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Abstract. The set of all linear recurrence relations satisfied by given sequences of
finite length is described by the annihilator ideal of the sequences. The Massey-
Ding algorithm to compute a linear recurrence relation of minimal order for
several finite sequences of equal length is generalized to compute a minimal
Grobner basis of the annihilator ideal of several finite sequences of generally
different lengths.
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1 Introduction

Let s = (sg,81,- - . ,S,—1) be a finite sequence of length »n in an arbitrary field K.
A linear recurrence relation for s
L-1
Spej= Y. @iSiy; forj=0,1,...,n—1—L 1)

i=0

can be described by its characteristic polynomial

L-1

fX)=X"— > aX'eK[X]

i=0
The degree L is called the order of the linear recurrence relation. Such recurrence
relations can be realized by linear feedback shift registers, and the resulting
sequences are employed in various branches of electrical engineering, especially in
coding theory and in cryptology. In these applications, the ground field K is
a finite field, usually the binary field or some finite extension thereof (see, e.g., [ 7]
or [9]).

A central problem in the theory of linear recurring sequences is the synthesis

problem:

Given several sequences in K of finite but generally different lengths,
find the linear recurrence relation of least order that is satisfied by all
the sequences.



2 J. Althaler, A. Dir

In general, the solution of the synthesis problem is not unique. In the case of
a single sequence, Massey has described the complete solution, i.e., the set of all
solutions of the synthesis problem, in [8] by two polynomials obtained from the
Berlekamp-Massey algorithm. A generalization of this algorithm to several se-
quences of equal length was conjectured by Massey, and Ding [4] proved that
Massey’s conjectured algorithm yields a particular solution of the synthesis prob-
lem. Other algorithms to compute particular solutions of the synthesis problem
have been proposed by Feng and Tzeng [6] and by Sakata and Dai [11]. In [5]
Feng and Tzeng used a generalized Euclidean algorithm to find the complete
solution for multiple sequences of equal length. In [1] the authors described the
complete solution by a polynomial ideal called the annihilator ideal of the se-
quences and proposed computing a Grobner basis of this ideal by first applying
the Berlekamp-Massey algorithm to each sequence separately and then using an
ideal intersection algorithm.

In the present paper, we generalize the Massey-Ding algorithm (MDA) to
obtain a Grobner basis of the annihilator ideal for several finite sequences of
generally different lengths. As the MDA, the Generalized Massey-Ding algorithm
(GMDA) iterates along all sequences simultaneously. The GMDA has a more
complicated control structure than the MDA but the computational work is not
much higher. To explain the idea of the GMDA, we use the ideal-theoretic
approach introduced in [1] and briefly recall the necessary notation. Let 4 be the
K-vector space of all formal series

Mg
M8

a = ai,ij"ij

i

0j=0

where X, Y are indeterminates such that XY/ = 0 whenever i > 0 or j > 0. Then
the polynomial ring K[ X, Y ] operates on the space 4 by multiplying a polynomial
with a power series and omitting terms with positive powers of either indetermi-
nate. Let

n—1
S=) ;XY ""170ey
ji=0
be the generating function of the sequence s = (sg,81,...,5,—1), and let

L-1
F=X'— Y aX'yt

i=0

be the homogenization of the characteristic polynomial. Then direct computation
shows that the sequence s satisfies the linear recurrence relation (1) if and only if

F-S=0.

Thus linear recurrence relations can be studied in terms of their generating
functions in the K[ X, Y ]-module 4. For a detailed discussion of the topological
duality between polynomials and formal series, we refer to [1] and [10]. Given
several sequences s,s5®, ..., s™ with generating functions S, ... S™, the
annihilator ideal of the sequences is

Ann(s?V, ... ,s™):={GeK[X,Y]|G-SP =...=G-S™ =0}.
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Then the solution of the synthesis problem is

R(sD,. .., sM™).= {G(X, 1)

G homogeneous polynomial in Ann(sY, . .., s™)
of minimal degree that is not a multiple of Y

Example 1 Let s®V:= (110), s® = (001), and s := (010) be three sequences in
K = GF(2). Then

Ann(sW,sP) =< X3 XY + Y2, V3) # (X3, XY, XY2 Y3 = Ann(sV, s?, s®).

However, the linear recurrence relations satisfied by sV, s® and by s,s®),s®
coincide and are all linear recurrence relations of order at least 3. Thus two sets of
finite sequences may have different annihilator ideals but satisfy the same linear
recurrence relations. In [1] it was shown that the annihilator ideal describes exactly
the linear recurrence relations satisfied by both the sequences and by their initial
parts, i.e., the sequences shortened by removal of trailing digits.

The GMDA presented here iterates along a descending chain of ideals
KX, Y]l=J4 120202 222 Fp1=AnnisY, ..., s™)

where n denotes the maximum length of the sequences and where all the factors

InIY In-1

are principal ideals. The GMDA starts with the basis {1} of the ideal K[X, Y] and
computes a generating polynomial of #y mod Y #y_, at each step. We prove that
the resulting basis is in fact a minimal Grobner basis of the ideal Ann(s™, . . ., s™).
Then an explicit representation of the complete solution of the synthesis problem
can be obtained from the low degree polynomials of the Grobner basis.

If all sequences have equal length, the GMDA reduces to the MDA and hence
the ideal-theoretic interpretation of the GMDA given above sheds new light on the
MDA.

2 The Generalized Massey-Ding Algorithm

Let s = (sg”, (", ... ost )8 = (s§7, s, .., si™ ) be m finite sequences
in the ground ﬁeld K, and let

n:=max(ng,...,Mn,)
denote the maximum length of the sequences. For N =—1,0,1,...,n—1 and
i=1,...,m,weconsider the initial parts (s, s\, . . . ,s{@) of the sequences s and

their generatmg functions

g JTosIX TV N S
TS sWX Iy S®T o) otherwise.
(For N = — 1, the 1n1t1al part (s@,s\,...,sP) is empty and S = 0). Then, for
N=-101,. —1,

Ini= {GEK[X,Y:||G-S](\f),n+ni =0fori=1,...,m}
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is a homogeneous ideal in K[ X, Y]. In particular, ¢_; = K[X,Y] and #,_, =
Ann(s™, . .. ,s™). In general, the ideals #y enjoy the following properties.

Lemmal For N=0,1,...,n—1,

(@) (An:Y) = In-y
(Here (#y:Y) = {feK[X,Y]|Y fe #y} is the ideal quotient [2], [3]).
(i) Y /n—1 S INS In-1
(i) #n/Y #n-1 is a principal ideal.

Proof. (i) Wehave (#y:Y) = {feK[X,Y]|Y fe oy} = {fI(Yf)-SQ ., =O0for
all i} ={f|f-S9 , ,.,=0 for all i}=#y_, because N <n—1 implies
N—n+n<n—1landhence Y-S¢ =80 _ ..
(i1) The first inclusion Y #y_; = ¢y is an immediate consequence of (i). The second

inclusion #y < #y_; follows from the observation that, for Ge ¢,

G-SY_ |, n=G-(Y-S)_ ,,,)=Y-(G-SY_,.,)=0 for all i and thus
Ge In-1.
(i11) is a consequence of Lemma 2. O

Looking at the definition of the ideals #y, one sees that the first time that the
term sy affects the ideal f#y is for N =k +n — n;. Thus the terms of shorter
sequences are considered later when iterating N = — 1,0,1,. .. ,n — 1. The reason
for our choosing this delayed approach is that although the straightforward
definition

Iy=1{GeK[X,Y]|G-SY=0fori=1,...,m}
yields a chain of ideals
K[X, Y] = f—l Qfo Qfl 2 2],,_2 2-_%[_1 = Ann(s(l),. .. ,S(m)),

some factor ideal .#y/Y.#y_; may not be principal as the following example
illustrates.

Example 2 Let s'V:= (1011) and s = (111) be two sequences over GF(2). Then the
ideal

S)Y Iy = (XP + Y3, X2Y + Y3, XY Y /(XPY + Y3, XT3, Y%
is generated by the cosets of X* + Y? and X Y? and thus is not principal.
Definition1 Let Ne{—1,0,1,...,n— 1}. Let

vy = min{deg(F)|F € #y homogeneous and not a multiple of Y }

where deg(F) denotes the total degree of F. The homogeneous polynomials in ¢y
congruent to X" mod Y are the minimal polynomials in #y.

Lemma2 Let Ne{0,1,...,n — 1} and let Fy be a minimal polynomial in #y. Then
In=YIn-1+K[X,Y]Fy.

Hence the factor ideal ¢#y/Y #x-1 is generated by the residue class of Fy and thus is
a principal ideal.
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Proof. By Lemma 1, (ii), Y #y_1 + K[ X, Y]Fy is contained in #y. To prove the
opposite inclusion, let G be a homogeneous polynomial in #y. Then G = aX*

mod Y for some aeK and pe{0,1,2,...}. As Fy is minimal, we can write
G—aX"" Fy=YG, where Gie(#y:Y) Lemma 1, (i), now implies that
G e ¢y-1 and hence Ge Y #y_{ + K[ X, Y ]Fy. O
The chain of ideals

KX, Y]l=4 12/ 2/2 2/ 220-1=Am@s", ... s™),

and the relation #y = Y #y_; + K[ X, Y] Fy suggest computing an ideal basis of
Ann(sM, . .. ,s™) by starting with

,@,1 = {1}
and iterating
QN:= {YF|F€%N_1}U{FN}

for N=0,1,...,n — 1 where Fy is an arbitrary minimal polynomial in #y. The
next theorem shows that, by omitting some of these polynomials, a minimal
Grobner basis can be obtained. Here we use the following notation from Grobner
basis theory (see, e.g., [3] or [2]):

ForgeK[X,Y],g # 0, let lt(g) denote the leading term of g with respect to the
graded-lexicographic order where X > Y, and let Ic(g) denote the leading coeffic-
ient of g. A subset # of an ideal .# of K[ X, Y ] is called a Grobner basis of .# if 4 is
finite, 0 ¢ %4, and

lt(grge By = lt(f), fe S, f#0).

A Grobner basis 4 is minimal if, for all ge 4, lc(g) = 1 and
li(g) ¢ It(f ), feB, [ #g).

A minimal Grobner basis 4 is reduced if, for all ge 4, no term of g — [t(g) lies in
lt(f);fe B, f# g>. It can be shown that every Grobner basis for . is a basis of the
ideal .#, and that every ideal .# has a unique reduced Grobner basis.

Theorem 1 Define Q_:=0 and, for N =0,1,...,n—1,
Q.= QN*I ifVNZVNfl
N = .
QN_IU{N—I} lf‘VN>VN_1.
Then, for Ne {—1,0,1,...,n— 1}, the set
QI’V:: QNU{N}

is a subset of {—1,0,1,...,N}, the numbers v;, je Qy, are strictly increasing, and
{YNTIF;|jeQy} is a minimal Grobner basis of Jy.

Proof- As v_; Svg<---=Zv,_;, the definition of Qy implies that Qy

c{—-101,...,N} and that v;, jeQy, are strictly increasing. For jeQj,
YNTIF,e YNTI g; = ¢y by Lemma 1, (ii). To prove that {Y¥/F;|je Qy} is a min-
imal Grobner basis of #y, we use induction on N. For N= —1, {1} clearly is

a minimal Grobner basis of K[X, Y]. Now let Ne{0,1,. .. ,n — 1}. To show that
{YNTIF;|jeQy} is a Grobner basis of gy, let G be an arbitrary nonzero homo-
geneous polynomial in #y. If I£(G) = X* for some ke{0,1,2,...}, then the
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definition of vy implies that k = vy, and hence It(G) is a multiple of X' = It(Fy).
Therefore we may assume that G=YH for some HeK[X,Y]. Then
He(#y:Y)= ¢y—1 and, by the induction hypothesis, [t(H) is a multiple of
YNNIl (F;) for some jeQy_,. Consequently, [1(G) = YIt(H) is a multiple of
Y¥Ut(F,) where le Qy is defined by I:=j if je Qy and [:= N otherwise. Observe
that j¢Qy implies j =N — 1 and vy = vy_4, and hence lt(Fy_) = lt(Fy).

Finally, we prove that the Grobner basis { YV 7/F;|jeQy} is minimal. Clearly
le(YN7/F;) =1 for all j, and thus it remains to prove that

(YN IE) ¢ (YN F); 1eQy, 1 # ).

Suppose that (YN 7/F;) = X"YN"/ is a multiple of It(YN"'F;) = X"Y""! for
some j,/eQy with j # [. Then both v; = v, and N —j = N — [. But j <[ implies
v; < v; and hence v; = v;, which is a contradiction. O

Corollary 1 The complete solution of the synthesis problem is given by

{Fn—l(X’ D+ Y gi(X)FiX, D|deg(g;(X) S v,y —v;—(n—1 —j)}-

JEQu—1

To compute a minimal Grobner basis of Ann(sY, . . . ,s™) by Theorem 1, there
remains the nontrivial task of computing a minimal polynomial in ¢y for each
NeQ,_;. We will do this iteratively by generalizing the Massey-Ding algorithm
[4] to the case of finite sequences of generally different lengths. To this end we
recall the notion of “discrepancy”.

Lemma 3 For Ne{—1,0,1,...,n—2} and i€{l,...,m}, the operation of the
polynomial

VN

Fy=Y FVX" 'vie gy

j=0
on the generating function
N+1—n+n;
(i) _ )y —kyv—(N+1—n+n—k)
SN+17n+n;_ Z SkX Y
k=0
is given by
(i) _ JOyv —(N+1—n+n—vy)
FN'SN+17n+nL-_dNX
where
wo () () ;
40— {Zj=OFN SN+ l—n+m—j fowsN+1l—n+n
N .
0 otherwise.
Remark: The vector dy:= (d\’,d{, . .. ,dy") is the N-th discrepancy.

: o) _ @) — () _
PVOOf: As N é n - 2: Y'(FN-'SN+17/1+ni) - FN-('Y.SNJrlfnJrn;) _FN-SN7n+Hi -
0. Hence Fy-S¢., ,., is a scalar multiple of X -W+i-n+n-vw) and

i ' N+1-— D) Dy — k= + )y (N+1—n+nm—j—k) _ (yvvn
FN'Sz(\;)+|7n+n,.ZZ}’=oZk=+vN—jn+n F;{)S}(’)X k—vw+j)y ( n+n—j )_(Z‘j=0

()o@ —(N+1—n+n—vy)
FN SN+17n+ni*j)X . D
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Lemmad4 Let Ne{—1,0,1,...,n — 1}. Then there exists a minimal polynomial in
In+1 of the form

XEFN* Z anE*(N*jJrVj*“w)YN*ij’ (2)
JjeQy
where E 20 and a;eK, such that, for all j with a; #0, EZ N —j 4+ v; — vy.
Conversely, if Fy 11 is an arbitrary polynomial of this form, then Fy ;1 is contained in
In+1 if and only if

EZN+2—vw—n+n or dy=Yqad? fori=1,....m.
Furthermore, Fy 1 is minimal if and only if E is minimal.

Proof. Let Fy,; be any minimal polynomial in #yi;. As Fy.,€ ¢y and
{YN7IF;|jeQy} is an ideal basis of #y, we can write
Fyi1= ) Q;YNF;
JjeQy
where the homogeneous polynomials Q;e K[ X, Y] are either zero or have total
degree vy —v; —N +j. Since Y #y S #y+1, we may reduce Fy,; modulo Y #y
to obtain Q; = b;X* with b;e K. Then the leading monomial of Fy; is X "' = by
XEx X" which implies by = 1 and Ey = vy, — vy = 0. Hence
FN+1 = XENFN + Z ijEjYNiij
JEQy

where, for all j with b; #0,0 < E; = Ey — (N —j + v; — vy). Thus Fy ., has the
form (2). Conversely, let Fy,, be an arbitrary polynomial of this form. Then

Fy 41 is a monic homogeneous polynomial with leading term X***. Hence Fy , { is
minimal in #y, if and only if E is minimal with Fy, ;€ _#y{. By definition,

Fyi1€ Iy+q if and only if Fy,y-S¢, ., =0fori=1,... ,m But
FN+1'S/(\?+1—n+n,-:XE'(FN'SI(\j)+I—r1+n;)_ZjanEi(Ni'iJrWivN)
.(FJ"(YN_j‘SJ(\?Jrl—nJrn;))
= XE(Fy-S00 ) =X XN (FsO )

= dg)XEf(NHanrvN) _ zjajdgi)XEf(NJrl—n+n,»*m)
:(dgi[)_Zjajd§i))XE—(N+1—11+ni—\ry)
is 0if and only if E> N + 1 —vy —n+n;ordy =Y ;a;d?. m

Lemma 4 suggests computing a minimal polynomial Fy.; in ¢y, by starting
with (2) and searching for the smallest E = 0 such that

E2N+2—VN—n+ni or dA(,:])ZZJEQNade) forizl,...,m.
To analyze these conditions we introduce some definitions. Hereafter we assume
with no loss of generality that the sequences s, s, ..., s™ are ordered by
length, ie, ny =n, = -+ = n,,.

Definition 2 Let
A={0}ulie{l,...,m—1}|n; > tu{m}



8 J. Althaler, A. Dir
be the set of length changes and, for 6 € A\{m}, let 6* denote the successor of d in A.
FordeAand Ne{—1,0,1,...,n— 1}, let

A= d®P,dP,...,dP)ekK’

denote the initial parts of the discrepancies. For J ={—1,0,1,...,n— 1}, let
K’ ={(a;);c;la;€K for all jeJ} and, for ae K’, define
max{N —j 4+ v; —vy|jeJ with a; #0} if a#0
pn(a):= .
— 0 if a=0.

We can now state our main result.

Theorem 2 (1) Let Ne{— 1,0,1,...,n— 1}. Then, for each d€A, there exists
a subset ¥ of Qy such that

(i) {d|jeYy} is a K-basis of ¥, ,.q, Kd” and,
(i) for all ae K™, uy(a) = uy(b) where be K¥V is defined by
Yjea, 4" =Y ey b;d.

In particular, ¥ = 0. We call the K-basis {d,m |je ‘Pg\?)} a minimal basis. For e€ A,
let

max(O,N +2 —vw—n+n,s) if e<m
Ne = . _
0 if e=m

and

. max(0, uy(c) if dy' =3, pic;d
" IN+2—vy  otherwise.

Let 1 be the smallest ¢ such that n, < p,, let ¢ denote the predecessor of T in A, and let
D= min{n,, g, }. Then

Vi1 =V +D

and
FNJrl = XDFN — Z ‘CjXDi(Nij_F‘Y‘.i"N)YN_ij if\VN+1 < N + 2,
Je¥y
where
g lf Mo = He ol
= - = [p]

& {r otherwise and " =Y, evpcsd”,

or

Fyi1=X""2 ifvyy1 =N +2,

is a minimal polynomial in ¥y .
(2) The subsets W can be computed inductively by W%, :=0 and, for
Ne{—1,0,1,...,n— 2}, as follows:
(@) if Dy=0or d¥' = Yjewoc;d® with puy(c) <0, then
YO =v0.
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(b) if Dy >0 and di' =3, _yoc;d with py(c) >0, then
WP, = (PO M, UINY.
where M is the smallest j with c¢; # 0 and N —j + v; — vy = un(c).
(c) if Dy > 0 or d,[f]gézje\,,fgdeJ[a], then
WY, = WPU(NY.

Proof. (1) The existence of the sets ¥ with properties (i) and (ii) will be proved in
(2) below by induction on N. Here we prove the other results. As
ng=n,=...=n,, the sequence (1,),c, is monotone decreasing. We claim that
the sequence (). is monotone increasing. To see this, observe that v; < j + 1 for
all j, hence uy(c) < N +1 —vyforallc,and p, N + 1 — vy 1fd[’]ezjeq,uKd[s]
Moreover, for y, ee A with y < ¢ and dmez e\{,uKd[‘E] the basis representation

dy' =Y, ywc;d" yields the representation d[']ez,e\wc d!" and, by property (i),
U, = u, which settles the claim. Since ng = N + 2 — vy > 0= o and n,, = 0 < s
the number 7 promised in the theorem exists and

0 < D = min{max(n,, ;)| ee A} <N +2 — vy

because (1,).c4 1S monotone decreasing and (u,),ca 1S monotone increasing. We
next prove that vy, = vy + D. By Lemma 4, there exists a minimal polynomial in
In+1 of the form

XEFN o Z anEf(ij-%—vjva)YN*ij,

JEQN
where E = 0 and a;€ K, such that, for all j with a; #0, E=Z N —j 4+ v; —vy. As
ny 2 n, =...2n,, there is a unique y€{0,1,. . .,m} such that

{ie{,2,... m}|E<N+2—vw—n+mn}={1,2,...,7}.

Clearly yeA and E Zn,. By Lemma 4, di’ =Y, _,, a; ;. Hence there exists

a basis representation dy'=Y yoc;d? with py(a ) ty(c). Consequently,
E = un(c)and E = p,. Smce D= mm’max(nb,ua)heA‘, we conclude that E > D
and Vy+1 =Vy + E = vy + D. To show that vy, ; = vy + D, observe first that

D= maX{r/p’ :up}'

If D=N + 2 — vy, then X¥*2 is a polynomial in ¢y, of degree vy + D and
hence minimal. Otherwise p, < N + 2 — vy, and hence there exists a representa-
tion d{f! = Y ewwc;d¥. Then Lemma 4 implies that the polynomial
XDFN _ Z ijD —(N—j+vj—vwy) YN—ij
jewy
is contained in %y, 1, has degree vy + D, and thus is minimal.
(2) For N = — 1, we have ¥ = ¢ = Qy and all assertions are evident. Thus let

e{—1,0,1,...,n—2}. We first prove that ¥, , < Qy,,. By the induction
hypOtheSiS, \PI(\?) E QN' AS VN+1 = VN + DN7

Q _ QN lfDN:O
N QyU{N) if Dy > 0.
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Hence, in case (a), P\, = P < Qy = Qy4, whereas in case (b) and (c),
YO, = PPUN} < QyU{N} = Qy ;. Property (i) follows from the construc-
tion of ¥, ,. To prove property (ii), we show that

Y adf= Y b
JEQy+1 ]E‘PNH
implies uy+1(a) = py+1(b). If Dy =0, then Qy,; = Qy and ¥, = ¥, hence
Uy (a) = un(b) by the induction hypothesis, and py+1(a) = py+1(b) by the defini-
tion of py. Therefore, we may assume that Dy > 0. Then Qy.; = QyU{N}. Now
define a'e K by aj:= a; for jeQy.
In case (a), uy+1(c) = uy(c) + 1 + vy —vy+1 =1 + vy — vy+q and

Y ad?= Y bd® —ayd{'= Y bd? —ay Y ¢dP =Y bid!”

JjeQy /E\P\+1 /E\P\ /E\P\ ]E\Y\

hence ,LLN+1(al) zﬂN+1(b/). If ay :0, then ﬂN+1(a) :,LLN+1( )>HN+ ( )
,LlN+1(b). If ay # 0, then

where b}:=b; —ayc; for je . By the induction hypothesis, uy(a’) = uy(b),

pn+1(a) = max(uy+1(@), 1 + vy — vy 1) 2 max(uy+ 1 (b), v+ 1(¢)) = pn+1(b)

where in the last inequality we have used the fact that, for each je ¥\ with b; # 0,
b; 75 0 or Cj 75 0 In case (b), /,lN+1(C) = :uN(C) + 1 + VN — VN+1 > 1 + VN — VN+1
and

Y dd? = Y bdl — ayd? = bidP + (by —ay) Y. ¢;d® = Y bidi

P B . 5 -tt ©
jEQy jewd _Je‘l‘&?)\{Mﬁ} jery je¥y

where by, := (by — ay)cy, and, for je W'\{M;}, b= b; + (by — ay)c;. By the
induction hypothesis, py(a’) = puy(b’), hence uy1(a’) = uy+1 (). If ay = by =0,
then py+1(a) = py+1(a") 2 py+1(0) = uy+1(b). If ay = by # 0, then

pn+1(@) =max(py+1(a), 1 + vy —vyi1) Z max(uy+1(0), 1+ vy — vyi1) = py+1(b).

If ay # by, then b),, # 0, hence puy+; (b') = uy+1(c) and

Un+1(a) Z py1(ad) Z py 1 (b)) Z max(py+ 1 (b'), iy +1(¢)) = pn+1(b)

because fiy+1(¢) > 1 + vy — vy+ and, for je ¥, \{N}, b; # 0 implies b} # 0 or
¢; # 0. Finally, in case (c),

Y dd? =Y bd + (by — ay)dP = Y bd

jeQy je¥y jew?

where bj:=b; for jeW{. By the induction hypothesis, uy(a’) = py(b’), hence
n+1(a) Z uy+1(b). As ay = by, we conclude that uy . 1(a) = uy+1(b). ]

Combining Theorem 1 and 2, we obtain the following iterative algorithm for-
mulated in the notation of Definition 2. In the algorithm, variables with % are used
for temporary storage.

Algorithm 1 (Generalized Massey-Ding Algorithm, GM D A)
1) Initialize N:= — 1, vy:=0, Fy:= 1, Q:= 0, and ¥ := 0 for all 5 e A\{0}.
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2) If N = n — 1, stop. Otherwise compute dy:=(d\, . ..,d{") where
d(i).: Z;A;OFIEJJ)S;\I;)JrlfnJrni*J' !vaéN—i_ 1_n+ni
Mo otherwise
and

Fy=Y Fy XYl
3) Initialize T:= 07", Search:= true, n* .= N + 2 — vy, and (c;):= (0).
4) a) Solve the linear system d' = Y icwo ajdjm for (a;).
If no solution exists put

D= n* if Search is true, ¥ := YO U{N} for all § = t, and go to 5).
b) Compute p:= max({0}U{N —j + v; — vy|a; # 0}) and put

\I](r) — lP(T) lf w= 0
* (PO\{M,})U{N} otherwise

where M. is the smallest index for which the maximum is reached.
¢) If Search is false, go to g).
max(O,N +2 —vwy—n+ng:) if t<m

d) C te n:=
) Compute {O otherwise.

If n > u, go to g).
e) Set Search:= false and D = {

) If n* > p, put (c;):= (ay).
g) If © #m, set t:= 1", n*:=n and return to 4).

ot =n
W otherwise.

5) Set vy+1:=vy + D and

D “(N—j4v;—vy) yN—j . _
Foo o XPES =X GX0 TN YN R D <N 2 vy
XN+2 otherwise.

6) If D > 0, put Q:= QU{N} and ¥ := ¥ for all 5eA\{0}.
7) Set N:= N + 1 and return to 2).

When the GMDA stops, the set {Y" ' "VFy|NeQu{n — 1}} is a minimal
Grobner basis of Ann(s,...,s™). We next analyze the complexity of this
algorithm. The GMDA consists of two loops, an outer loop 2)-7) for
N =—-1,0,...,n—2 and an inner loop 4) for 1€ A\{0}. Note that only the
polynomials Fy and the discrepancies dy with N € Q have to be stored during the
execution of the algorithm. The boolean variable Search indicates whether t of
Theorem 2, the smallest ¢ such that , < y,, has already been found.

If all sequences s%, . . . , s™ have equal length, then the GMDA reduces to the
original Massey-Ding Algorithm (MDA) [4]: As A\{0} = {m}, there is only one
minimal basis {d;|je Y™} for the discrepancies, and the formula in 2) for the
discrepancies simplifies to dy = Y1 (F{'s® | ;- Furthermore, the inner loop 4)
is traversed only once, with © = m. If the linear system in 4)a) has no solution, then
D=N+2—vyand Fy,; = X""2 Otherwise, D = p < N +2 — vy and Fy,{ is
computed from the solution of the linear system.
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In the case of sequences of different lengths, however, Algorithm 1 yields
several minimal bases {d!!|je ¥ }. The following example shows that ¥{ is not
always a subset of ¥? for y < ¢ (We could not find a smaller example). Therefore,
the GMDA has slightly higher storage requirements than the MDA. In 4)a),
a linear system with linearly independent columns of length 7 has to be solved, e.g.,
by Gaussian elimination. In the following example, T = 1 or = = 3. In general, 7 is
upper bounded by m, the number of sequences, independently of the lengths of the
sequences. Moreover, if no solution of the linear system for some 7 exists, no linear
system for higher values of 7 has to be solved. Consequently, for m small compared
to n, the computational work of the GMDA is dominated by the computation of
the discrepancy in 2) and by the computation of the new minimal polynomial in 5).

Example3 LetsW:=(3,4,3,4, —4,1,2, —2,0,0, —3,5,4, —3),s?:=(-35,5,
41, —51,1,3, — 1,4, —1,1), s®=(3,4, —4,0,1, —3, —1, — 1,0, —4,0,
— 1) be three sequences over the ground field GF(11). Then n=n; =14,
n, =ny =12, A ={0,1,3}, and Algorithm I proceeds as follows.

N vy Qy PO e dy

-1 0 0 0 0 (3,0,0)
R 11 (00

2 2 (-1 oo (~3.0,0)
302 {-11) moon @, —2,4)

4 3 [-L13) 31113} (—3,5 —4)
5 4 {—1.134 31 (13,40 (—4 —4, -3
6 5 [—1134,5) 31 3,45 (—4,50)

7 5 11,1345 31 3,45 (55 —4)

8 6 (—11.3457 7 4sT (0.43)

9 7 [-1134,578) (7 (57.80 (3, -5 —5)
10 8 {—1.1,34.578.9) 71 17,890 (2 —5,0)

11 8 [-1134,57809) V17,891 (0,4,0)
129 {-1,1345780911) 170 89,11 (2.54)

13 10 {—1.1,3,4.57.89.11,12) {12} 811,12} -

The minimal polynomials in ¢y are F_1 =1, Fo =X, F, =X —5Y,
F,=X2—5XY +2Y% Fs=X>—Y2 F,= X3 —4XY2? +4Y?3,

Fo= X% —2X3Y —4X2Y? — 5XY3,
Fe=X>—2X*Y —3X3Y2 —5X?Y3 — XY*

F,=X%—4X*Y +3X3Y?2 —2X?2Y3 + XY* 4+2Y5,

Fg=X°—4X°Y +3X3Y3 —3X2Y* - XY> 4+ YS,
Fo=X"74+2X%Y —2X5Y? — X3Y* + X?Y> — XY® -2Y7,
Fio=X84+4X7Y —2X°Y?2 + X°Y3 +4X*Y* —4X3Y5 — 5X%Y°® —2XY',
Fi = X8 —4X7Y —2X°Y2? —3X5Y3 +4X*Y* —3X3Y5 +5X2Y° + XY — Y8,
Fi,=X° —4X8Y —5X7Y? —5X°Y3 —2X°Y* 4+ 3X*Y> —X3Y® 4 2XY® —4Y°,
and Fi3 = X110 +4X°Y —4X8Y?2 +4X7Y3 +2X°YV* —4X°Y5 —3X4Y°
+4X3Y7 +2X2Y® —4XY° +5Y1°,
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The resulting minimal Grobner basis of Ann(s™V, s, s®)
{Y13_ij|j =—1,1,3,4,57,38,9,11, 12,13}
is not reduced.

Finally, we discuss whether the case of sequences of different lengths can be
reduced to the case of sequences of equal length by extending the shorter se-
quences. The following example shows some difficulties that arise.

Example 4 Let s'V:= (1000) and s'®:= (001) be two sequences in K = GF(2). By
Algorithm 1, their annihilator ideal is found to be

Ann(sV,s?) = (X3, XY, Y*.
The annihilator ideals of the extended sequences are
Ann(sV,520) = (X3, XY2 Y* and Ann(sV,sP1) = (X3 + XY, XY2 Y.
Thus all three ideals are different and, moreover,
Ann(sW, s@) £ Ann(sV, s@0) + Ann(sV,sP1) = (X3 X?Y, XY Y.

The complete solutions of the synthesis problem are

R(sV,s?) = X3 + KX? + KX,

RV, sP0) = X3+ KX and 2(sV,s?1)= X3+ X? + KX.

In general, any solution of the synthesis problem for the given sequences is
a solution of the synthesis problem for a suitable extension of the sequences to
equal length. The problem, however, is how to extend the sequences without
knowing a minimal linear recursion in advance. Checking all possibilities is clearly
inferior to applying the GMDA, even for the binary field. In [6] the authors
proposed filling up the shorter sequences with “don’t cares” and, during the
execution of the algorithm, choosing the don’t cares so as to make the correspond-
ing discrepancies zero. It remains unclear, however, how this strategy can be used
for an efficient computation of all solutions or of the annihilator ideal. One
obstacle is illustrated in Example 2 where the factor ideal .#3/Y.%, is not principal.

References

1. Althaler, J., Diir, A.: Finite Linear Recurring Sequences and Homogeneous Ideals. AAECC 7,
377-390 (1996)

2. Becker, T., Weispfenning, V.: Grobner Bases — A Computational Approach to Commutative
Algebra. Berlin, Heidelberg, New York: Springer 1993

3. Cox, D, Little, J., O’Shea, D.: Ideals, Varieties, and Algorithms. Berlin, Heidelberg, New
York: Springer 1992

4. Ding, C.: Proof of Massey’s conjectured algorithm. In: Guenther, C. G. (ed.) Advances in
Cryptology — EUROCRYPT ’88, 345-349. Lecture Notes in Computer Science, Vol. 330.
Berlin, Heidelberg, New York: Springer 1988

5. Feng, G. L., Tzeng, K. K.: A generalized Euclidean algorithm for multisequence shift-register
synthesis. IEEE Trans. Inform. Theory 35, 584-594 (1989)

6. Feng, G. L., Tzeng, K. K.: A Generalization of the Berlekamp-Massey Algorithm for
Multisequence Shift-Register Synthesis with Applications to Decoding Cyclic Codes. IEEE
Trans. Inform. Theory 37, 1274-1287 (1991)

7. Lidl, R., Niederreiter, H.: Finite Fields. Reading, MA: Addison-Wesley 1983



14

10.

11.

J. Althaler, A. Dir

. Massey, J. L.: Shift-Register Synthesis and BCH Decoding. IEEE Trans. Inform. Theory 15,

122-127 (1969)

. McEliece, R. J.: Finite Fields for Computer Scientists and Engineers. Boston, MA: Kluwer

1987

Oberst, U.: Multidimensional Constant Linear Systems. Acta Applicandae Mathematicae,
1-175 (1990)

Sakata, S.: N-Dimensional Berlekamp-Massey Algorithm for Multiple Arrays and Construc-
tion of Multivariate Polynomials with Preassigned Zeros. In: Mora, T. (ed.) Applied Algebra,
Algebraic Algorithms and Error-Correcting Codes "88, 356-376. Lecture Notes in Computer
Science, Vol. 357. Berlin, Heidelberg, New York: Springer 1989



