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Abstract External difference families (EDFs) are a type of new combinatorial designs
originated from cryptography. In this paper, some earlier ideas of recursive and cyclotomic
constructions of combinatorial designs are extended, and a number of classes of EDFs and
disjoint difference families are presented. A link between a subclass of EDFs and a special
type of (almost) difference sets is set up.
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1 Introduction

Let (G, +) be an Abelian group of order v. A (v, k, A) difference family over G is a collection
of k-subsets of X, D = {Dy, D», ..., D,}, such that the multiset union

u
Utx =y :x,y € Diox # y} = 1(G\{OD.
i=1
Difference families are well studied and have applications in coding theory and cryp-
tography. Recently, Ogata et al. [18] introduced a type of combinatorial designs, external
difference families, which are related to difference families and have applications in authen-
tication codes and secret sharing.
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Let (G, +) be an Abelian group of order v. A (v, k, A; u) external difference family
[(v, k, X; u)-EDF in short] D over G is acollection of u k-subsets of X, D={D1, D3,...,D,},
such that the multiset union

U @i —Dbj)=xrG\op,

1<i#j<u

where D; — D is the multiset {x —y : x € D;, y € D;}.
It is easily seen that if a (v, k, A; u)-EDF over G exists, then

Av—1)=ku@ —1). 1)

Note that in an EDF the blocks D;’s are required to be pairwise disjoint, while this is not
the case in difference families. They are different combinatorial designs, but are related.

A difference system of sets (DSS) with parameters (n, 79, ..., 7/—1, 8) is a collection of /
disjoint subsets Q; € {1,2,...,n},|Qi| =1i,0 <i <[ — 1, such that the multiset
{a—b (modn) :aecQ;, beQ;,0<i,j<li#]j} )

contains every number i, 1 <i <n — 1 at least § times. A DSS is perfect if every number
i,1 <i <n—1,is contained exactly § times in the multiset (2). A DSS is regular if all Q;
are of the same size. Hence, a perfect and regular DSS is an EDF over Z,,. Therefore, EDFs
are an extension of perfect and regular DSSs.

Difference systems of sets were introduced by Levenshtein [13], and were used to con-
struct codes that allow for synchronization in the presence of errors [ 14]. Tonchev [23], Mutoh
and Tonchev [17], and Mutoh [16] presented further constructions of DSSs and studied their
applications in code synchronization.

Cyclotomy is an important tool for constructing various types of combinatorial designs,
including almost difference sets [1], difference sets [21], difference families [2, 5, 24], and
DSSs [17]. In this paper, we extend earlier ideas of recursive and cyclotomic constructions
of combinatorial designs, present a number of EDFs and disjoint difference families (DDFs),
and establish a connection between a subclass of DDFs and a subclass of EDFs. We also set
up a link between a special class of EDFs and a special type of (almost) difference sets.

2 Preliminaries
2.1 A connection between external difference families and disjoint difference families

A convenient way to study an external difference family is to use a group ring. Let (G, +) be
an additive Abelian group and Z the ring of all integers. Let Z[G] denote the ring of formal
polynomials

ZIG) = 1D aX%: aze Z ¢,
geG

where X is an indeterminate. The ring Z[G] has operations given by

D agXf+ > b X8 =D (ag + bg)X*

geG geG geG
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and

DlagXs | [ D b X8 ) =D D aghy—g | X

geG geCG heG \geG

The zero and unit of Z[G] are 2€G 0X¢ := 0and X° := 1, respectively. If S is a subset

of G, we will identify S with the group ring element S(X) = des X 8. With the above con-

vention, we can restate the definition of a (v, k, A; u)-EDF D = {Dy, D», ..., D,} over G as
> DiX)D;j(X7") = -1 +2G(X). (3)
I<i#j=<u

The following proposition follows directly from (3).

Proposition 1 Let (G, +) be an Abelian group of order v, and let D = {Dy, D3, ..., D,}
be a collection of pairwise disjoint k-subsets of G. Then D is a (v, k, »; u)-EDF in G if and

only if

DX)D(X™) = D" Di(X)Di(X™") = =1+ AG(X),
i=1

where D = | J{_, D;.

Before establishing a connection between some DDFs and some EDFs, we need to intro-
duce more notions and notations.

Let (G, +) be an Abelian group of order v and let H be a subgroup of G with g ele-
ments. A (G, H, k, }) relative difference family [or (G, H, k, )-DF in short] is a collection
F = {B; : i € I} of k-subsets (called base blocks) of G with the property that its list of
differences AF = Uie] AB;is Atimes G\H, where AB; ={a—b: a,b € Bj,a # b}.In
the case that g = 1, we simply call it a (G, k, 1)-DF [or (v, k, 1)-DF over G]. The number
of base blocks ina (G, H, k, A)-DF is L(|G| — |H|)/(k(k — 1)), and hence a necessary con-
dition for the existence of a (G, H, k, A)-DF is that .(|G| — |H|) = 0 (mod k(k — 1)) holds.
When G is the cyclic group Z,, and H is a subgroup of order g in Z,, then H = (v/g)Z, =
{0,v/g,2v/g,...,(g — )v/g}. The (Zy, (v/g)Zy, k, 1)-DF is called a (v, g, k, A) cyclic
relative difference family, and denoted by (v, g, k, A)-CDF in this paper. A (v, g, k, A)-CDFis
also denoted as a (v, g, k, A)-DF in [3] and as a g-regular cyclic packing C P (k, 1; v) in [25].

Let G be an Abelian group of order v, and let H be a subgroup of G with g elements.
A (G, H,k, ) )-DF F = {B; : i € I}is called disjoint, denoted by (G, H, k, A)-DDF, if the
base blocks of F are mutually disjoint and U;c; B; € G\H. In the case g = 1 or H = {0},
we write a (G, H, k, A)-DDF briefly as a (G, k, A)-DDF (or (v, k, A)-DDF over G). The
(G, k, »)-DDFs have been investigated intensively (see, e.g., [9-11, 24]).

Let G be an Abelian group of order v, and let D={D1, D3, ..., D,}bea (v, k, A; u)-EDF
over G. In the case that D is a partition of G\{0}, ku = v — 1 and by (1) we have A =
k(u —1) =v—k—1. Whence u = (v — 1)/k. A connection between some DDFs and some
EDFs is given in the following proposition.

Proposition 2 Let (G, +) be an Abelian group of order v, and let D = {D, D3, ..., D,}
be a collection of k-subsets of G. If D is a partition of G\{0}, then D is a (v, k,v — k —
1; (v — 1)/ k)-EDF over G if and only if it is a (v, k, k — 1)-DDF over G.

Proof The conclusion follows immediately from Proposition 1. O
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Let G be an Abelian group of order v. To construct a (v, k, v — k — 1; (v — 1)/ k)-EDF
over G, by Proposition 2 we need only to construct the corresponding (G, k, k — 1)-DDF.
This idea will be followed in later sections.

2.2 Auxiliary results related to cyclotomy

In this section, we introduce and prove a number of results related to cyclotomy, which will
be needed in the sequel.

Let ¢ be a power of an odd prime, and let & be a generator of GF(g)*. Assume that
q — 1 =-el, where e > 1 and [ > 1 are integers. Define C(ge) to be the subgroup of GF(¢g)*
generated by ¢, and let Ci(e) = aiCée) for each i with 0 <i < e — 1. These Ci(e) are called
cyclotomic classes of order e with respect to GF(g)*.

The cyclotomic numbers of order e, denoted (i, j)., are defined as

)

G e =|(cf?+1)nc

where ) <i <e—1and0 < j <e — 1, and |A| denotes the number of elements in the set
A.
The following lemma lists some formulas about cyclotomic numbers [21, p. 25].

Lemma 3 Let symbols and notations be the same as before. Then
(A) (i, j)e = (i, j)e wheni =i’ (mod e) and j = j' (mod e);

N o GaDes [ even,
B G Ne=le—i -1 = [(j+e/2,i+e/2)e, I odd,

© Zj;(l)(i, Je=1—n;, where
1, i =0 (mode), [ even,
nj=11, i=e/2(mode), [ odd,
0, otherwise.
(D) 420G, j)e =1 — kj, where
ki — I, if j =0 (mod e);
7710, otherwise.

We need also the following lemma in the sequel.

Lemma 4 [22] Let notations and symbols be the same as before. Then

e—1 oo
Soren- (i 4178
i=0
It has been shown in [4] that a (4up, 4u, 5, 1)-CDF exists if there are certain elements in
G F (q) satisfying certain properties. We now establish some results related to the existence
of certain elements in G F (g), which are very useful in later sections.
When ¢ is prime, the proof of the following proposition can be found in [4]. The propo-
sition can be regarded as an application of Weil’s theorem [15]. For general prime powers g,
its proof is the same as that of Theorem 3.2 in [4].

Proposition 5 [4] Let ¢ = 1 (mod n) be a prime power with q — [z;;g ()s—i—1

(rz—l)s’i]\/ﬁ—sns’l > 0. Then, for any given s-tuple (j1, j2, ..., js) € {0,1,...,n—1}*
@Springer
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and any given s-tuple (c1, ¢, . .., cs) of pairwise distinct elements of G F(q), there exists
an element x € GF(q) such that x + ¢; € C](.:’) foreach i.

The following useful result follows from Proposition 5.

Corollary 6 Let ¢ = 1 (mod n) be a prime power with g > A(n, $)2 where A(n,s) =
[B(n,s)++/B(n, s)> +4sn*=1]/2 and B(n,s) = 3325 ()(s—i=1)(n—1)". Then, for
any given s-tuple (ji, jo, ..., js) € {0, 1,...,n— 1} and any given s-tuple (c1, c2, ..., ¢5)
of pairwise distinct elements of G F (q), there exists an element x € G F(q) such that x +c; €
Cj(:l) for each i.

Lemma 7 If g > 25 is a prime power and g = 9 (mod 16), then there exists an element
a € GF(q) such that a € C(()S) anda+1 € Cl(z).

Proof Since 0 and 1 are distinct elements in G F(g), by Corollary 6 with s =2 and n = 8,
there exists an element a € C(()S) anda+1€C 58) for any prime power ¢ = 9 (mod 16) and
q > 2433.

For each given prime power ¢ = p™ (p prime) such that ¢ = 9 (mod 16) and 25 <
q < 2433, with the aid of computer we have found an element a € G F(g) meeting the
requirements of Lemma 7. To save space we list in Table 1 for only small prime powers
up to 937 the parameters: prime power g, primitive element « when m = 1 (or primitive
polynomial of degree m over G F (p) when m > 2), elements a. O

Lemma 8 If g = 1 (mod 16) is a prime power with g > 17, then there exists an ordered
triple (a, b, c) satisfying

Table 1 Parameters for

25 < g <937 4 ¢ “
41 6 18
73 5 4
89 3 2
121 6+ 3x +x2 2+ 10x
137 3 88
169 11+ 6x+x2 6+11x
233 3 2
281 3 236
31310 9
361 10+ 13x +x2 3+ 10x
409 21 184
457 13 361
521 3 405
569 3 302
601 7 151
617 3 398
729 2+x+2x2+x3+2x4+x5+x6 1+2x2+2x4+x5
761 6 498
809 3 411
841 2+ 18x +x?2 25 +22x
857 3 404
937 5 833
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. . 8 8 8
(1) {a, b, c} is a system of representatives for {Cé ), Cf‘ ), Cé )}; and
2) {a+1,a+b,b+ c,c+ 1} is a system of representatives for {CI(S), C;g), CS(S), Cég)}.

Proof We need to find an ordered triple (a, b, ¢) satisfying

e ac C§8) anda+ 1 € Cl(s);

e beCPandb+aeCy;

° ceCéS),c—i—bEng) andc+leC§8).

Applying Corollary 6 with s = 2 and n = 8, we know that an element a € Cég) with

a+1e C](S) always exists in G F (g) for any prime power ¢ = 1 (mod 16) and g > 2433.
Clearly, a is not allowed to be equal to 0. Then applying Corollary 6 withs =2 andn = 8
once again, we know that, once the element a € G F(g) has been determined, the required
element b also exists in G F (g) for any prime power ¢ = 1 (mod 16) and ¢ > 2433. Apply-
ing Corollary 6 with s = 3 and n = 8 the third time, we know that, once the elements
a,b € GF(q) have been determined, the required element c also exists in G F(g) for any
prime power ¢ = 1 (mod 16) and g > 694273.

For each given prime power ¢ = p™ (p prime) such that ¢ = 1 (mod 16) and 17 <
g < 694273, with the help of computer we have found an ordered triple (a, b, c) satisfying
the requirements of Lemma 8. To save space we list in Table 2 for only small prime powers
up to 673 the parameters: prime power ¢, primitive element « when m = 1 (or primitive
polynomial of degree m over G F (p) when m > 2), ordered triples (a, b, ¢). |

Lemma9 Ifqg = 1 (mod 8) is a prime power and q # 17,41, 49, 81, 97, 257, 353, 433,
then there exists an element a € G F(q) such that a € C§4) and {a — 1, a + 1} is a system of
representatives of {C ](4), C §4)}.

Table 2 Parameters for 17 < g < 673

q o a b c

49 5+ 3x +x2 54 3x 6+ x 1+ 3x
81 24 x4 x4 2x2 x2 4223 14 2x +x2 +2x3
97 5 9 95 79

113 3 11 8 95

193 5 18 131 139

241 7 113 237 30

257 3 205 134 118

289 7+ 12x + x2 10 + 5x 10 + 4x 14 + 7x
337 10 170 255 214

353 3 9 285 172

401 3 47 49 162

433 5 297 324 401

449 3 164 7 289

529 5+ 19x + x2 5+ 4x 54 2x 19 + 15x
577 5 318 288 418

593 3 342 278 101

625 24 3x +3x2 4203 4 x4 3x +4x3 342x2 4243 4x2 4 53
641 3 183 118 441

673 5 184 219 257
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Table 3 Parameters for

9 < g <457 4 ¢ ¢
9 2+ x4 x2 1+ 2x
25 34 2x +x2 34 2x
73 5 46
89 3 34
113 3 18
121 6+ 3x + x2 6+ 6x
137 3 107
169 11 + 6x + x2 34 5x
193 5 67
233 2 89
241 7 45
281 3 20
289 7+ 12x + 22 1+ 15x
313 10 284
337 10 214
361 10 + 13x + x2 9+ 16x
401 3 162
409 21 209
449 3 280
457 13 359

Proof Since 0, 1, and —1 are distinct elements in G F(q), by Corollary 6 with s = 3 and
n = 4, there exists an element a € C§4) such thata — 1 € Cf4) anda +1 € C§4) for any
prime power ¢ = 1 (mod 8) and ¢ > 6657.

For each given prime power ¢ = p™ (p prime) such that ¢ = 1 (mod 8), ¢ < 6657,
and g # 17, 41, 49, 81, 97,257, 353, 433, with the help of computer we have found
an element ¢ € G F(g) meeting the requirements of Lemma 9. To save space we list in
Table 3 for only small prime powers up to 457 the parameters: prime power ¢, primitive
element « when m = 1 (or primitive polynomial of degree m over G F(p) when m > 2),
elements a. O

3 Cyclotomic constructions of (v, k, k—1)-DDFs and (v, k, v—k—1; (v—1)/k)-EDFs

The objective of this section is to describe several classes of EDFs and DDFs using the
classical approach of putting a number of cyclotomic classes together to form a base block.
This approach was used to construct many combinatorial designs in literature, e.g., the Hall
difference sets [12].

Proposition 10 (Wilson [24]) Let ¢ — 1 = el and let g be a power of an odd prime. Then
D:={C\”,...,C¥ Yisa(q, (g — 1)/e, (q — | — €)/e)-DDF over GF(q).

The construction of DDFs in Proposition 10 leads to a class of EDFs depicted in the
following proposition.

Proposition 11 Let ¢ — 1 = el and let q be a power of an odd prime. Then D =
{C(ge), C, C(e_) Visa(q,(q—1)/e,q —1—(q — 1)/e; e)-EDF over GF(q).

e—1

Proof The conclusion follows from Propositions 2 and 10. O
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Table 4 Relations of cyclotomic
numbers of order 4

(=]
—_
(3]
w2

W= O
SIS
CECECEY
mAmA
SRSRORS)

Now we employ cyclotomic classes of order 4 to construct DDFs and EDFs. To this end,
we need cyclotomic numbers of order 4, which are given in the following lemma.

Lemma 12 [21, p. 51] Let g — 1 = 41, where | is even. The cyclotomic numbers of order 4
are determined by Table 4 together with the relations

16A =q — 11 — 6s,

16B = q — 3+ 2s + 8¢,

16C = q — 3+ 2s,

16D = q — 3+ 2s — 8¢,

16E =g +1—2s,

where g = s> +412, s = 1 (mod 4) is the proper representation of ¢ = p™ if p = 1 (mod 4);
the sign of t is ambiguously determined.

Proposition 13 Let ¢ — 1 = 41 = p?" — 1, where m is a positive integer and p is an
odd prime. Then D := {CP U c¥, cSP U P} isa (g, (q — 1)/2, (¢ — 3)/2)-DDF ora
(g, (@ —1)/2, (g — 1)/2; 2)-EDF over GF(q) if and only if

e m is even, or

e misoddand p =1 (mod 4).

Proof We first prove the conclusion about the DDF. Define
po=cPuc?®,  bpi=cPucy?.

It follows from Lemmas 3, 4, and 12 that

1
U{x—y:x,yeDi,x;ﬁy}
i=0

= ((0,0)4 + (1, Da + (2,24 + (3.3)a +2(0. D)3 +2(2,3)4) C
U (0004 + (1, Da + 2. 24 + 3,34 +2(1, 24 +26,009) €}
=(A+B+C+D+2B+2E)C” | J(A+B+C+D+2E+2D)C{?

- (# +2B + ZE) c? (% +2E + 20) c?.
Hence D is a DDF if and only if # = 0.

In our case, ¢ = (p™)? is the proper representation of ¢ if and only if m is even or m is
odd and p = 1 (mod 4). In these cases, Dis a (¢, (g — 1)/2, (g — 3)/2)-DDF.

The conclusion about the EDF follows from Proposition 2 and that about the DDF just
proved above. O
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Table 5 Relations of cyclotomic
numbers of order 6

[e]

—
)
w
~
w

kW= O
TQETQ>
~mQsxaw
m=~ZQ=~a
ORISR
~mQ~AaN
Q~Tm®~"

Proposition 14 Let g — 1 = 4l = pzm — 1, where m is a positive integer and p is an
odd prime. Then D := {C{P U csP, P U P} isa (¢, (g — 1)/2. (¢ = 3)/2)-DDF ora
(g, (g —1)/2,(q — 1)/2; 2)-EDF over GF(q) if and only if

e m is even, or
e misoddand p =1 (mod 4).

Proof The proof is similar to that of Proposition 13 and is omitted. O

Cyclotomic classes of order 6 can also be used to construct DDFs and EDFs. For this
purpose, again we need information of cyclotomic numbers of order 6.

Lemma 15 [21,p.29] Let g — 1 = 61, wherel > 1 is odd. The cyclotomic numbers of order
6 take on ten possible different values A, B, C, D, E, F, G, H, I, J and are determined by
Table 5, together with the relations
2A+2G+2H =1-1,
B+F+G+H+I+J =1,
C+E+G+H+2 =1,
B+F+G+H+2I =1

Proposition 16 Let g — 1 = 61, where [ is odd. Then
- (6) ©) ~(6) 6) ~(6) (6)
D=l ucl®. P uc? ¢ ucl)
isa(q,(q—1)/3, (g —4)/3)-DDF and a (g, (q — 1)/3,2(q — 1)/3; 3)-EDF over GF(g).
Proof Define
Do=cPuc® Dpi=cPuc?® Dp=cPucl.

It follow from Lemmas 15, 3, and 4 that
2

Utx —y:x.yeDi,x #y}

i=0

5
=(>:gjk+wa1%+(L®@+Q3%+%&2%+%45%+%i4%)q?U
i=0

5
(Z(i, Do+ (1.2)6 + (2. g + (3. 4)6 + (4. 3)6 + (5. 0)6 + (0, 5)6) c?
i=0
qg—4
= —5— (GF(@\0D.
This proves the the conclusion on the DDF.
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The conclusion on the EDF follows from Proposition 2 and that on the DDF just proved
above. m]

4 Cyclotomic constructions of (¢, k, A; u)-EDFs with ¢ = 2ku + 1

In this section, g will denote an odd prime power, G F (¢g) will denote the finite field with ¢
elements, and G will denote the additive group of G F (g). For convenience, we select and
fix a primitive element o of G F'(g). Write Céz) and sz) briefly as C and C in this section.
The objective of this section is to construct (g, k, A; u)-EDFs with ¢ = 2ku 4 1 by extending
earlier cyclotomic approaches [12, 24].

Lemma 17 [1] Let Co, C; be the quadratic cyclotomic classes of order 2 with respect to
GF(q). Then

T+ 1260, ifq =3 (mod 4),

—1y _
Co(X)Co(X ) = { 3 | CSG(X) 4 Ci(X), ifg =1 (mod 4).

The following proposition is proved in Tonchev [23] when ¢ is prime. For prime power ¢
the proposition can be proved in a similar way.

Proposition 18 Let g = 3 (mod 4) be a prime power and g — 1 = 2ku. Then there exists a
(q.k,(q — 2k — 1)/4; u)-EDF.

Lemma 19 Let g = 1 (mod 4) be a prime power and q # 9. Then there exists a (g, 2, (g —
5)/4; (g — 1)/4)-EDF over G F(q); There does not exist a (9, 2, 1; 2)-EDF over GF(9).

Proof First, it follows from an exhaustive computer search that there does not exist a
(9,2, 1; 2)-EDF over G F(9). By Lemma 17, Co(X)Co(X ") = 2 + 23G(X) + C1(X).
We divide the problem into three cases.

Caselg = 5 (mod 8): note that Cy = c(“)u( C(4)) and?2 € Cy.Let D; = {i, —i}fori €

" Then Co = U, ccw Diand 3, Di(X)D; (X~ h=4514y cc® (X% 4 X2y =
414 C1(X). Hence, Co(X)Co(X 1) — Xiec DiCODI(X™ 1) = ‘145 +92G(X). This
collection of D;’sis a (¢, 2, (g —5)/4; (¢ — 1)/4)-EDF by Proposition 1.

Case 2 g = 9 (mod 16): for ¢ = 25, GF(q) consists of the elements a + bx, where
a, b € Zsand x satisfying 3+ 2x +x2 = 0. The collection of 2-subsets of G F(q) {{1+x, x},
{4 +x,2 + 3x}, {3x,4 + 2x}, {1 +3x,1}, {2 +4x,1 4+ 2x}, {2 + x,3 + 4x}} forms a
(g.2,(q —5)/4; (¢ — 1)/4)-EDF over GF(q).

For ¢ > 25, note that Cyp = C(g) U C(S) (—C(()g)) U (—Cég)). By Lemma 7, there

exists an element @ € GF(g) such thata € C(S) anda + 1 € Cy. Set D; = {i, —ai} for
(8) (8) .
i €Cy’ UC," . Itis easily checked that Cop = Uiecg‘)ucg’” D; and

—1
> DiXD(xH=T—4 D (XD xerhi = 2 Lo
iecPucy iecPuc®
Hence, Co(X)Co(X ™) — Z,-ec(g%c;& D;(X)D;(X~") = =42 + 42 G(X). This collec-
tion of D;’s forms a (¢, 2, (¢ — 5)/4; (¢ — 1)/4)-EDF by Proposition 1. O
@ Springer
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Case 3 g = | (mod 16): for ¢ = 17, the collection of 2-subsets of GF(q) {{4, 6},
{7, 10}, {11, 16}, {1, 8}} forms a (¢, 2, (g — 5)/4; (¢ — 1)/4)-EDF over GF (q).

Forg > 17,n0tethatC0=C(()8)UC§8)UC£8)UCé8) and—1 € C(()g).Letyl, Y25 e s Y(g—1)/16
be all the representatives of the quotient group C(gg) /{1, —1}. By Lemma 8, there exists an

ordered triple (a, b, c) such that {a, b, c} is a system of representatives for {C, ® ,C 4(18) C (8)},

and {a + 1,a + b, b+ ¢, c + 1} is a system of representatives for {C(g) C(8) Cég), C7(8)}.
Set Dy; = {—yi, ay;}, D2 = {—ay;, by;}, D3; = {— b}’zacyz} and Dy; = {—cy;, y;} for

i=1,2,...,(q — 1)/16. 1t is easily checked that Cy = Zt | Z(q /16 D;; and

(@—1)/16 4
> > Di(X)Du(Xx™h
i=1 =1
_a-1 (@=1)/16
+ Z z (X(a+1)8y,+X(a+b)5y, +X(b+c)8},+X(c+1)8y,)
se{l,—1} i=l
_ ‘IT+ Z (x(@+Dg 4 yla+bg | ybrag 4 yletDgy — 2 +C1(X)

geC((]S)

Hence, Co(X)Co(X™1) = X V1054 pix)Di(x 1) = —43° + 192G (X). This
collection of Dy;’sis a (g, 2, (g — 5)/4; (¢ — 1)/4)-EDF by Proposition 1. O

Lemma 20 Let ¢ = 1 (mod 8) be a prime power and q # 17,41, 49, 81, 97, 257, 353,
433, then there exists a (q, 4, (q — 9)/4; (q — 1)/8)-EDF over GF(q).

Proof By Lemma 17, Co(X)Co(X ") = 42 4+ 453G (X) + €1 (X). Note that Co = C{ U
C(4) —le C(4) and 2 € Co. By Lemma 9, there exists an elementa € G F(q) suchthata €
C(4) and {a — 1, a+ 1} is a system of representatives 0f{C14) C(4)} Letyi, y2, ..., Yg-1)/8

be all the representatives of the quotient group C,, @ /{1, —1}.
Set D; = {yi, —yi,ay;, —ay;} for i =1, 2 .., (g — 1)/8. Tt is easily checked that

Co = U;‘I]l)/SDi and

(@=1/8
> DixX)Di(x7h
i=1
q—l (g-1/8
5 + Z Z (X26yl +X2a8y +2X(a+1)8v, +2X(a 1)5y,)
se{l,—1} i=1
q—l

5 + Z (X2g+X2ag+2X(a+l)g+2X(a 1)g)

(4)
geC,

—1
= "T + Co(X) +2C1(X).

Hence, Co(X)Co(X ") — 7% D;(X)D; (X 1) = =432 + 222G (X). This collection
of D;’s forms a (q, 4, (g — 9)/4; (¢ — 1)/8)-EDF by Proposition 1. O

Proposition 21 Ifq = 1 (mod 8) is a prime power, then there exists a (q, 4, (¢ —9)/4; (q —
1)/8)-EDF over GF(q).
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Proof When g = 1 (mod 8) is a prime power and g # 17, 41, 49, 81, 97, 257, 353, 433,
the conclusion follows from Lemma 20.

When g = 17,81, 257,433, we have ¢ = 1 (mod 16). In this case Co = C{¥ U C® U
Cftg) U Cég), 2e€Cpand —1 € C(()S). Let y1, y2, ..., Y(g—1)/16 be all the representatives of
the quotient group Cég) /{1, —1}.

For each g, take (¢, o, a, b, ¢) = (17,3,4,9,15), (81,2 +x +x* 2+ a, a2, 202 +a?),
(257, 3,81,9,42), (433,5,312, 25, 18), where « is a primitive element in G F(g), and o
is a root of the primitive polynomial 2 4+ x 4+ x* over GF(3) when ¢ = 81. It is read-
ily checked that in each GF(q), {a, b, c} is a system of representatives of (c3, 8, Cg},
and {a + 1,a — 1,b + ¢,b — ¢} is a system of representatives of {C?, Cg, C?, C%g}. Set
Dy = {yi, —yi, ayi, —ayi} and Dy; = {by;, —byi, cyi, —cyi} fori =1,2,..., (g — 1)/16.
It is easily checked that Cy = Zt | Z(q /16 D;; and

2 (g—D/16
Z Z D) Dx Y = L1 4 o) + 201 %),

Hence, Co(X)Co(X™1) — 32, 3 V" . (x)Dy (X1 = =432 + 952G (X). This
collection of D;;’s forms a (¢, 4, (g — 9)/4; (¢ — 1)/8)-EDF by Proposition 1.
When g = 97,353, we have ¢ = 1 (mod 32). In this case Cop = U7 C(]6) and —1 €

Cé % Let Y1, Y2, - - -, Y(g—1)/32 be all the representatives of the quotient group C(()16)/{1, —1}.
Take (¢, «,a,b,c,d, e, f,g) =97, 5,75, 25,32,43,73,8,79), (353, 3, 25, 82, 159, 49,
242, 207, 92), where « is a primitive element in G F(q). Set Dy; = {y;, —yi, ayi, —ayi},
Dy; = {byi, —byi, cyi, —cyi}, D3i = {dyi, —dyi, eyi, —eyi}, and Dy; = {fyi, — fyi, 8Vis
—gyitfori =1,2,...,(qg — 1)/32. It is easily checked that this collection of D;;’s forms a
(q.4, (g —9)/4; (¢ — 1)/8)-EDF by Proposition 1.

Finally, we need to deal with the cases of ¢ = 41, 49. For ¢ = 41, the collection of 4-sub-
sets of GF (q) {{1, 19, 40, 22}, {4, 6, 37, 35}, {10, 26, 31, 15}, {16, 24, 25, 17}, {18, 14, 23,
27}} forms a (g, 4, (¢ —9)/4; (¢ — 1)/8)-EDF by Proposition 1.

For ¢ = 49, GF(q) consists of the elements a + bx, where a,b € Z7 and x is the
primitive element of G F(g) satisfying 5 4+ 3x 4+ x> = 0. The collection of 4-subsets of
GF(q) {{1,5x,6,2x}, {x,2+2x,6x,5+5x}, {1 +3x,4,6+4x,3}, {6 +6x,5,1+x,2},
{5+x,34+3x,24+6x,4+4x}, {4x,445x,3x,3+2x}} formsa (¢, 4, (4 —9)/4; (g—1)/8)-
EDF by Proposition 1. O

5 Recursive constructions of (v, k, k — 1)-DDFs

From Proposition 2, we know that the existence of a (v, k, v—k —1; (v—1)/k)-EDF over an
Abelian group G of order v is equivalent to that of a (v, k, k — 1)-DDF in G. In this section,
we will give some recursive constructions for (v, k, k — 1)-DDFs by utilizing incomplete
difference matrices in Abelian groups. We first introduce some terminologies as follows.

Let (G, +) be an Abelian group of order v, and let H be a subgroup of order # in G. A
(G, H, k, M)-incomplete difference matrix [or (G, H, k, »)-IDM] is a k x (v — h)X matrix
D = (dj),0 <i <k-1,1=<j < A(v — h), with entries from G, such that for any
0 <i < j<k—1,the multiset

{dit —dj: 1<1<iv—h)}
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contains every element of G\ H exactly A times. Inthe case H = #orh =0,a (G, H, k, 1)-
IDM is termed as a (G, k, A)-DM. When G = Z,, a subgroup H of G with order & can
be written as H = {iv/h : 0 <i < h — 1}. We usually denote a (Z,, H, k, )-IDM by
(v, h, k, 1)-ICDM over Z, if |H| = h. Similarly, a (Z,, k, A)-DM is denoted by (v, k, A)-
CDM in Z,.

Difference matrices have been investigated extensively (see, e.g. [7] and the references
therein). Here is one example.

Lemma 22 [6] Let v and k be positive integers such that ged(v, (k — 1)) = 1. Let d;; =
ij (modv)fori =0,1,...,k—1land j =0,1,...,v—1.Then D = (d;j) isa (v, k, 1)-
CDM in Z,. In particular, if v is an odd prime number, then there exists a (v, k, 1)-CDM in
Zy for any integer k < v.

Let {1, F2, ..., Fs} be a collection of (G, k, 1)-DDFs. If U}_, (Uger; B) forms a par-
tition of G\{0}, then the collection {F1, F2, ..., Fy} is called a complete set of disjoint
difference families and denoted by (G, k, A)-CDDF, where each F;, 1 < i < s, is the compo-
nent of the (G, k, A)-CDDEF. Obviously, {B : B € Ui_,F;} forms a (G, k, sA)-DDF, while
the number s of components of the (G, k, A)-CDDF therein is (k — 1)/A. When s = 1 (i.e.,
A=k —1),a(G,k,1)-CDDFis justa (G, k, k — 1)-DDF. Fuji-Hara et al. [11] gave some
recursive constructions of (G, k, A)-CDDF, which lead to some recursive constructions of
(G, k, .)-DDFs. We summarize their results in the following proposition.

Proposition 23 [11]

(1) Let Gy and G, be two Abelian groups. If there exist a (Gy,k,
k — 1)-DDF, a (Ga,k,k — 1)-DDF, and a (G, k + 1, 1)-DM, then there exists a
(G1® Gy, k,k —1)-DDF.

(2) Let G5 be a subgroup of an Abelian group G such that the quotient group G / Gy is isomor-
phic to an Abelian group G1 of order not equal to k. If there exist a (G, k, k — 1)-DDF,
a (Gy, k,k —1)-DDF, and a (G, k + 1, 1)-DM, then there exists a (G, k, k — 1)-DDF.

(3) There exists a (v, 3,2)-DDF in Z, for v = 25, 55.

The following lemma is simple but very useful.

Lemma 24 Let S be a subgroup of an Abelian group G, and let H be a subgroup of S.
If there exist both a (G, S,k,k — 1)-DDF and an (S, H, k,k — 1)-DDE, then so does
a (G, H,k,k — 1)-DDF. In particular, if there exist both a (G, S, k,k — 1)-DDF and an
(S, k, k — 1)-DDEF, so does a (G, k, k — 1)-DDF.

Proof Let F and £ be the collection of base blocks of the given (G, S, k, k — 1)-DDF and
(S, H, k, k—1)-DDF, respectively. Then the family FU¢& forms the desired (G, H, k, k—1)-
DDF. O

We give a recursive construction on DDFs by using the concept of incomplete difference
matrices.

Proposition 25 Let G; be an Abelian group and let H; be a subgroup of G, wherei = 1, 2.
Suppose that there exist

(1) a(Gy, Hy, k,k — 1)-DDE,
(2) a (G, Hy, k + 1, 1)-IDM, and
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(3) a (G, & Hy, HH ® H>,k,k — 1)-DDF (or an (Hy ® G2, Hl & Hy,k,k — 1)-DDF,
respectively).

Then there existsa (G1DGo, HHDGy, k,k—1)-DDF (or (G1® G2, G1®H>, k, k—1)-DDE,

respectively).

Proof Suppose that F is the family of base blocks of the given (G, Hi, k, k — 1)-DDF. By
definition, we have Upc#B = G1\H| and Ugc #AB = (k — 1)(G1\ H}).

Let D = (d;j) be a (G2, Hy, k + 1, 1)-IDM, where d;j; € G, for 0 < i < k and
1 < j <|Ga| — |H»|. Note that the property of difference matrix is preserved even if adding
an element to any columns or any rows. Thus, without loss of generality, we may assume
that in D, the elements in the first row are all Os. Then, for 1 <i # j < k, we obtain

{dit —dji: 1 <1 <1Ga2| = |H2|} = G2\ H2
and
{dit: 1 =1 <1Ga2| = |H2|} = G2\ Ha.

LetG =G ®Grand Uy = H; @ G, (or Uy = G| @ H»). By the assumption of (3), let C
be the family of base blocks of an (U, H® H», k, k—1)-DDF (oran (U, Hi ® H>, k, k—1)-
DDF, respectively). Next, we construct a (G, Uy, k, k — 1)-DDF (or (G, Uy, k, k — 1)-DDF,
respectively) as follows.

For each base block B = {by, ba, ..., by} € F, we define |G»| — | H>| base blocks

Bj ={(bi,dij): 1 <i <k}
for j =1,...,|G2| — |Hz|, where the additive operation is performed in G. Set
E={Bj: BeF, 1<j<|Gs—|H}UC.

Clearly, £ partitions G\U] (or G\U»). It is readily checked that differences arising from the
base blocks & cover each element in G\U; (or G\U>, respectively) exactly k — 1 times. 0O

Now we establish a recursive construction of (v, k, k — 1)-DDF in Z,,.

Proposition 26 Let v and m be two positive integers. Suppose that there exist

(1) a(v,g,k,k—1)-DDF in Z,, and
2) an (m,k+1,1)-CDM in Z,,.

Then there exists a (vim, gm, k, k —1)-DDF in Z,,,,. Moreover, if there exists a (gm, k, k—1)-
DDF in Zgy, then so does a (vm, k, k — 1)-DDF.

Proof Let F be the family of base blocks of the given (v, g, k, k — 1)-DDF in Z,. Hence,
we have Uper B = Z,\(v/g)Z, and Uge FAB = (k — 1)(Z,\(v/g)Z,). Let D = (d;;) be
an (m,k +1,1)-CDM in Z,, where d;; € Z,, for 0 <i < kand 1 < j < m. Without loss
of generality, we may assume that the elements in the first row of D are all 0’s. Then, for
1 <i# j<k,wehave

{dil_djl 1<l <my=2,

and
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Now we construct a (v, gm, k, k — 1)-DDF in Z,,, as follows: for each base block B =
{b1, by, ..., by} € F, we define m base blocks

Bj={bi+vdij1 1<i<k}
for j =1, ..., m, where the additive operation is performed in Z,,,. Set
E={Bj: BeF,1<j<m}

Clearly, & partitions Zy,, \(v/g)Zym. It is readily checked that the differences arising from
the base blocks &£ cover each element in Z,,,\ (v/g) Z,m exactly k — 1 times. This proves the
first assertion.

The second assertion follows from Lemma 24. O

Example1 Letv = 8, g = 2, k = 3, and m = 5. Take a (8, 2, 3,2)-DDF in Zg with
base blocks 7 = {{1,6,7},{2, 3, 5}}. Take a (5,4, 1)-CDM in Z5 D = (d;;) where d;; =
ij (mod 5) for 0 < i < 3and 1 < j < 5. The replacement mentioned in the proof of
Proposition 26 gives the following 10 base blocks:

(1,6,7}, (2,3,5), [9,22,31},  {10,19,29}, {17,38, 15},
(18,35,13}, {25,14,39), {26,11,37}, {33,30,23}, {34,27,21}.

These base blocks form a (40, 10, 3, 2)-DDF in Z4.

Proposition 27 Letv = pyp> ... pr, where each p; = 1 (mod 6) is a prime and greater than
Sfori =1,2,...,r.Thenthereexistbotha (v, 3,2)-DDFin Z,, and a (4v, 3, 2)-DDF in Z4,,
and hence sodo botha (v, 3,v—4; (v—1)/3)-EDF in Z, and a (4v, 3,4(v—1); 4(v—1)/3)-
EDF in Z4,.

Proof By Proposition 10, there exists a (p;, 3, 2)-DDF foreachi = 1,2, ...,r. Thereis a
(pj,4,1)-CDM in ij by Lemma 22 for each j = 2,...,r. Start with a (py, 3, 2)-DDF
and apply Proposition 26 and Lemma 24 recursively to obtain a (v, 3, 2)-DDF in Z,,.

A (4,3,2)-DDF in Z4 consists of the single base block {1, 2, 3}. By Lemma 22, there
isa (v,4,1)-CDM in Z,. Start with a (4, 3, 2)-DDF and apply Proposition 26 to obtain a
(4v, v, 3,2)-DDF in Z4,,. Apply Lemma 24 with a (v, 3, 2)-DDF in Z, as above to get a
(4v, 3, 2)-DDF in Z4,.

The assertions follows by Proposition 2. O

Proposition 28 Let v = p1p> ... pr, where each p; = 1 (mod 4) is a prime and greater
than or equal to 5 fori = 1,2, ..., r. Then there exists a (v, 4, 3)-DDF in Z,, and hence so
doesa (v,4,v—35; (v—1)/4)-EDF in Z,,.

Proof The proof is similar to that of Proposition 27. O

6 Connections between EDFs and (almost) difference sets

Let (G, +) be an Abelian group of order v. Let D be a k-subset of G. The set D is a (v, k, 1)
difference set (DS) in G if dp(w) = A for every nonzero element of G, where dp (w) is the
difference function defined by
dp(w)=|(D4+w)ND|, weQaq.
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A DS D in G is called skew if D, —D and {0} form a partition of G. A skew difference
set must have parameters (v, (v — 1)/2, (v — 3)/4), where v = 3 (mod 4).

Let (G, +) be an Abelian group of order v. A k-subset D of G is a (v, k, A, t) almost
difference set (ADS) in G if the difference function dp (w) takes on X altogether ¢ times and
A + 1 altogether v — 1 — ¢ times when w ranges over all the nonzero elements of G.

Ifa (v, k, A, t) ADS exists, then

kk—D=tA+@w—-1-0)+D. “

The objective of this section is to find connections between EDFs and (almost) DS. We
now establish the following connection between (v, (v — 1)/2, (v — 1)/2; 2)-EDFs and a
special type of (almost) DS.

Proposition 29 Let G be an Abelian group of order v, and let {D1, D3} be a partition of
G\{0} with |Dy| = | D3| = (v —1)/2. Then {Dy, D2} isa (v, (v—1)/2, (v—1)/2;2)-EDF
in G if and only if

1. v=3(mod4) and D; is a (v, (v —1)/2, (v — 3)/4) skew difference set in G for each i,
or

2. v=1(mod4)and Dj isa (v, (v —1)/2,(v —5)/4, (v — 1)/2) ADS in G satisfying
D; = —D, foreachi.

Proof Note that {Dy, D} is a partition of G\{0}, i.e., G\{0} = Do U D;. We have the
following equality of multisets:

(D1 U D2) — (D1 U Dy) = (G\{0}) — (G\{0}) = (v — D{0} U (v — 2)(G\{0}).
On the other hand,

(D1U D) — (D1 U D2) = (D1 — D1) U(D2 — D2) U (D1 — D) U (D2 — D),
where D; — D;j :={x —y : x € D;, y € D;}. Hence, {Dy, Dy}isa (v, (v — 1)/2, (v —
1)/2; 2)-EDF in G if and only if

-3
(Dy — D)) U(Dy — D) = (v — {0} U (UT) (G\{0D),

which is equivalent to

v—3
|D10(D1+a)|+|D2ﬂ(D2+a)|=T )

for all nonzeroa € G.
Since {D1, D;} is a partition of G\{0}, for any nonzero element a € G we have

v—1
|Dzﬂ(D2+a)|=T—lDlﬂ(D2+a)|—|{—a}ﬂD2|- (6)
Similarly, we obtain
v—1
|D1ﬂ(Dz+a)|ZT—lDlﬂ(D1+a)|—|{a}ﬂDll~ @)

Combining (6) and (7) yields

D, N (D2 +a)| =Dy N (Dy +a)| + {a} N Dy| = [{—a} N Dy|. ®)
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It follows from (8) and (5) that { D, D} is a (v, (v — 1)/2, (v — 1)/2; 2)-EDF over G if
and only if for each nonzeroa € G

[2|Dzm<Dz+a)|=”53+|{ale|—|{—asz|, ©

2Dy N (Dy +a)| = %52 — |{a} N Dy| + [{—a} N Dy|.

Assume that (9) holds. If v = 3 (mod 4), then we must have 4|(v — 3) and |{a} N D{| —
[{—a} N Dy| = 0 forevery nonzeroa € G, as |D; N (D; + a)| is an integer. Hence { D1, D>}
isa (v, (v—1)/2, (v —1)/2; 2)-EDF over G if and only if for each nonzero a € G we have
|D; N (D; +a)l = 32 and |{a} N Dy| = |{—a} N Dy|, i.e., each D; is a skew DS in G.

If v = 1 (mod 4), since |D; N (D; + a)| is an integer, [{a} N D{| — [{—a} N Dy| = £1
for every nonzero a € G. Hence {D1, D>} is a (v, (v — 1)/2, (v — 1)/2; 2)-EDF over
G if and only if for each nonzero a € G we have |D; N (D; +a)| = ? or ”T_l and
{a} N Dy| —|{—a} N Dy| = £1,i.e.,each D;isa (v, (v—1)/2, (v—15)/4, (v—1)/2) ADS
in G satisfying D; = —D; for each i by (4). O

Proposition 29 establishes a nice connection between (v, (v — 1)/2, (v — 1)/2; 2)-EDFs
and a special type of (almost) DSs. Any skew DS D or ADS D with D = — D in an Abelian
group yields a (v, (v — 1)/2, (v — 1)/2; 2)-EDF. Unfortunately, skew DSs seem very rare.
The only known inequivalent skew DSs are the Paley DSs [19] consisting of all the nonzero
quadratic residues in GF(g), where ¢ = 3 (mod 4), and the skew DSs recently discovered
by Ding and Yuan [8].

There are (v, (v — 1)/2, (v —5)/4, (v —1)/2) ADSs D in Abelian groups G, but some
have the property that D = — D while others do not satisfy this condition. The only known
inequivalent ADSs with these parameters and this property are the Paley partial DSs [19]
formed by all nonzero quadratic residues in GF(g) with ¢ = 1 (mod 4). The following are
(v, (v—1)/2, (v —5)/4, (v —1)/2) ADS D which do not satisfy D = —D:

e {1,2,3,4,5,6,7,8,10,12, 13,16, 17, 20, 24, 25, 30, 31, 33, 36, 38,40} is a (45,22,
10, 22) ADS of Z4s
e Another example is the following ADS of Z33 with parameters (33, 16, 7, 16):

{1,2,3,4,5,6,7,9, 14, 15, 19, 21, 23, 26, 29, 30}.

It seems that (v, (v — 1)/2, (v — 5)/4, (v — 1)/2) ADSs D with D = — D are rare and
very hard to construct. We refer to Arasu et al. [1] for information about ADSs.

In summary, there are only two classes of (v, (v—1)/2, (v—1)/2; 2)-EDFs: one obtained
from the quadratic residues and the other is derived from the class of new skew DSs discov-
ered recently [8]. In view of this, we present the following problem and invite the reader to
attack it.

Problem 1 Construct other (v, (v — 1)/2, (v — 1)/2; 2)-EDFs.

7 Concluding remarks

External difference families with parameters (v, k, A; u) over an Abelian group G satisfy
A(v —1) = k2u(u — 1). It is obvious that ku # v. In the special case that v — 1 = ku, the
existence of a (v, k, k — 1) DDF in G is equivalent to thatof a (v, k,v —k — 1; (v — 1)/ k)
EDF as described in Proposition 11. Disjoint difference families with parameters (v, k, k— 1)
are interesting in themselves, as they have other applications [11].
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By definition a (v, 2, 1)-DDF in an Abelian group G with odd order v is identical to a
starter in G, a combinatorial structure introduced by Stanton and Mullin [20] for the direct
construction of Room squares. When G is isomorphic to Z,,, where v is odd, a (v, 2, 1)-DDF
in Z, is easily constructed by listing its base blocks as follows: {i, —i} fori =1,2,..., (v —
1)/2. However, for k > 3 and even if G is a cyclic group, it seems a challenge problem to
determine the existence spectrum of (v, k, k — 1)-DDFs in G.

In Sections 3 and 4, by extending earlier ideas of cyclotomic constructions of combina-
torial designs, we described a number of classes of DDFs and EDFs, which may be used to
construct splitting authentication codes and secret sharing schemes with the framework of
[18]. We believe that EDFs with certain parameters are very hard to construct, e.g., (v, (v —
1)/2, (v — 1)/2; 2)-EDFs, as justified in Section 6.

Finally we end this paper by presenting the following research problems.

Problem 2 Give more constructions of (v, k, k — 1)-DDFs in Abelian groups G.
Problem 3 Complete the existence spectrum of (v, k, k — 1)-DDF in Z,, for k = 3, 4.

Problem 4 Find more constructions of (v, k, A; #)-EDFs in Abelian groups G with ku <
v—1.

We refer the reader to Mutoh and Tonchev [17], and Mutoh [16] for recent results regarding
Problem 4.
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