N
"0 for i"1, . . . , mN

yields a chain of ideals

K[X,½]"I
~1

.I
0
.I

1
.

. . .
.I

n~2
.I

n~1
"Ann(s(1), . . . , s(m)),

some factor ideal I
N
/½I

N~1
may not be principal as the following example

illustrates.

Example 2 ¸et s(1) :"(1011) and s(2) :"(111) be two sequences over GF(2). ¹hen the
ideal

I
3
/½I

2
"SX3#½3, X2½#½3,X½2,½4T/SX2½#½3,X½3,½4T

is generated by the cosets of X3#½3 and X½2 and thus is not principal.

Definition 1 ¸et N3M!1, 0 ,1, . . . , n!1N. ¸et

l
N

:"minMdeg(F) DF3J
N

homogeneous and not a multiple of ½N

where deg (F ) denotes the total degree of F. ¹he homogeneous polynomials in J
N

congruent to X l
N mod ½ are the minimal polynomials in J

N
.

Lemma 2 ¸et N3M0, 1, . . . , n!1N and let F
N

be a minimal polynomial inJ
N
. ¹hen

J
N
"½J

N~1
#K[X,½]F

N
.

Hence the factor idealJ
N
/½J

N~1
is generated by the residue class of F

N
and thus is

a principal ideal.
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Proof. By Lemma 1, (ii), ½J
N~1

#K[X,½]F
N

is contained in J
N
. To prove the

opposite inclusion, let G be a homogeneous polynomial in J
N
. Then G,aXk

mod½ for some a3K and k3M0, 1, 2, . . . N. As F
N

is minimal, we can write
G!aXk!l

N F
N
"½G

1
where G

1
3(J

N
:½ ). Lemma 1, (i), now implies that

G
1
3J

N~1
and hence G3½J

N~1
#K[X,½]F

N
. K

The chain of ideals

K[X,½]"J
~1

.J
0
.J

1
.

. . .
.J

n~2
.J

n~1
"Ann(s(1), . . . , s(m) ),

and the relation J
N
"½J

N~1
#K[X,½]F

N
suggest computing an ideal basis of

Ann(s(1), . . . , s(m)) by starting with

B
~1

:"M1N

and iterating

B
N
:"M½F DF3B

N~1
NXMF

N
N

for N"0, 1, . . . , n!1 where F
N

is an arbitrary minimal polynomial in J
N
. The

next theorem shows that, by omitting some of these polynomials, a minimal
Gröbner basis can be obtained. Here we use the following notation from Gröbner
basis theory (see, e.g., [3] or [2]):

For g3K[X,½], gO0, let lt(g) denote the leading term of g with respect to the
graded-lexicographic order where X'½, and let lc(g) denote the leading coeffic-
ient of g. A subsetB of an idealI of K[X,½] is called a Gröbner basis ofI ifB is
finite, 0 NB, and

Slt(g); g3BT"Slt( f ); f3I, fO0T.

A Gröbner basis B is minimal if, for all g3B, lc (g)"1 and

lt(g) NSlt( f ); f3B, fOgT.

A minimal Gröbner basis B is reduced if, for all g3B, no term of g!lt(g) lies in
Slt( f ) ; f3B, fOgT. It can be shown that every Gröbner basis forI is a basis of the
ideal I, and that every ideal I has a unique reduced Gröbner basis.

Theorem 1 Define )
~1

:"0 and, for N"0, 1, . . . , n!1,

)
N
:"G

)
N~1

)
N~1

XMN!1N
if l

N
"l

N~1
if l

N
'l

N~1
.

¹hen, for N3M!1, 0, 1, . . . , n!1N, the set

)@
N

:")
N
XMNN

is a subset of M!1, 0, 1, . . . , NN, the numbers l
j
, j3)@

N
, are strictly increasing, and

M½N~jF
j
D j3)@

N
N is a minimal Gröbner basis of J

N
.

Proof. As l
~1

6l
0
6

. . .
6l

n~1
, the definition of )

N
implies that )@

N
-M!1, 0, 1, . . . ,NN and that l

j
, j3)@

N
, are strictly increasing. For j3)@

N
,

½N~jF
j
3½N~jJ

j
-J

N
by Lemma 1, (ii). To prove that M½N~jF

j
D j3)@

N
N is a min-

imal Gröbner basis of J
N
, we use induction on N. For N"!1, M1N clearly is

a minimal Gröbner basis of K[X,½]. Now let N3M0, 1, . . . , n!1N. To show that
M½N~jF

j
D j3)@

N
N is a Gröbner basis of J

N
, let G be an arbitrary nonzero homo-

geneous polynomial in J
N
. If lt(G)"Xk for some k3M0, 1, 2, . . . N, then the

Generalized Massey-Ding Algorithm 5



definition of l
N

implies that k7l
N
, and hence lt(G) is a multiple of X l

N"lt(F
N
).

Therefore we may assume that G"½H for some H3K[X,½]. Then
H3(J

N
:½ )"J

N~1
and, by the induction hypothesis, lt(H) is a multiple of

½N~1~jlt(F
j
) for some j3)@

N~1
. Consequently, lt(G)"½lt (H) is a multiple of

½N~llt(F
l
) where l3)@

N
is defined by l :"j if j3)

N
and l :"N otherwise. Observe

that j N)
N

implies j"N!1 and l
N
"l

N~1
, and hence lt(F

N~1
)"lt(F

N
).

Finally, we prove that the Gröbner basis M½N~jF
j
D j3)@

N
N is minimal. Clearly

lc(½N~jF
j
)"1 for all j, and thus it remains to prove that

lt(½N~jF
j
) NSlt(½N~lF

l
); l3)@

N
, lOjT.

Suppose that lt(½N~jF
j
)"Xl

j½N~j is a multiple of lt(½N~lF
l
)"Xl

l½N~l for
some j, l3)@

N
with jOl. Then both l

j
7l

l
and N!j7N!l. But j6l implies

l
j
6l

l
and hence l

j
"l

l
, which is a contradiction. K

Corollary 1 ¹he complete solution of the synthesis problem is given by

GFn~1
(X, 1)# +

j3)
n~1

g
j
(X)F

j
(X, 1) Ddeg(g

j
(X))6l

n~1
!l

j
!(n!1!j )H.

To compute a minimal Gröbner basis of Ann(s(1), . . . , s(m)) by Theorem 1, there
remains the nontrivial task of computing a minimal polynomial in J

N
for each

N3)@
n~1

. We will do this iteratively by generalizing the Massey-Ding algorithm
[4] to the case of finite sequences of generally different lengths. To this end we
recall the notion of ‘‘discrepancy’’.

Lemma 3 For N3M!1, 0, 1, . . . , n!2N and i3M1, . . . ,mN, the operation of the
polynomial

F
N
"

l
N

+
j/0

F(j)
N

X
l
N~j½j3J

N

on the generating function

S(i)N#1!n#n
i
"

N`1~n`ni
+
k/0

s(i)
k

X~k½~(N`1~n`ni~k)

is given by

F
N
) S(i)N#1!n#n

i
"d(i)

N
X!(N#1!n#n

i
!l

N
)

where

d(i)
N

:"G
+l

N

j/0
F(j )
N

s(i)N#1!n#n
i
!j

0

if l
N
6N#1!n#n

i
otherwise.

Remark: ¹he vector d
N
:"(d(1)

N
, d(2)

N
, . . . , d (m)

N
) is the N-th discrepancy.

Proof: As N6n!2, ½ ) (F
N
) S(i)N#1!n#n

i
)"F

N
) (½ ) S(i )N#1!n#n

i
)"F

N
) S(i)N!n#n

i
"

0. Hence F
N
) S(i)N#1!n#n

i
is a scalar multiple of X!(N#1!n#n

i
!l

N
) and

F
N
) S(i)N#1!n#n

i
"+ l

N

j/0
+N#1!n#n

i~j
k/l

N~j
F(j )

N
s(i)
k

X!(k!l
N
#j )

½~(N`1~n`ni~j~k)"(+ l
N

j/0
F(j )
N

s(i)N#1!n#n
i ~j

)X!(N#1!n#n
i
!l

N
). K
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Lemma 4 ¸et N3M!1, 0, 1, . . . , n!1N. ¹hen there exists a minimal polynomial in
J

N`1
of the form

XEF
N
! +

j3)
N

a
j
XE!(N!j#l

j
!l

N
)
½N~jF

j
, (2)

where E70 and a
j
3K, such that, for all j with a

j
O0, E7N!j#l

j
!l

N
.

Conversely, if F
N`1

is an arbitrary polynomial of this form, then F
N`1

is contained in
J

N`1
if and only if

E7N#2!l
N
!n#n

i
or d (i)

N
"+ j3)

N
a
j
d (i)
j

for i"1, . . . ,m.

Furthermore, F
N`1

is minimal if and only if E is minimal.

Proof. Let F
N`1

be any minimal polynomial in J
N`1

. As F
N`1

3J
N

and
M½N~jF

j
D j3)@

N
N is an ideal basis of J

N
, we can write

F
N`1

" +
j3)@

N

Q
j
½N~jF

j

where the homogeneous polynomials Q
j
3K[X,½] are either zero or have total

degree l
N`1

!l
j
!N#j. Since ½J

N
-J

N`1
, we may reduce F

N`1
modulo ½J

N
to obtain Q

j
"b

j
XEj with b

j
3K. Then the leading monomial of F

N`1
is X l

N`1"b
N

XENXl
N which implies b

N
"1 and E

N
"l

N`1
!l

N
70. Hence

F
N`1

"XENF
N
# +

j3)
N

b
j
XEj½N~jF

j

where, for all j with b
j
O0, 06E

j
"E

N
!(N!j#l

j
!l

N
). Thus F

N`1
has the

form (2). Conversely, let F
N`1

be an arbitrary polynomial of this form. Then
F
N`1

is a monic homogeneous polynomial with leading term XE`l
N. Hence F

N`1
is

minimal in J
N`1

if and only if E is minimal with F
N`1

3J
N`1

. By definition,
F
N`1

3J
N`1

if and only if F
N`1 )

S(i)N#1!n#n
i
"0 for i"1, . . . , m. But

F
N`1 )

S(i)N#1!n#n
i
"XE ) (F

N
) S(i)N#1!n#n

i
)!+

j
a
j
XE!(N!j#l

j
!l

N
)

) (F
j
) (½N~j ) S(i)N#1!n#n

i
))

"XE ) (F
N
)S(i)N#1!n#n

i
)!+

j
a
j
XE!(N!j#l

j
!l

N
) ) (F

j
) S(i)j#1!n#n

i
)

"d (i)
N

XE~(N`1~n`ni~l
N)!+

j
a
j
d(i)
j

XE!(N#1!n#n
i
!l

N
)

"(d (i)
N
!+

j
a
j
d (i)
j

)XE!(N#1!n#n
i
!l

N
)

is 0 if and only if E'N#1!l
N
!n#n

i
or d (i)

N
"+

j
a
j
d (i)
j

. K

Lemma 4 suggests computing a minimal polynomial F
N`1

in J
N`1

by starting
with (2) and searching for the smallest E70 such that

E7N#2!l
N
!n#n

i
or d (i)

N
"+

j3)
N
a
j
d (i)
j

for i"1, . . . ,m.

To analyze these conditions we introduce some definitions. Hereafter we assume
with no loss of generality that the sequences s(1) , s(2), . . . , s(m) are ordered by
length, i.e., n

1
7n

2
7

. . .
7n

m
.

Definition 2 ¸et

* :"M0NXMi3M1, . . . , m!1N Dn
i
'n

i`1
NXMmN

Generalized Massey-Ding Algorithm 7



be the set of length changes and, for d3*CMmN, let d` denote the successor of d in *.
For d3* and N3M!1, 0, 1, . . . , n!1N, let

d *d+
N

:"(d (1)
N

, d (2)
N

, . . . , d (d)
N

)3Kd

denote the initial parts of the discrepancies. For J-M!1, 0, 1, . . . , n!1N, let
KJ"M(a

j
)j3J Daj

3K for all j3JN and, for a3KJ, define

k
N
(a) :"G

maxMN!j#l
j
!l

N
D j3J with a

j
O0N

!R

if aO0

if a"0.

We can now state our main result.

Theorem 2 (1) ¸et N3M!1, 0, 1, . . . , n!1N. ¹hen, for each d3*, there exists
a subset ((d)

N
of )

N
such that

(i) Md *d+
j

D j3((d)
N

N is a K-basis of + j3)
N
Kd *d+

j
and,

(ii) for all a3K)
N, k

N
(a)7k

N
(b) where b3K( (d)

N is defined by

+ j3)
N
a
j
d *d+
j
"+ j3( (d)

N
b
j
d *d+
j

.

In particular, ( (0)
N

"0. ¼e call the K-basis Md *d+
j

D j3((d)
N

N a minimal basis. For e3*,
let

ge :"G
max(0, N#2!l

N
!n#ne`)

0

if e(m

if e"m

and

ke :"G
max(0,k

N
(c))

N#2!l
N

if d *e+
N
"+ j3( (e)

N
c
j
d *e+
j

otherwise.

¸et q be the smallest e such that ge6ke , let p denote the predecessor of q in *, and let
D :"minMgp , kqN. ¹hen

l
N`1

"l
N
#D

and

F
N`1

:"XDF
N
! +

j3( (o)
N

c
j
XD!(N!j#l

j
!l

N
)
½N~jF

j
if l

N`1
(N#2,

where

o :"G
p
q

if gp6k q
otherwise

and d *o+
N

"+j3( (o)
N
c
j
d *o+
j

,

or

F
N`1

:"XN`2 if l
N`1

"N#2,

is a minimal polynomial in J
N`1

.
(2) ¹he subsets ( (d)

N
can be computed inductively by ( (d)

~1
:"0 and, for

N3M!1, 0, 1, . . . , n!2N, as follows:

(a) if D
N
"0 or d *d+

N
"+j3( (d)

N
c
j
d *d+
j

with k
N
(c)60, then

( (d)
N`1

:"( (d)
N

.

8 J. Althaler, A. Dür



(b) if D
N
'0 and d *d+

N
"+ j3( (d)

N
c
j
d *d+
j

with k
N
(c)'0, then

( (d)
N`1

:"(( (d)
N

CMMdN)XMNN.

where Md is the smallest j with c
j
O0 and N!j#l

j
!l

N
"k

N
(c).

(c) if D
N
'0 or d *d+

N
N +j3( (d)

N
Kd *d+

j
, then

( (d)
N`1

:"( (d)
N

XMNN .

Proof. (1) The existence of the sets ( (d)
N

with properties (i) and (ii) will be proved in
(2) below by induction on N. Here we prove the other results. As
n
1
7n

2
7. . .7n

m
, the sequence (ge )e3* is monotone decreasing. We claim that

the sequence (ke )e3* is monotone increasing. To see this, observe that l
j
6j#1 for

all j, hence k
N
(c)6N#1!l

N
for all c, and ke6N#1!l

N
if d *e+

N
3+ j3( (e)

N
Kd *e+

j
.

Moreover, for c, e3* with c(e and d *e+
N
3+ j3( (e)

N
Kd *e+

j
, the basis representation

d *e+
N
"+j3( (e)

N
c
j
d *e+
j

yields the representation d *c+
N
3+ j3( (e)

N
c
j
d *c+
j

and, by property (ii),
kc6ke which settles the claim. Since g

0
"N#2!l

N
'0"k

0
and g

m
"06k

m
,

the number q promised in the theorem exists and

06D"minMmax(ge , ke) D e3*N6N#2!l
N

because (ge )e3* is monotone decreasing and (ke )e3* is monotone increasing. We
next prove that l

N`1
"l

N
#D. By Lemma 4, there exists a minimal polynomial in

J
N`1

of the form

XEF
N
! +

j3)
N

a
j
XE!(N!j#l

j
!l

N
)
½N~jF

j
,

where E70 and a
j
3K, such that, for all j with a

j
O0, E7N!j#l

j
!l

N
. As

n
1
7n

2
7. . .7n

m
, there is a unique c3M0, 1, . . . , mN such that

Mi3M1, 2, . . . ,mN DE(N#2!l
N
!n#n

i
N"M1, 2, . . . , cN.

Clearly c3* and E7gc . By Lemma 4, d *c+
N
"+j3)

N
a
j
d *c+
j

. Hence there exists
a basis representation d *c+

N
"+ j3( (c)

N
c
j
d *c+
j

with k
N
(a)7k

N
(c). Consequently,

E7k
N
(c) and E7kc . Since D"minMmax(ge ,ke ) D e3*N, we conclude that E7D

and l
N`1

"l
N
#E7l

N
#D. To show that l

N`1
"l

N
#D, observe first that

D"maxMgo , koN.

If D"N#2!l
N
, then XN`2 is a polynomial in J

N`1
of degree l

N
#D and

hence minimal. Otherwise ko(N#2!l
N
, and hence there exists a representa-

tion d *o+
N

"+ j3( (o)
N
c
j
d *oN +
N

. Then Lemma 4 implies that the polynomial

XDF
N
! +

j3( (o)
N

c
j
XD!(N!j#l

j
!l

N
)
½N~jF

j

is contained in J
N`1

, has degree l
N
#D, and thus is minimal.

(2) For N"!1, we have ( (d)
N
"0")

N
and all assertions are evident. Thus let

N3M!1, 0, 1, . . . , n!2N. We first prove that ( (d)
N`1

-)
N`1

. By the induction
hypothesis, ( (d)

N
-)

N
. As l

N`1
"l

N
#D

N
,

)
N`1

"G
)

N
)

N
XMNN

if D
N
"0

if D
N
'0.

Generalized Massey-Ding Algorithm 9



Hence, in case (a), ( (d)
N`1

"( (d)
N
-)

N
-)

N`1
, whereas in case (b) and (c),

( (d)
N`1

-( (d)
N

XMNN-)
N
XMNN")

N`1
. Property (i) follows from the construc-

tion of ( (d)
N`1

. To prove property (ii), we show that

+
j3)

N`1

a
j
d *d+
j
" +

j3( (d)
N`1

b
j
d *d+
j

implies k
N`1

(a)7k
N`1

(b). If D
N
"0, then )

N`1
")

N
and ( (d)

N`1
"( (d)

N
, hence

k
N
(a)7k

N
(b) by the induction hypothesis, and k

N`1
(a)7k

N`1
(b) by the defini-

tion of k
N
. Therefore, we may assume that D

N
'0. Then )

N`1
")

N
XMNN. Now

define a@3K)N by a@
j
:"a

j
for j3)

N
.

In case (a), k
N`1

(c)"k
N
(c)#1#l

N
!l

N`1
61#l

N
!l

N`1
and

+
j3)

N

a@
j
d *d+
j
" +

j3((d)
N`1

b
j
d *d+
j
!a

N
d *d+
N
" +

j3( (d)
N

b
j
d *d+
j
!a

N
+

j3( (d)
N

c
j
d *d+
j
" +

j3( (d)
N

b@
j
d *d+
j

where b@
j
:"b

j
!a

N
c
j

for j3( (d)
N

. By the induction hypothesis, k
N
(a@)7k

N
(b@),

hence k
N`1

(a@)7k
N`1

(b@). If a
N
"0, then k

N`1
(a)"k

N`1
(a@)7k

N`1
(b@)"

k
N`1

(b). If a
N
O0, then

k
N`1

(a)"max(k
N`1

(a@), 1#l
N
!l

N`1
)7max(k

N`1
(b@),k

N`1
(c))7k

N`1
(b)

where in the last inequality we have used the fact that, for each j3( (d)
N

with b
j
O0,

b@
j
O0 or c

j
O0. In case (b), k

N`1
(c)"k

N
(c)#1#l

N
!l

N`1
'1#l

N
!l

N`1
and

+
j3)

N

a@
j
d*d+
j
" +

j3( (d)
N`1

b
j
d*d+
j
!a

N
d*d+
N
" +

j3( (d)
N

CMMdN

b
j
d*d+
j
#(b

N
!a

N
) +

j3( (d)
N

c
j
d*d+
j
" +

j3( (d)
N

b@
j
d*d+
j

where b@
Md

:"(b
N
!a

N
)c

Md
and, for j3( (d)

N
CMMdN, b@

j
:"b

j
#(b

N
!a

N
)c

j
. By the

induction hypothesis, k
N
(a@)7k

N
(b@), hence k

N`1
(a@)7k

N`1
(b@). If a

N
"b

N
"0,

then k
N`1

(a)"k
N`1

(a@)7k
N`1

(b@)"k
N`1

(b). If a
N
"b

N
O0, then

k
N`1

(a)"max(k
N`1

(a@), 1#l
N
!l

N`1
)7max(k

N`1
(b@), 1#l

N
!l

N`1
)"k

N`1
(b).

If a
N
Ob

N
, then b@

Md
O0, hence k

N`1
(b@)7k

N`1
(c) and

k
N`1

(a)7k
N`1

(a@)7k
N`1

(b@)7max(k
N`1

(b@),k
N`1

(c))7k
N`1

(b)

because k
N`1

(c)'1#l
N
!l

N`1
and, for j3( (d)

N`1
CMNN, b

j
O0 implies b@

j
O0 or

c
j
O0. Finally, in case (c),

+
j3)

N

a@
j
d *d+
j
" +

j3( (d)
N

b
j
d *d+
j
#(b

N
!a

N
)d *d+

N
" +

j3( (d)
N

b@
j
d *d+
j

where b@
j
:"b

j
for j3( (d)

N
. By the induction hypothesis, k

N
(a@ )7k

N
(b@), hence

k
N`1

(a@)7k
N`1

(b@). As a
N
"b

N
, we conclude that k

N`1
(a)7k

N`1
(b). K

Combining Theorem 1 and 2, we obtain the following iterative algorithm for-
mulated in the notation of Definition 2. In the algorithm, variables with * are used
for temporary storage.

Algorithm 1 (Generalized Massey-Ding Algorithm, GMDA)

1) Initialize N :"!1, l
N
:"0, F

N
:"1, ) :"0, and ((d) :"0 for all d3*CM0N.

10 J. Althaler, A. Dür



2) If N"n!1, stop. Otherwise compute d
N

:"(d(1)
N

, . . . , d (m)
N

) where

d (i)
N

:"G
+lN

j/0
F (j )
N

s(i)N#1!n#n
i~j

0

if l
N
6N#1!n#n

i
otherwise

and

F
N
:"+lN

j/0
F ( j )
N

X l
N~j½ j.

3) Initialize q :"0`, Search :"true, g* :"N#2!l
N
, and (c

j
) :"(0).

4) a) Solve the linear system d *q+
N
"+ j3( (q) aj

d *q+
j

for (a
j
).

If no solution exists put
D :"g* if Search is true, ( (d)

*
:"( (d)XMNN for all d7q, and go to 5).

b) Compute k :"max(M0NXMN!j#l
j
!l

N
Da

j
O0N) and put

( (q)
*

:"G
( (q)
(( (q)CMMqN)XMNN

if k"0

otherwise

where Mq is the smallest index for which the maximum is reached.
c) If Search is false, go to g).

d) Compute g :"G
max(0,N#2!l

N
!n#nq`)

0

if q(m

otherwise.

If g'k, go to g).

e) Set Search :"false and D :"G
g*

k
if g*6k
otherwise.

f ) If g*'k, put (c
j
) :"(a

j
).

g) If qOm, set q :"q`, g* :"g and return to 4).

5) Set l
N`1

:"l
N
#D and

F
N`1

:"G
XDF

N
!+

j
c
j
XD!(N!j#l

j
!l

N
)
½N~jF

j
XN`2

if D(N#2!l
N

otherwise.

6) If D'0, put ) :")XMNN and ( (d) :"( (d)
*

for all d3*CM0N.
7) Set N :"N#1 and return to 2).

When the GMDA stops, the set M½n~1~NF
N
DN3)XMn!1NN is a minimal

Gröbner basis of Ann(s(1), . . . , s(m)). We next analyze the complexity of this
algorithm. The GMDA consists of two loops, an outer loop 2)—7) for
N"!1, 0, . . . , n!2 and an inner loop 4) for q3*CM0N. Note that only the
polynomials F

N
and the discrepancies d

N
with N3) have to be stored during the

execution of the algorithm. The boolean variable Search indicates whether q of
Theorem 2, the smallest e such that ge6ke , has already been found.

If all sequences s(1), . . . , s(m) have equal length, then the GMDA reduces to the
original Massey-Ding Algorithm (MDA) [4]: As *CM0N"MmN, there is only one
minimal basis Md

j
D j3( (m)N for the discrepancies, and the formula in 2) for the

discrepancies simplifies to d (i)
N
"+ l

N
j"0F (j )

N
s(i)N#1!j . Furthermore, the inner loop 4)

is traversed only once, with q"m. If the linear system in 4)a) has no solution, then
D"N#2!l

N
and F

N`1
"XN`2. Otherwise, D"k(N#2!l

N
and F

N`1
is

computed from the solution of the linear system.

Generalized Massey-Ding Algorithm 11



In the case of sequences of different lengths, however, Algorithm 1 yields
several minimal bases Md *d+

j
D j3( (d)

N
N. The following example shows that ( (c)

N
is not

always a subset of ( (e)
N

for c(e (We could not find a smaller example). Therefore,
the GMDA has slightly higher storage requirements than the MDA. In 4)a),
a linear system with linearly independent columns of length q has to be solved, e.g.,
by Gaussian elimination. In the following example, q"1 or q"3. In general, q is
upper bounded by m, the number of sequences, independently of the lengths of the
sequences. Moreover, if no solution of the linear system for some q exists, no linear
system for higher values of q has to be solved. Consequently, for m small compared
to n, the computational work of the GMDA is dominated by the computation of
the discrepancy in 2) and by the computation of the new minimal polynomial in 5).

Example 3 ¸et s (1) :"(3, 4, 3, 4, !4, 1, 2, !2, 0, 0, !3, 5, 4, !3), s (2) :"(!5, 5,
4, 1, !5, 1, 1, 3, !1, 4, !1, 1), s (3) :"(3, 4, !4, 0, 1, !3, !1, !1, 0, !4, 0,
!1) be three sequences over the ground field GF (11). ¹hen n"n

1
"14,

n
2
"n

3
"12, *"M0, 1, 3N, and Algorithm 1 proceeds as follows.

N l
N

)
N

((1)
N

((3)
N

d
N

!1 0 0 0 0 (3, 0, 0)
0 1 M!1N M!1N M!1N (4, 0, 0)
1 1 M!1N M!1N M!1N (5, 0, 0)
2 2 M!1, 1N M1N M1N (!3, 0, 0)
3 2 M!1, 1N M1N M1N (4,!2, 4)
4 3 M!1, 1, 3N M3N M1, 3N (!3, 5,!4)
5 4 M!1, 1, 3, 4N M3N M1, 3, 4N (!4,!4,!3)
6 5 M!1, 1, 3, 4, 5N M3N M3, 4, 5N (!4, 5, 0)
7 5 M!1, 1, 3, 4, 5N M3N M3, 4, 5N (5, 5,!4)
8 6 M!1, 1, 3, 4, 5, 7N M7N M4, 5, 7N (0, 4, 3)
9 7 M!1, 1, 3, 4, 5, 7, 8N M7N M5, 7, 8N (3,!5,!5)

10 8 M!1, 1, 3, 4, 5, 7, 8, 9N M7N M7, 8, 9N (2,!5, 0)
11 8 M!1, 1, 3, 4, 5, 7, 8, 9N M7N M7, 8, 9N (0, 4, 0)
12 9 M!1, 1, 3, 4, 5, 7, 8, 9, 11N M7N M8, 9, 11N (2, 5, 4)
13 10 M!1, 1, 3, 4, 5, 7, 8, 9, 11, 12N M12N M8, 11, 12N —

¹he minimal polynomials in J
N

are F
~1

"1, F
0
"X, F

1
"X!5½,

F
2
"X2!5X½#2½2, F

3
"X2!½2, F

4
"X3!4X½2#4½3,

F
5
"X4!2X3½!4X2½2!5X½3,

F
6
"X5!2X4½!3X3½2!5X2½3!X½4,

F
7
"X5!4X4½#3X3½2!2X2½3#X½4#2½5,

F
8
"X6!4X5½#3X3½3!3X2½4!X½5#½6,

F
9
"X7#2X6½!2X5½2!X3½4#X2½5!X½6!2½7,

F
10
"X8#4X7½!2X6½2#X5½3#4X4½4!4X3½5!5X2½6!2X½7,

F
11
"X8!4X7½!2X6½2!3X5½3#4X4½4!3X3½5#5X2½6#X½7!½8,

F
12
"X9!4X8½!5X7½2!5X6½3!2X5½4#3X4½5!X3½6#2X½8!4½9,

and F
13
"X10#4X9½!4X8½2#4X7½3#2X6½4!4X5½5!3X4½6

#4X3½7#2X2½8!4X½9#5½10.

12 J. Althaler, A. Dür



¹he resulting minimal Gröbner basis of Ann(s(1), s(2), s (3) )

M½13~jF
j
D j"!1, 1, 3, 4, 5, 7, 8, 9, 11, 12, 13N

is not reduced.

Finally, we discuss whether the case of sequences of different lengths can be
reduced to the case of sequences of equal length by extending the shorter se-
quences. The following example shows some difficulties that arise.

Example 4 ¸et s(1) :"(1000) and s(2) :"(001) be two sequences in K"GF (2). By
Algorithm 1, their annihilator ideal is found to be

Ann(s(1), s(2) )"SX3,X½,½4T.

¹he annihilator ideals of the extended sequences are

Ann(s(1), s(2)0)"SX3,X½2,½4T and Ann(s(1), s(2)1)"SX3#X2½,X½2,½4T.

¹hus all three ideals are different and, moreover,

Ann (s(1), s(2))OAnn(s(1), s(2)0)#Ann(s(1), s(2)1)"SX3,X2½,X½2,½4T.

¹he complete solutions of the synthesis problem are

R(s(1), s(2) )"X3#KX2#KX,

R(s(1), s(2)0)"X3#KX and R (s(1), s(2)1)"X3#X2#KX.

In general, any solution of the synthesis problem for the given sequences is
a solution of the synthesis problem for a suitable extension of the sequences to
equal length. The problem, however, is how to extend the sequences without
knowing a minimal linear recursion in advance. Checking all possibilities is clearly
inferior to applying the GMDA, even for the binary field. In [6] the authors
proposed filling up the shorter sequences with ‘‘don’t cares’’ and, during the
execution of the algorithm, choosing the don’t cares so as to make the correspond-
ing discrepancies zero. It remains unclear, however, how this strategy can be used
for an efficient computation of all solutions or of the annihilator ideal. One
obstacle is illustrated in Example 2 where the factor ideal I

3
/½I

2
is not principal.
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