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Abstract

Locally recoverable codes (LRCs) were proposed for the recovery of data in distributed and
cloud storage systems about nine years ago. A lot of progress on the study of LRCs has been
made by now. However, there is a lack of general theory on the minimum locality of linear
codes. In addition, the minimum locality of many known families of linear codes has not
been studied in the literature. Motivated by these two facts, this paper develops some general
theory about the minimum locality of linear codes, and investigates the minimum locality of
a number of families of linear codes, such as g-ary Hamming codes, g-ary Simplex codes,
generalized Reed-Muller codes, ovoid codes, maximum arc codes, the extended hyperoval
codes, and near MDS codes. Many classes of both distance-optimal and dimension-optimal
LRCs are presented in this paper. To this end, the concepts of linear locality and minimum
linear locality are specified. The minimum linear locality of many families of linear codes
are settled with the general theory developed in this paper.
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1 Introduction of motivations, objectives and methodology

We first fix some notation and definitions that will be used throughout this paper.

— Let n be a positive integer and let ¢ be a prime power.

— An [n, k, d] code C over GF(q) is a k-dimensional subspace of GF(¢)" with Hamming
distance d.

— A;j(C)or A;,dim(C), d(C) and C1 denote the number of codewords of Hamming weight
i in C, the dimension of C, the minimum Hamming distance of C, and the dual of C,
respectively.

— The weight distribution and weight enumerator of C are defined by the sequence
(Ao, ..., A,) and the polynomial Z?:O A; 7', respectively.

— Cis said to be a t-weight code if the sequence (Ay, ..., A,) has Hamming weight 7.

— Denote [n] = {0, 1, ..., n — 1} for each positive integer n. We usually index the coordi-
nates of the codewords in a linear code C of length n with the elements in [n].

— An [n, k, d] code C over GF(q) is called an (n, k, d, g; r)-LRC (i.e., locally recoverable
code) if for each i € [n] there is a subset R; < [n] \ {i} of size r and a function
fi(x1,...,x-) on GF(g)" such that ¢; = fi(cg,) for each codeword ¢ = (cop, ..., cp—1)
in C, where ¢, is the projection of ¢ at R;. The symbol c; is called the i-th code symbol
and the set R; is called the repair set or recovering set of the code symbol c¢;. The
minimum r such that C is an (n, k, d, g; r)-LRC is called the minimum locality of C.

If the i-th coordinate ¢; of each codeword ¢ in a linear code C of length 7 is zero, we say
that the i-th coordinate of C is zero. It is easily seen that a linear code C has a zero coordinate
if and only if the dual distance d (C+) = 1. A linear code C is called nontrivial if d(C) > 2
and d (Cl) > 2 and trivial otherwise. In this paper, we consider only nontrivial linear codes,
as trivial linear codes are not interesting for error correction. For each nontrivial linear code
of length n over GF(g), since d(CJ-) > 2, itis easily seen that C is an (n, k, d, g; r)-LRC for
some r with 1 < r < n. Consequently, each nontrivial linear code C has a minimum locality.

In this definition of LRCs above, the degrees of the functions f; are not restricted. If we
require that each f; be a homogeneous function of degree 1 in the definition above, then we
say that C is (n, k, d, g; r)-LLRC (linearly local recoverable code) and has linear locality r.
For the same reasons, each nontrivial linear code C has a minimum linear locality.

By definition, if a linear code has linear locality r, it has locality r. Hence, it is necessary
to study the linear locality of linear codes. It will be proved in Sect. 3.1 that the minimum
locality equals the minimum linear locality (see Lemma 1). This equality may be known to
some people, but a reference pointing out this equality is missing in the literature. Although
the minimum locality and minimum linear locality of any nontrivial linear code are identical,
the complexity of recovering a code symbol ¢; with a nonlinear function f;(xy,...,x,)
and a recovering set R; may be more than that with a linear function fl.’ X1y ooy Xp) =
ajxy + - - -+ a,x, and arecovering set le . Hence, it would be better to distinguish the linear
locality from the locality and study the linear locality and minimum linear locality of linear
codes. In fact, the locality of the linear codes obtained in the literature is actually a linear
locality. These facts show the necessity of studying the linear locality and minimum linear
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The minimum locality of linear codes 85

locality of linear codes. It will be further justified in Sect. 3.1 that it is necessary and sufficient
to study the linear locality and minimum linear locality of linear codes over finite fields. The
following question is then fundamental.

Question T What is the minimum linear locality and how does one compute the minimum
linear locality of a nontrivial linear code?

In the literature it was shown that many classes of linear codes have linear locality r for
some r. However, the minimum linear locality of such linear codes is unknown, i.e., Question
1 is open. The first objective of this paper is to answer the question above. We will develop
some general theory answering this question.

For any (n, k, d, q; r)-LLRC, Gopalan et al. proved the following upper bound on the
minimum distance d [19]:

r

dgn—k—ﬁ—‘Jrz. 1

The bound in (1) is similar to the Singleton bound, so we call it the Singleton-like bound. If
an (n, k,d, q; r)-LLRC meets the Singleton-like bound with equality, then we say that the
(n,k,d, q; r)-LLRC is distance-optimal (d-optimal for short). If an (n, k, d, g; r)-LLRC
meets the Singleton-like bound minus one with equality, then we say that the (n, k, d, g; r)-
LLRC is almost distance-optimal (almost d-optimal for short). Note that the Singleton-like
bound is not tight for codes over small finite fields, as it is independent of the alphabet size
q.
For any (n, k, d, q; r)-LLRC, Cadambe and Mazumdar developed the following bound

on the dimension & [5, 6]:
k< min[tr +kDn -1+ 1), d), )

teZy opt

where Z_ denotes the set of all positive integers, and kf,;i (n, d) is the largest possible dimen-
sion of a linear code with length n, minimum distance d, and alphabet size ¢. In this paper, we
call the bound in (2) the CM bound. An (n, k, d, g; r)-LLRC that attains the CM bound with
equality is said to be dimension-optimal (k-optimal for short). Note that the CM bound takes
the alphabet size ¢ into consideration, but the bound in (1) is independent of ¢g. However, the
CM bound involves a parameter kf,g), (n, d), which may be hard to determine in many cases.
The two bounds may not be derived from each other.

While constructing new optimal LLRCs is an important task, searching for optimal LLRCs
in the known families of linear codes is also important. The second objective of this paper is
to study the minimum linear locality of certain known families of linear codes and try to find
out d-optimal or k-optimal LLRCs. We focus on non-binary linear codes, as the linear locality
of some families of binary codes were studied in [23]. Our methodology is combinatorial
and group-theoretical.

Locally recoverable codes were proposed for the recovery of data in distributed and cloud
storage systems by Gopalan, Huang, Simitci and Yikhanin [19]. In the past nine years, a lot
of progress on the study of locally recoverable codes has been made. The reader is referred
to [5-9, 19, 23, 26, 27, 29, 32-34, 40, 41] and the references therein for information. Despite
of the good progress made by now, Question 1 looks still open, and there is a lack of general
theory on the minimum linear locality of linear codes. In addition, the minimum linear locality
of many known families of linear codes are not studied in the literature. Motivated by these
two facts, this paper develops some general theory about the minimum linear locality of
linear codes, and investigates the minimum linear locality of a number of families of linear
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codes, such as g-ary Hamming codes, g-ary Simplex codes, generalized Reed-Muller codes,
ovoid codes, maximum arc codes, the extended hyperoval codes, and near MDS codes. Many
classes of both distance-optimal and dimension-optimal LRCs are presented in this paper.
The minimum linear locality of many families of linear codes are settled with the general
theory developed in this paper.

The rest of this paper is organized as follows. Section 2 introduces some basics of cyclic
and linear codes and the support designs of linear codes. Section 3 develops some general
theory about the minimum linear locality of nontrivial linear codes. Section 4 investigates
the minimum linear locality of several families of famous linear codes, including the g-ary
Hamming codes, the g-ary Simplex codes, the generalized Reed-Muller codes, the ovoid
codes, and the maximum arc codes. Section 5 studies the minimum linear locality of near
MDS codes. Section 6 summarizes the contributions of this paper and makes some concluding
remarks.

2 Preliminaries

To study the minimum linear locality of linear codes, we need to introduce some basics of
linear codes and cyclic codes. Since our methodology is combinatorial and group-theoretic,
we have to introduce the automorphism groups of linear codes and combinatorial 7-designs.
The purpose of this section is to introduce these stuffs very briefly.

2.1 BCH and cyclic codes

An [n, k, d] code C over GF(q) is said to be cyclic if for each (cg, c1, 2, ...,cn—1) € C we
have (¢,—1, co, c1, €2, - .., cn—2) € C. We identify a vector (co, ¢1, ¢2, ..., cn—1) € GF(q)"
with the polynomial c¢(x) = Z;:o] cixl € GF(¢)[x]/(x" — 1). Then a code C of length n
over GF(g) corresponds to a subset C(x) of the quotient ring GF(¢)[x]/(x" — 1), where

n—1
C(x) := {Zcixi cc=1(c0,Cly--+yCn-1) GC}.
i=0

Itis easy to see that C is cyclic if and only if the set C(x) is an ideal of the ring GF(g)[x]/(x" —
1).
It is well-known that each ideal of GF(q)[x]/{(x" — 1) is principal when gcd(n, q) = 1.
Let C = (g(x)) be a cyclic code, where g(x) is monic and has the smallest degree among all
the generators of C. Then g(x) is unique and called the generator polynomial, and h(x) =
(x™ — 1)/g(x) is referred to as the check polynomial of C.

Let n be a positive integer with gcd(n, g) = 1, and let m = ord, (¢) be the order of ¢
modulo 7. Let « be a generator of the multiplicative group GF(¢"™)*. Put g = «@"~ D/,
Then B is a primitive n-th root of unity in GF(¢™). The minimal polynomial Mgs (x) of g°
over GF(q) is defined to be the monic polynomial of the smallest degree over GF(g) with
B* as aroot and is given by

Mg (x) = [ [ (x = ") € GF(g)lx], 3)

ieCy

where Cs = {sq’ mod n : 0 <i < m — 1} and is called the g-cyclotomic coset containing s.
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The minimum locality of linear codes 87

Let § be an integer with 2 < § < n and let & be an integer. A BCH code over GF(q)
with length n and designed distance §, denoted by C4,,s,1), 1S a cyclic code with generator
polynomial

g(q,n,ﬁ,h) = lcm(Mﬁh (x), MﬂhH (x), ey Mﬂhﬁ—z (x)) (4)

If h = 1, the code C(y4,u,s,n) With the generator polynomial in (4) is referred to as a narrow-
sense BCH code. If n = ¢ — 1, then C(y 5,1 is called a primitive BCH code.

BCH codes form a subfamily of cyclic codes with attractive properties and applications.
In many cases BCH codes are the best cyclic codes. For instance, among all binary cyclic
codes of odd lengths n with n < 125 the best cyclic code is always a BCH code except
for two special cases [11]. Reed-Solomon codes can be defined as punctured BCH codes
and have been widely used in data storage systems, communication devices and consumer
electronics.

2.2 Several basic operations on linear codes

Let C be a linear code with length n. Below we introduce several basic operations on C for
obtaining new codes. Let T be a set of coordinate positions in C and let CT denote the code
obtained by puncturing C in all the coordinate positions in 7', which has length n — |T'|. Let
C(T) denote the set of codewords whose coordinates are 0 on 7', which is a subcode of C.
After puncturing C(T) on T, we get a linear code over GF(q) with length n — |T'|, which
is called a shortened code of C, and is denoted by Cr. It is known that €Hr ="+ and
(CHT = (Cr)*t. The extended code C of C is defined by

n
C= (co,Cly .-y Cn_1,Cn) € GF(q)n+l 2 (co,Cly...,cp—1) € C with ZC,’ =0y.
i=0
Let G be a generator matrix of C. Suppose that the all-1 vector is not a codeword of C. Then
the augmented code, denoted by C, of C is the linear code over GF(g) with generator matrix

M

where 1 denotes the all-1 vector. The augmented code has length n and dimension k + 1.
Later in this paper, we will study the minimum linear locality of some punctured or shortened
or augmented code of some linear codes.

2.3 Automorphism groups of linear codes

The permutation automorphism group of C, denoted by PAut(C), is the set of coordinate
permutations that map a code C to itself. A square matrix having exactly one nonzero element
of GF(¢) in each row and column is called a monomial matrix over GF(q). A monomial matrix
M can be written in the form D P or the form P D, where P is a permutation matrix and D
and D; are diagonal matrices. The monomial automorphism group of C refers to the set of
monomial matrices that map C to itself. Obviously, PAut(C) € MAut(C). The automorphism
group of C, denoted by Aut(C), is the set of maps of the form My that map C to itself, where
M is a monomial matrix and y is a field automorphism. If ¢ = 2, PAut(C), MAut(C) and
Aut(C) are the same. If ¢ is a prime, MAut(C) and Aut(C) are identical. In general, we have

PAut(C) € MAut(C) < Aut(C).
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88 P.Tanetal.

By the definitions above, each element in Aut(C) is of the form D Py, where D is a diagonal
matrix, P is a permutation matrix, and y is an automorphism of GF(g). The automorphism
group Aut(C) is said to be t-transitive if for every pair of 7-element ordered sets of coordinates,
there is an element D Py of the automorphism group Aut(C) such that its permutation part
P sends the first set to the second set. The automorphism group Aut(C) is said to be ¢-
homogeneous if for every pair of ¢-element sets of coordinates, there is an element D Py of
the automorphism group Aut(C) such that its permutation part P sends the first set to the
second set. If the automorphism group Aut(C) is #-transitive, then it must be z-homogeneous.
But the converse may not be true. For simplicity, we say that Aut(C) is transitive (respectively,
homogeneous) if Aut(C) is 1-transitive (respectively, 1-homogeneous).

2.4 The support designs of linear codes

Let P be a set of n elements, and let B be a set of k-subsets of P, where 1 < k < n. Let
t be an integer with 1 < ¢t < k. The pair D := (P, B) is an incidence structure, where the
incidence relation is the set membership. The incidence structure D = (P, B) is called a
t-(n, k, )) design, or simply t-design, if each t-subset of P is contained in A elements of B.
The elements of P are referred to as points, and those of B are called blocks. If B does not
contain any repeated blocks, then the ¢-design is called simple. This paper considers only
simple z-designs. A t-(n, k, A) design is referred to as a Steiner system if t > 2 and A = 1,
and is denoted by S(z, k, n).

There are different ways to construct z-designs. A coding-theoretic construction of 7-
designs is briefly described below. Let C be a linear code over GF(q) with length n. For each
k with Ay # 0, let Bi(C) denote the set of the supports of all codewords with Hamming
weight &k in C, where the coordinates of a codeword are indexed by (0, 1,...,n — 1). Let
P(C) = [n]. The incidence structure (P(C), Br(C)) may be a ¢-(n, k, ) design for some
positive integer A, which is called a support design of the code C, and is denoted by D (C). In
such a case, we say that the codewords of weight k in C support or hold a ¢-(n, k, 1) design,
and for simplicity, we say that C supports or holds a 7-(n, k, A) design.

The following theorem, called the Assmus-Mattson Theorem, demonstrates that the pair
(P(C), Bx(C)) defined by a linear code C is a ¢t-design under certain conditions [3].

Theorem 1 Let C be an [n, k, d] code over GF(q). Let d+ denote the minimum distance of
Ct. Let w be the largest integer satisfying w < n and

-2
“’_L%J“"
qg—1

n

Define wt analogously using d+. Let (Aj)i_y and (Ail)?:0 denote the weight distribution
of C and C*, respectively. Fix a positive integer t with t < d, and let s be the number of i
withAl.J‘ #0for1 <i<n-—t. Supposes <d —t. Then

— all the codewords of weight i in C support a simple t-design provided A; # 0 and
d<i<w,and

— all the codewords of weight i in C* support a simple t-design provided Al.J‘ # 0 and
dt <i <minfn —t, wt).

The Assmus-Mattson Theorem above is a useful tool in constructing z-designs from linear
codes (see, for example, [13]), but does not characterize all linear codes supporting 7-designs.
The reader is referred to [36] for a generalized Assmus-Mattson theorem.
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The minimum locality of linear codes 89

Using the automorphism group of a linear code C, the following theorem gives another
sufficient condition for the code C to hold ¢-designs [24, p. 308].

Theorem 2 [24] Let C be a linear code of length n over GF(q) such that Aut(C) is t-transitive
or t-homogeneous. Then the codewords of any weight i > t of C hold a t-design.

3 General theory on the minimum locality of linear codes

The objective of this section is to develop some general theory about the minimum locality
of linear codes over finite fields. In particular, we will answer Question 1 raised in Sect. 1.
As made clear in Sect. 1, we consider only nontrivial linear codes C over finite fields, i.e.,
linear codes C with d(C) > 1 and d(C+) > 1. Recall that we use the elements in [1] to index
the coordinate positions in a linear code of length .

3.1 Minimum locality and minimum linear locality of nontrivial linear codes are
identical

The minimum locality and minimum linear locality of linear codes were defined in Sect. 1.
A referee of this paper has informed the authors of this paper that the proof of the Singleton
bound for LRCs in [19] implies the minimum locality and minimum linear locality are equal.
Since a complete proof of this equality is missing in the literature, we present a proof of the
following lemma.

Lemma 1 The minimum locality and minimum linear locality of a nontrivial linear code are
identical.

Proof Let C be anontrivial linear code of length n over GF(g). Since C is nontrivial, d(C) > 1
and d(C1) > 1. By definition, C has locality r if it has linear locality r. This means that the
minimum locality is no more than the minimum linear locality of C.

Suppose that C has minimum locality r. Consider any code symbol c¢;, with ip € [n].
Let 1 < s < r be the smallest integer such that ¢;, can be recovered from s other code
symbols, say, ¢;,, ..., ¢i,, where iy, ..., I are pairwise distinct and {7y, ..., is} € [n]\ {io}.
By definition, there is a function F' from GF(g)* to GF(g) such that

Cig = F(C,'l ey Cix). (5)
Let C(ip, i1, - . ., is) denote the code obtained by puncturing C on the coordinate positions
in [n]\ {io, i1, ..., is}. Then C(ig, i1, ..., is) is a linear code of length s + 1 over GF(g). It

then follows from (5) that

|C(lOs ila cet iY)' S qs'

We then deduce that C(ig, i1, . . ., is) is a proper subspace of GF(q)S“. Consequently,
Clig. i1, ....i)" # {0}
Let (ao, ai, . . ., as) be a nonzero codeword in C(ig, i1, . .., is)~. Then
s
> ajci; =0. (6)
j=0
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90 P.Tanetal.

If ag = 0, then one of ay, ..., a; must be nonzero. Without loss of generality, assume that
a; # 0, then

ciy = —ay (axci, + -+ + asci). (7

Combining (5) and (7), we deduce that the code symbol ¢;, can be recovered fromc;,, ..., ¢,
which is contrary to the minimality of s. Consequently, ag # 0.

Since ap # 0, (6) means that c;, can be linearly recovered from¢;,, . . ., ¢;,. Consequently,
the minimum linear locality is no more than the minimum locality of C. Summarizing the
discussions above, we conclude that the minimum locality and minimum linear locality of a
nontrivial linear code are identical. O

In general, the complexity of recovering a code symbol linearly from other code s symbols
is no more than the complexity of recovering it from a nonlinear method. Consequently, it
would be better to distinguish the linear locality from the general locality for linear codes.
These justify the motivation of studying the linear locality and minimum linear locality of
linear codes over finite fields. Lemma 1 allows us to settle the minimum locality of many
families of linear codes by determining their minimum linear locality. It should be noticed
that the minimum locality and the minimum linear locality of some nonlinear codes may be
different.

3.2 Some general theory of the minimum locality of nontrivial linear codes

The following lemma follows from the definition of linear locality of linear codes. For
completeness, we provide a proof of it below.

Lemma 2 Let C be a nontrivial linear code of length n. Then C has linear locality r if and
only if for each i € [n] the dual code C*+ has a codeword ¢ of Hamming weight at most
r 4 1 such that i € supp(c), where supp(c) denotes the support of the codeword c*.

Proof Suppose that C is over GF(g) and has linear locality r. By definition, for each i € [n]

there are a subset {i1,...,i,} € [n]\ {i} and r elements ay, ..., a, in GF(q) such that
¢ =ajc; —I—-~--|—a,cl-r.Letcl = (C(J)-,...,C,Jl;l),wherecf- = I,Cl-JjT =—ajforl <j<r
and cfl- =0ifh e[n]\{i,i1,...,i}. Then ¢l has weight at most » + 1 and is a codeword
inCt.

Suppose that for each i € [n] there is a codeword ct = (cé-, ce, ci‘_l) in C* such that
i€ supp(cl). Assume that supp(cl) ={i,iy,..., Iy} with s <r. We have then

ci =—(c) 7 cirei, + -+ F cibei).

This means that ¢; can be linearly recovered from ¢;,, ..., ¢;,. Hence, C has linear locality
r. o

Theorem 3 Let C be a nontrivial linear code of length n. Then there exists a positive integer
w with 2 < w < n such that Aw(CL) > 0 and

w

U U S = [n]. ®)

j=15eB;cch

Let w be the smallest integer such that (8) holds. Then C has minimum locality w — 1.
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Proof Suppose that there is an integer i in [n] such that
n

i¢elJ U s

j=15eB;ch

Then cl-J- = 0 for all codewords ¢t = (c(J)-, cee cj‘_ 1) in C1. Consequently, the vector
c=1(0,...,0,1,0,...,0)oflength n, which has only one nonzero coordinate 1 in coordinate
position i, is a codeword in C. This is contrary to the assumption that d(C) > 2.

Let w be the smallest integer such that Ayp(CH) > 0 and (8) holds. Then every integer
i € [n] is contained in supp(c'), where ¢ is some codeword with weight at most w in C*.
Then the code symbol ¢; in C can be recovered by a linear combination of the coordinates in
the positions in supp(ct) \ {i}. Then C has linear locality w — 1.

If the code symbol ¢; in every codeword ¢ in C can be recovered linearly by

Ci = uici, + -+ -+ upcy,

where u; # 0 and R; = {iy, ..., i} is the corresponding recovering set of the code symbol
¢;. Then C* has a codeword with weight 2 + 1. Hence, w — 1 is the minimum linear locality,
which is the minimum locality. O

Theorem 3 means that every nontrivial linear code has a minimum locality, and tells us
how to calculate the minimum locality. In practice, it is also necessary and important to find
a recovering set R; for each code symbol c;. But we will not deal with this problem in this

paper.

3.3 Linear codes C with minimum locality d(C+) — 1

It follows from Lemma 2 that the minimum locality of a nontrivial linear code C is at least
d(C1) — 1. Hence, nontrivial linear codes C with minimum locality d(C 1y — 1 would be very
interesting in both theory and practice. In this subsection, we develop some general results
for such special codes. It will be seen later that there are indeed nontrivial linear codes C with
minimum locality more than d € —1.

Corollary 1 Let C be a nontrivial linear code of length n and put d* = d(C1). Then C has
minimum locality d* — 1 if and only if

U s=m )
SeB,.(Cct)
Proof The desired conclusion directly follows from Theorem 3 and Lemma 2.

The following result is well known in the literature [29]. We show that it is a corollary of
Theorem 3.

Corollary 2 [29] Let C be a nontrivial cyclic code of length n. Then C has minimum locality
dech) — 1.

Proof Put d+ = d(C1). Leti € [n]. Let ¢t = (COL, R cnl_l) be a minimum weight
codeword in C*. By definition, the Hamming weight wt(c) > 2. Consequently, ¢ has a
nonzero coordinate. Since C is also cyclic, we can assume ciJ- # 0. We then deduce that

U S D {i}.

SeB, 1 (Ch)
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The desired conclusion then follows from Theorem 3. O

Corollary 3 Let C be a nontrivial linear code of length n and put d- = d(C*Y). If
(PChH), By b)) is a 1-(n, d*, kf‘) design with )Lf‘ > 1, then C has minimum locality
d+ —1.

Proof By the definition of 1-designs, every i € P(CL) is covered in Af‘ blocks in the block
set B, (C1). Hence,

dL
U U s= UUJ s=m
Jj=158eB;(Ct) SeB, 1 (Ch)
The desired conclusion then follows from Theorem 3. m]

It should be noted that there are many nontrivial linear codes with minimum locality
dCt) — 1, but (P(Ch), By (1)) is not a 1-design. Hence, the converse of Corollary 3 is
not true. Corollary 3 will be one of the tools for studying the minimum locality of some
families of linear codes in this paper. Another tool is documented in the following corollary,
which is a slight strengthening of Lemma 2 in [29].

Corollary 4 Let C be a nontrivial linear code. If Aut(C) or Aut(C1) is transitive, then C has
minimum locality d(C1) = 1 and C* has minimum locality d(C) — 1.

Proof Put d+ = d(C1). Let C be over GF(g) and have length n. Suppose that Aut(C1) is
transitive. Let ¢ be a minimum weight codeword in C+. Then wt(e) > 2. Leti € supp(c™).
For each j € [n]\ {i}, there is an automorphism D Py in Aut(C) such that the permutation
part P sends i to j, as Aut(C71) is transitive. This means there is another minimum weight
codeword (¢/)* in C such that j € supp((¢/)1). Consequently,

6 U s= U s=m.

Jj=158eB;(Ct) SeB, (Ct)

It then follows from Theorem 3 that C has minimum locality d(C*) — 1.

In general, Aut(C) and Aut(C1) are different. However, it is straightforward to prove that
Aut(C) is transitive if and only if Aut(C1) is so. Then the remaining desired conclusion
follows from the first conclusion proved above. O

Lemma 2 in [29] can be employed to conclude that the minimum locality of C is at most
d(C*) — 1if Aut(C) is transitive. Hence, Corollary 4 is a slight strengthening of Lemma 2
in [29].

Note that combining Theorem 2 and Corollary 3 gives another proof of Corollary 4.
Sometimes we may need to use Corollary 3, as the automorphism group of a code may be
unknown. Sometimes it is more convenient to use Corollary 4. Sometimes both corollaries can
be used to study the linear locality of some linear codes. In many cases, both corollaries cannot
be used to do so. It looks impossible to find out all nontrivial linear codes with minimum
locality d(C1) — 1. But Corollaries 3 and 4 can be employed to find many families of such
codes. Most of the families of linear codes documented in the monograph [13] are such codes,
as they support 7-designs with ¢ > 2 or their automorphism groups are doubly homogeneous.
Other families of such linear codes are not documented in [13], as the monograph [13] does
not include linear codes supporting 1-designs but not 2-designs.

The following result would also be useful in some cases.
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Theorem 4 Let C be a nontrivial linear code. If C* is spanned by its minimum weight code-
words, then C has minimum locality d(C) — 1.

Proof Let C have length n. Let i € [n]. If

i¢ U s
SeB, . (Cch)
then (0,...,0,1,0,...,0) would be a codeword in C, where the nonzero coordinate 1 is in
coordinate position 7, as all the minimum weight codewords in C* span C*. This is contrary
to the fact that C is nontrivial. The desired conclusion then follows from Corollary 1. O

3.4 The minimum locality of extended cyclic code

While any nontrivial cyclic code C has minimum locality d(C1) — 1, extended cyclic codes
may not have such property. Note that even if C is nontrivial, the extended code C may be

trivial, as d (@J‘) could be 1. The automorphism group of any cyclic code is transitive and
each cyclic code supports 1-designs. But these may not be true for extended cyclic codes. In
this section, we consider the linear locality of the extended cyclic codes and their duals.

Let H and H denote the parity-check matrix of C and C, respectively. Then we have the
following well known lemma [24].

Lemma3 LesC bean|n, k,d] code over GF(q). Then Cis an[n+1,k, d] linear code, where
d =d ord+ 1. In the binary case, d = d if d is even, and d = d + 1 otherwise.
In addition, the parity-check matrix H of C can be deduced from that of C by

— 11
Hz[HO] (10)
wherel= (1, 1,..., 1) and 0 = (0,0, ...,0)T.

We now prove the following result, which will be needed later.

Theorem 5 Let C be a nontrivial cyclic code. If d(C) = d(C) + 1, then (C)* has minimum
locality d(C).

Proof Let C have length n. By definition, d(C) > 2 and d(C*) > 2. Since d(C) = d(C) + 1,
we know that d((@)l) > 2. Therefore, C is nontrivial. Let ¢y, ..., ¢, be all the minimum
weight codewords in C, and let ¢; be the extended codeword of ¢; in C. Since d(C) > 2 and
C is cyclic, we have

h
| supp(es) = [n].

i=1

Since d(C) = d(C) + 1, the extended coordinate in each €; is nonzero. As a result, we get

h
U supp@) = [n + 11.
i=1

The desired conclusion then follows from Corollary 1. O
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Corollary 5 Let C be a nontrivial binary cyclic code. If d(C) is odd, then (©)* has minimum
locality d(C).

Proof The desired conclusion follows from Lemma 3 and Theorem 5. ]

Corollary 5 has determined the minimum locality of (C)* for all binary cyclic codes.
Specifically, either (C)* is a trivial code or nontrivial binary linear code with minimum
locality d(C) for each nontrivial cyclic code C.

4 The minimum locality of some known families of linear codes

The objective of this section is to study the minimum locality of several families of linear
codes which are geometric codes and their punctured and shortened codes. We wish to find
out some families of optimal LLRCs.

4.1 The minimum locality of the g-ary Hamming codes and Simplex codes

A parity check matrix Hy, ;) of the Hamming code H g4, ) over GF(g) is defined by choosing
for its columns a nonzero vector from each one-dimensional subspace of GF(g)"”. In terms
of finite geometry, the columns of H, ;) are the points of the projective geometry PG(m —
1, GF(q)). Hence H gy ) has length n = (¢ — 1)/(g — 1) and dimension n — m. It is well
known that M, ) has minimum weight 3 and any [(¢™ —1) /(g —1), (¢" —1)/(g—1)—m, 3]
code over GF(g) is monomially equivalent to the Hamming code Hy,») [24]. Note that
the Hamming code H(,, ) is permutation-equivalent to a cyclic code when ged(m, g —
1) = 1. By Corollary 2, its minimum locality is known in this case. However, its minimum
locality may not be known for the case that gcd(m, g — 1) # 1. The linear locality of the
binary Hamming and Simplex codes was settled in [23]. Note that binary Hamming and
Simplex codes are permutation-equivalent to cyclic codes. In this subsection, we investigate
the minimum locality of the g-ary Hamming and Simplex codes.
The weight distribution of H 4, ) is given in the following lemma [28].

Lemma 4 [28] The weight distribution of H 4 m) is given by

qm—l_l m—1 . '
q’"Ak(H(q,m)) = Z |:< q;] )(l] j )((q_1)k+(_1)](q_1)l(qm_1)>j|

_gm 1
0<i< 7

ijgqul
i+ j=k

for0 <k =<(@"—-1/(g—D.

The duals of the Hamming codes H g, are called Simplex codes, denoted by S, m),
which have parameters [(¢” — 1)/(g — 1), m, ¢~ ']. The nonzero codewords of the [(¢" —
1)/(g — 1), m, g"~'] Simplex codes all have weight ¢g” 1.

Theorem 6 The Hamming code H(y m)isan (n,n—m, 3, q; q’"’l —1)-LLRC and the Simplex

code Sy is an (n, m, qm_l, q;2)-LLRC. Furthermore, the Hamming code Hy m) and
S(q,m) are k-optimal.
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Proof The Hamming code H,, ) has parameters [n, n — m, 3] and its dual code is a one-
weight code. Then by the Assmus-Mattson Theorem, the codewords of minimum weight in
the Hamming code and Simplex code both hold a 2-design. So (P(Hg,m)), B3 (H(g,m))) and
(P(H m)) B m— 1(’H )) are 1-designs. Hence, the conclusions on the minimum locality
of the two codes follow from Corollary 3.

We now prove the dimension optimality of H,, ). Putting = 1 and the parameters of
the (n,n —m, 3, q; qm_] — 1)-LLRC into the right-hand side of the CM bound in (2), we
have

k < min{rs + k% (n — (v + Ds, d))
SE€EL4

< r+k<ql<n —(r+1),d)
=¢" " Lk — g™ 3)
n—m,
where the last inequality holds due to the fact that k(q ,(n g L 3))<n-— q”‘_1 —m—+1,
which follows from the sphere packing bound. Therefore the Hamming code H g, m) is
k-optimal.
Putting r = 1 and the parameters of (1, m, g™, ¢; 2)-LLRC into the right-hand side of
the CM bound in (2), we have
k<r+k&m—+1,d)

=24k (n—3,¢"")

S m7
where the last inequality holds due to the fact that k((,'[],), n—3,9g"" 1) < m — 2, which follows

from the Plotkin bound. Therefore, the Simplex code Sy, ) is k-optimal. This completes the
proof. m}

According to the Singleton-like bound in (1), we can obtain the following family of d-
optimal LLRCs.

Corollary 6 Whenm = 3, the Hamming code H 4 3) is a (q*+q+1,9>+q—2.3.9;:¢>—1)-
LLRC and is both d-optimal and k-optimal.

Proof The parameters and dimension optimality of 7, 3 directly follow from Theorem 6.
Hence, we only need to prove the distance optimality. It is easy to verify that the parameters of
H(4,3) satisfy the equality in (1). Hence, it is a d-optimal (¢*+q+1,¢°+q—2,3,q: > —1)-
LLRC. This completes the proof. O

If a linear code C supports 2-designs, then the punctured code C!1} or shortened code
Cy;,y may support 1-designs. Then we can settle the minimum locality of clnt or Ci1yy- The
parameters of some punctured codes and shortened codes of the Hamming code are given in
the following lemma [28].

Lemma5 [28] Let n = (¢ — 1)/(q — 1) > 4, and let t; be any coordinate position of
codewords in Hg,m). Then the following hold:

- (Hgm)yisan[n —1,n —m — 1, 3] code over GF(q) with

n—k
Ar(Hgm)iny) = TAk(H(q,m))
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for0 <k <n—1, where Ax(Hq,m)) was given in Lemma 4.
- ((H(q,m)){tl})l‘ isan[n —1,m, g™ " — 1] code over GF(q) with weight enumerator

14+ (g—Dg" 2" g @ = 1"

- Sym)myisann —1,m — 1, q’”_l] code over GF(q) with weight enumerator 1 +
1

("' =Dz
- ((S(qym)){,,})l isan [n — 1,n —m, 2] code over GF(q) with weight enumerator

1

m—1

m—1

[(1+ (g = D"+ @ = D=7 (1 + (g — Dy 170" ],

With the Assmus-Mattson Theorem, we can deduce that the codewords of minimum
weight in these codes in Lemma 5 hold a 1-design. Then by Corollary 3, we can settle the
minimum locality of these codes in Lemma 5.

Theorem7 Letn = (¢ —1)/(q—1) > 4, and let t| be any coordinate position of codewords
in Hy,m)- Then we have the following.

~ (H(g.m){n) is a k-optimal (n — 1,n —m — 1,3, q; ¢"~' — 2)-LLRC.
— (Hgum)u)* is a k-optimal (n — 1, m, g"~' — 1, q; 2)-LLRC.
— (Stg.m)) i) is a k-optimal (n — 1,m — 1, ¢™~', ¢; 1)-LLRC.
(g.m)Nt1} P q q
— (Sg.m)) )" is a k-optimal (n — 1,n —m, 2, q; ¢"~' — 1)-LLRC.
(q.m)){t1} D q:4

Proof The conclusions on the parameters of the codes follow from Lemma 5, the Assmus—
Mattson Theorem and Corollary 3. The proofs of the dimension optimality of (H (g m)) ()
and (S(g,m))())" are similar to that in Theorem 6, and are omitted. O

Furthermore, we can obtain the following d-optimal LLRCs.

Corollary 7 The code (H(4,3)) () is a (q*>+q.9>+q—3,3,9;g> —2)-LLRC and the code
((S(q,:i)){tl})L isa(g®>+q,9*+q —2,2,q;g*> — 1)-LLRC. Furthermore, they are both
d-optimal and k-optimal.

Proof The parameters of the codes follow from Theorem 7. The d-optimality and k-opmality
of the codes are with respect to the Singleton-like bound and CM bound and can be easily
verified. O

Remark 1 Recently, Grezet and Hollanti [21, Corollary 1] also determined the locality of the
punctured Simplex code using some tools from matroid theory. Our method is more generic
in the sense that it also works for many other linear codes.

4.2 The minimum locality of the generalised Reed-Muller codes over GF(q)

The general affine group GA|(GF(¢™)) is defined by
GA1(GF(¢g™)) = {ax + b : a € GF(¢™)*, b € GF(¢™)},

which acts on GF(¢™) doubly transitively [13, Section 1.7].

We can index the coordinates of a linear code of length g™ with the elements of GF(¢™).
When each permutation in GA | (GF(¢™)) is applied to a codeword, it is applied to the indices
of the coordinates. A linear code C of length ¢™ is said to be affine-invariant if GA1(GF(q))
fixes C. It follows from Theorem 2 that affine-invariant codes supports 2-designs. By Corollary
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4, all affine-invariant codes C have minimum locality d(C*) — 1. There are many infinite
families of affine-invariant codes [13, Chapter 6]. Our objective in this section is to study the
minimum locality of the generalised Reed-Muller codes and obtain a class of either k-optimal
or almost k-optimal LLRCs.
For any integer j = Zl'.”z_ol jig',where 0 < j; < g —1forall0 <i <m — landmisa
positive integer, we define
m—1
wig(j) =Y jis (1)
i=0
where the sum is taken over the ring of integers, and is called the g-weight of j. Let ¢ be
a positive integer with 1 < £ < (¢ — 1)m. The ¢-th order punctured generalized Reed-
Muller code R, (€, m)* over GF(g) is the cyclic code of length n = g™ — 1 with generator
polynomial

g =J] «-a)), (12)
1<j<n—1

wig (j)<(g—Dm—¢

where « is a generator of GF(¢™)*. Since wt, (/) is a constant function on each g-cyclotomic
coset modulo n = g™ — 1, g(x) is a polynomial over GF(q).

The generalized Reed-Muller code R, (£, m) is defined to be the extended code of
Ry (X, m)*, and its parameters are given below [4].

Theorem 8 [4] Let 0 < £ < g(m — 1). Then the generalized Reed-Muller code Ry (€, m)
has length n = q™, dimension

L m\ (i —jg+m—1
x=22<—1)1<.>< S ) (13)
i=0 j=0 J t—=Jq
and minimum weight
d=(g—to)g" "7, (14)
where L = £1(q — 1) +Loand 0 < £y < q — 1.

The minimum locality of the generalized Reed-Muller code R, (£, m) is given in the
following theorem.

Theorem9 Let0 < £ < g(m—1)andm(g—1)—1—L = £\ (g—1D)+Lywith0 < £ < g—1.
The generalized Reed-Muller code Ry(£, m) isalq™, «,d, q; (q — %)qm_[l -1 _ 1] LLRC,
where k and d were given in (13) and (14), respectively.

Proof The dimension and minimum weight of the code were given in Theorem 8. We
only prove its minimum locality. It is well known that the generalised Reed-Muller code
R4 (£, m) is affine-invariant [13, Chapter 6]. By Corollary 4, the code has minimum locality
d(Ry (¢, m)Lt) — 1. It was proved in [4] that

Rq(e,m)L =Ry(m(g—1)—1—1¢€,m). (15)
It then follows from Theorem 8 that the minimum locality is
r=dRy,m)*) —1=dRym(g—1)—1—€,m) —1=(q—£p)g" 7" —1.

This completes the proof. O
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Corollary 8 Letg > 2. Then Ry (1, m)isa (g™, 1+m, (g — 1)g™~ !, q; 2)-LLRC and its dual
Ry (1, m)tisa(@", ¢" —1—m,3,q;(q—1)g™ ' —1)-LLRC. Both codes are k-optimal.

Proof The parameters of the two codes were given in Theorem 9. Putting the parameters of
Ry(1, m)L into the right-hand side of the CM bound in (2), we have

k < min{rs + k,(,?,),(n —(r+ s, d)}

sely
< kD -+ 1).d)
=(q—Dg" " =1+, @3

<qg"-m-—1,

where the last inequality holds due to the fact that ki%) (¢” ', 3) < ¢”~' — m + 1, which
follows from the Sphere packing bound. Therefore, the code R, (1, m)* is k-optimal.
Putting the parameters of R, (1, m) into the right-hand side of the CM bound in (2), we
have
k < min {rs + k0 (n — (r + s, d)

S€Z+
<r 4k m— 0+ 1),d)
=2+ k(@™ — 3. (g — Dg" ™"
<m+1,

where the last inequality holds due to the fact that k((,;],), (g™ =3, —Dg™" <m—1,
which follows from the Plotkin bound. Therefore, R (1, m) is k-optimal. This completes the
proof. O

In this section, we identified two classes of affine-invariant codes R;(1,m) and
Ry (1, m)*, which are k-optimal. It would be nice if other classes of d-optimal or k-optimal
affine-invariant codes could be found. Notice that many classes of affine-invariant codes are
documented in [13]. In addition, there are other classes of affine-invariant codes with very
good locality properties and higher rate than RM codes [22].

4.3 The minimum locality of ovoid codes

In the projective space PG(3, GF(g)) with ¢ > 2, an ovoid V is a set of >+ 1 points such that
no three of them are collinear (i.e., on the same line). In other words, an ovoid is a (q2 +1)-cap
(a cap with q2 + 1 points) in PG(3, GF(q)), and thus a maximal cap. Two ovoids are said to
be equivalent if there is a collineation (i.e., automorphism) of PG(3, GF(gq)) that sends one
to the other.

A classical ovoid V can be defined as the set of all points given by

YV =1{0,0,1,00} U{(x, y, x>+ xy+ay>, 1) : x,y € GF(q)}

where a € GF(q) is such that the polynomial x2 4+ x 4+ a has no root in GF(¢). Such ovoid is
called an elliptic quadric, as the points come from a non-degenerate elliptic quadratic form.

For g = 2%¢*! with ¢ > 1, there is an ovoid which is not an elliptic quadric, and is called
the Tits ovoid. It is defined by

T ={(0,0, 1,00} U {(x, y, x7 +xy +y" % 1) : x, y € GF(g)}.
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where o = 2¢+1,

Let V be an ovoid in PG(3, GF(q)) with ¢ > 2. Denote V = {v{, v, .. Vg2 h where
each v; is a column vector in GF(q)4. Let Cy be the linear code over GF(q) with generator
matrix Gy = [v|Va.. .qu+1]. It is known that Cy is a [q2 + 1,4, q2 — ¢q] code over GF(q)
with weight enumerator

1+ (% — @)@+ D27~ + (g — (g + Dz

and its dual Cj5 is a [¢ + 1, ¢* — 3,4] almost MDS code over GF(q) [13, Chapter 13].
Conversely, the set of column vectors of a generator matrix of any [q2 +1, 4, q2 —qg] code over
GF(g) is an ovoid in PG(3, GF(g)). Hence, ovoids in PG(3, GF(¢)) and [¢2 + 1, 4, ¢*> — ¢]
codes over GF(g) are equivalent in the sense that one can be used to construct the other, and
alg* + 1,4, g> — q] code over GF(q) is called an ovoid code over GF(q).

Ovoid codes are very interesting in combinatorics, as they support 3-designs, which are
documented below [13, Chapter 13].

Lemma 6 [13] The supports of all minimum weight codewords in an ovoid code form a 3-
(g2 +1,¢9%>—q, (g —2)(g% — g — 1)) design and the supports of all codewords of weight 4
in the dual of the ovoid code form a 3-(q* + 1,4, g — 2) design.

The linear locality of an ovoid code and its dual is described in the next theorem.

Theorem 10 An ovoid code C, is a (q> + 1,4,q; ¢*> — q.3)-LLRC and its dual C}- is a
(q>+1,9%*=3,4,q; q> — g — 1)-LLRC. Moreover, C, is k-optimal and Cj- is d-optimal and
k-optimal.

Proof The parameters follow from Lemma 6 and Corollary 3. It is easy to check the distance
optimality of C;-. Then we check the dimension optimality of C;-. Putting # = 1 into the
right-hand side of the CM bound in (2), one has
k<r+kbn—+1,d)
=(@—Dg—1+k8(g+1,4)
<q’ -3,
where the last inequality holds due to the fact that k\%) (¢ + 1,4) < g — 2, which follows

from the classical Singleton bound. Therefore, the code COL is k-optimal.
Putting the parameters of C, into the right-hand side of the CM bound in (2), one has

k < min{rt + k% — (r + Dr, d))

1€y
<r+kn— 0 +1),d)
=3+k0q% -3.4° — )
<4,

where the last inequality holds due to the fact that k((f;)t (g% =3, 9% — ¢) < 1, which follows
from the Plotkin bound. Therefore, C, is k-optimal. This completes the proof. m}

In [28], Liu et al. studied some shortened and punctured codes of an ovoid code, and
obtained the following results.
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Lemma7 [28] Let g > 4, and let C, be a [q2 + 1,4, q2 — q] code over GF(q). For any
coordinate position {t}, the following hold.

- Co)iy isa [qz, 3, q2 — q] code over GF(q) with weight enumerator

14 q(q% — )27 4 (g — 1)z’

- ((Co)[,l])L isa [qz, q2 — 3, 3] almost MDS code over GF(q).
- ((Cj‘){,l})l isa [qz, 4, q2 — q — 1] code over GF(q) with weight enumerator

14g%q — D27 £ g(g® = D27+ 4%(q — D2+ (g — D27
- (Cj‘)m} isa [qz, q2 — 4, 4] almost MDS code over GF(q).

Furthermore, these codes hold 2-design.

The minimum locality of these punctured and shortened codes of ovoid codes and their
duals are documented in the following theorem.

Theorem 11 Let g > 4. Then the code (C,) ) is a k-optimal (qz, 3, q2 —q,q;2)-LLRC and
the code ((Cj‘){,l})l is a k-optimal (qz, 4, q2 —q — 1,q;3)-LLRC. The code (Cj‘)m} isa
(¢%. q¢*—4,4,q; ¢>—q—2)-LLRC and the code ((Co) 1)) isa (¢, ¢*—3,3,9; ¢* —q—1)-
LLRC. Furthermore, (COL){,I} and ((Co){,l})L are both d-optimal and k-optimal.

Proof The parameters of these codes follow from Lemma 7 and Corollary 3. It is easy to
verify the distance optimality of (Cj-){,l} and ((C,,){,l})J- with respect to the Singleton-like
bound. The proofs of dimension optimality of (Cj-){,l} and ((Co) sy })J- are similar, so we just
prove the dimension optimality of (C(,l){,1 }- Putting # = 1 into the right-hand side of the CM
bound in (2), one arrives at

k<r+kPm—@+1),d)

opt
—(q-Dg-2+k8g+1,4
<q’ -4

f,;’,)t (g+1,3) < g—2,which follows from

the classical Singleton bound. Therefore, the code (C;-),) is k-optimal. This completes the
proof. O

where the last inequality holds due to the fact that k

Ovoid codes are very attractive in the sense that Col, (Col){,l} and ((Co)y })l are both d-
optimal and k-optimal. Recall that ovoid codes are the same as ovoids in projective geometry.
In addition, ovoid codes support 3-designs, which are related to inversive planes (also called
Mobius planes) [13, Chapter 13]. Furthermore, the trace codes of some ovoid codes are also
optimal [12]. These facts show that ovoid codes are really diamonds.

4.4 The minimum locality of maximal arc codes

Throughout this section, let g = 2™ for some positive integer m > 2. A maximal (n, h)-arc
A in the projective plane PG(2, GF(g)) is a subset of n = hq + h — g points such that every
line meets .4 in O or 4 points. A maximal (n, h)-arc A in PG(2, GF(gq)) exists if and only if
divides ¢, where 2 < h < ¢. Hence, in this section, we let h = 2/ forsomei with1 <i < m.
There are several known families of maximal arcs and the reader is referred to [13, Section
12.7] for further information.
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Let A be a maximal (n, h)-arc in PG(2, GF(g)). Denote A = {aj, a, ..., a,}, where
each a; is a column vector in GF(q)3. Let C(A) denote the linear code over GF(g) with
generator matrix G4 = [ajay...a,]. We call C(A) a maximum arc code. The following
theorem was proved in [13, Section 12.7].

Theorem 12 [13] Letg = 2" foranym > 3and h = 2" with2 < i < m. Let A be a maximal
(n, h)-arc in PG(2, GF(q)). Then the maximum arc code C(A) has parameters [n, 3, n — h]
and weight enumerator

21 3_Dh—(* -1
- (¢ )nzn_h + (¢ Yh—(q )nZn’ (16)
h h
where n = hq + h — q. The dual code C(A?L has parameters [n,n — 3, 3]. Furthermore,
the minimum weight codewords in both C(A) and C(A)* support a 2-design.

Theorem 13 Let g = 2™ foranym > 3 and h = 2/ with2 < i < m. Let A be a maximal
(n, h)-arc in PG(2, GF(q)). Then C(A) is a k-optimal (n,3,n — h, q; 2)-LLRC and c(At
is a d-optimal and k-optimal (n,n —3,3,q;n —h — 1)-LLRC.

Proof 1t follows from Corollary 3 and Theorem 12 that C(.A)*" has minimum locality
d(C(A)) — 1 and C(A) has minimum locality d (C(A)1Y) — 1. The parameters of the two
codes then follow from Theorem 12. It is straightforward to verify that the parameters of
C(A)* meet the Singleton-like bound. We now prove the dimension optimality of C(A)".
Putting ¢+ = 1 into the right-hand side of the CM bound in (2), we have

k<r+k@m—+1),d

opt
=n—h— 14k (h,3)
<n-3,

where the last inequality holds due to the fact that k((,?,g (h,3) < h — 2, which follows from
the classical Singleton bound. Therefore, the C(A)" is k-optimal.
Plugging the parameters of C(.A) into the right-hand side of the CM bound in (2), one has

k < min{re + k3 (n — (r + D, d))

tely
<r+kn—@+1.d)
=24k (n—3,n—h)

<3

where the last inequality holds due to the fact that k\%) (n — 3,n — h) < 1, which follows
from the Plotkin bound. Therefore, C(A) is k-optimal. This completes the proof. O

A family of extended cyclic codes with the parameters of the code in Theorem 12 were
documented in [13, Section 12.8]. We are interested in maximal arc codes, as they are k-
optimal LLRCs and their duals are d-optimal and k-optimal LLRCs.
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5 The minimum locality of near MDS codes
5.1 Some general theory on the minimum locality of near MDS codes

The Singleton defect of an [n, k, d] code C is defined by def(C) = n — k + 1 — d. Thus,
MDS codes are codes with defect 0. A code C is said to be almost MDS (AMDS for short)
if it has defect 1. Hence, AMDS codes have parameters [n, k, n — k]. A code is said to be
near MDS (NMDS for short) if the code and its dual code both are AMDS. By definition, C
is near MDS if and only if C is so. Then an [n, k] code C over GF(g) is NMDS if and only
ifd(C) + d(CJ-) = n [15]. The following lemma will be needed later [15, 17].

Lemma 8 [15, 17] Let C be an [n, k,n — k] AMDS code over GF(gq).

— Ifk = 2, then C is generated by its codewords of weight n — k andn — k + 1.
— Ifk >2andn — k > q, then C is generated by its minimum weight codewords.

Theorem 14 Let C be a nontrivial NMDS code. Then the minimum locality of C is either
d(CY) — 1 or d(CL). In particular, the minimum locality of C is d(C) — 1 if the minimum
weight codewords in C+ generate C.

Proof Let n denote the length of C. If C- is generated by its minimum weight codewords, it
then follows from Theorem 4 that C has minimum locality d (C1)—1. Assume now that all the
minimum weight codewords in C + do not generate C L. Since ¢ is nontrivial, dim(Ct) > 2.
It then follows from Lemma 8 that C is generated by all the codewords of weights dch)
and d(C) + 1. If the union of the supports of all the codes of weights d(C) and d(C) + 1
does not contain i € [n], then C must be have a zero coordinate in position i. This means
that d(C) = 1, which contradicts to our assumption that C is nontrivial. It then follows from
Theorem 3 that the minimum locality of C is either d (€t —lord(ch. O

MDS codes are very interesting due to the following theorem whose proof is straightfor-
ward by following the assumptions and the parameters of NMDS codes.

Theorem 15 If a nontrivial NMDS code C over GF(q) with parameters [n, k, n — k] has
minimum locality d(CH) =1, thenCisa d-optimal and k-optimal (n,k,n — k,q; k — 1)-
LLRC with respect to the Singleton-like bound and the CM bound, respectively.

If a nontrivial NMDS code C over GF(q) with parameters [n, k,n — k] has minimum
locality d(CL), then C is an almost d-optimal and k-optimal (n, k,n — k, q; k)-LLRC with
respect to the Singleton-like bound and the CM bound, respectively.

We will demonstrate later that some nontrivial NMDS codes C have minimum locality
d(C1) — 1 and some nontrivial NMDS codes C indeed have minimum locality d ). of
course, nontrivial NMDS codes C with minimum locality d (CL) — 1 are better. Therefore,
we are more interested in nontrivial MDS code C with minimum locality d chH-1.

Corollary 9 Let C be a nontrivial NMDS code over GF(q) with parameters [n, k,n — k. If
Ct does not have a codeword of weight d(C*) + 1, then C is a d-optimal and k-optimal
(n,k,n —k,q; k—1)-LLRC.

Proof By definition, ¢t has parameters [n, n — k, k]. Since C is nontrivial, d (CJ-) =k >2.
By Lemma 8, C' is generated by its codewords of weights d(C1) and d(C1) + 1. Since
¢! does not have a codeword of weight d(C1) + 1, C* is generated by its codewords of
weight d(C*). By Theorem 4, C has minimum locality d(C*) — 1. The desired conclusion
then follows from Theorem 15. O
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We remark that under the condition of Corollary 9, it can be proved that the minimum
weight codewords in C* support a 1-design [14]. To prove another result about the minimum
locality, we need the following lemma [17].

Lemma9 [17] Let C be an NMDS code. Then for every minimum weight codeword ¢ in
C, there exists, up to a multiple, a unique minimum weight codeword ¢ in C*+ such that
supp(¢) Nsupp(ct) = 0. In particular;, C and C*+ have the same number of minimum weight
codewords.

‘We now provide the following result, which is useful in certain cases.

Theorem 16 Let C be an NMDS code and let d+ = d(C1). If

ﬂ S =,

SeB,1(Ch
then C* has minimum locality d(C) — 1.

Proof Let C have parameters [n, k, d] withd = n — k. It follows from Lemma 9 that each set
in B4(C) is the complement of a set in B, 1 (1) and vice versa. If an integer i € [n]is notin
UseB,(c)» we then deduce that it must be in Mg B,i(Chy- This is contrary to the assumption
that Ng, B, 1) = ¥. Consequently,

U = [n].

$eB,4(C)

The desired conclusion then follows from Corollary 1. O

5.2 The minimum locality of NMDS cyclic codes

According to Corollary 2 and Theorem 15, every nontrivial NMDS cyclic code C and its
dual are both d-optimal and k-optimal LLRCs. In this subsection, we document such NMDS
cyclic codes. We begin with the following example.

Example 1 The ternary Golay code Cgolay has parameters [11, 6, 5] and weight enumerator
14 1322% +1322° +3302% 4 110z° +242'". The dual code Cg,,, has parameters [11, 5, 6]

and weight enumerator 1 4+ 132z% 4 110z°. Hence, the ternary Golay code is an nontrivial
NMDS. It is well known that Cgolay is @ BCH code, an irreducible cyclic code, and also a
quadratic residue code. Therefore both codes are d-optimal and k-optimal LLRCs.

The following two theorems report infinite classes of d-optimal and k-optimal LLRCs
from some known NMDS.

Theorem 17 Let g = 2° with s > 4 being even or ¢ = 3* with s > 2. Then the narrow-sense
BCH code C(y 4+1,3,1) over GF(q) is a d-optimal and k-optimal (q, g —3, 4, q; ¢ —4)-LLRC.

In addition, its dual code C(Jz}.q+1,3,1) is a d-optimal and k-optimal (q, 4, q — 3, q; 3)-LLRC.

Proof The desired conclusions follow directly from Corollary 2, Theorem 15, and Theorems
21 and 23 in [14]. O

Theorem 18 Let m > 5 be odd and q = 2™. Then the narrow-sense BCH code C(y 441.4,1)
over GF(q) is a d-optimal and k-optimal (¢ + 1,q — 5,6, q; g — 6)-LLRC. In addition, its

dual code C(f] g+1.41) @ d-optimal and k-optimal (¢ +1,6,q — 5, q; 5)-LLRC.
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Proof The desired conclusions follow directly from Corollary 2, Theorem 15, and Theorems
34, 35, and 37 in [35]. O

Many NMDS codes have been constructed (see, for example, [1, 2, 10, 15-18, 25, 30,
37-39]). It is worthwhile to check if some of them are cyclic.

5.3 The minimum locality of the extended codes of some NMDS cyclic codes

In this section, we investigate the minimum locality of the extended codes of some NMDS
cyclic codes, and will make use of Theorem 5.

Theorem 19 Let g = 3° with s > 2. Then the extended code C(y 4+11,3,1) over GF(q) has
parameters [q+2, q—3, 5], and its dual code (C(q,q+1,3$1))l has parameters [q+2, 5, g —3].
Furthermore, (C(q,q+1,3,1))l is a d-optimal and k-optimal (g +2,5,q — 3, q; 4)-LLRC.

Proof Put n = g + 1. Let o be a generator of GF(g2)* and 8 = «9~!. Then B is an n-th
root of unity in GF (qz). Let Mg (x) and M 2 (x) denote the minimal polynomial of 8 and 2
over GF(q), respectively. Note that Mg (x) has only roots 8 and B7 and Mg (x) has roots
B2 and B7-'. We deduce that Mg (x) and Mﬂz (x) are distinct irreducible polynomials of
degree 2. By definition, g(x) := Mpg(x)Mpg2 (x) is the generator polynomial of C(g,4+1,3,1)-
Puty = =L Then y4*! = =@+ = |1t then follows from Delsarte’s theorem that the

trace expression of C(q,q+1,3,1) is given by

C<lq,c1+1,3,1> = (¢ : a.b € GF(g?)},

where ¢q,5) = (Tr,2, (ay’ + by2i))?:0. Define

Lyl y? . . yq]
H = _
[1 yryt ooy
It is easily seen that H is a parity-check matrix of C(y 441,31y, i.€.,
Clg.g+13.1) = le € GF(@)?T! 1 cHT = 0).

Note that {1, y} is a basis of GF(¢?) over GF(q). Every y/ can be expressed as y/ =
ajo+aj1y,wherea;jo € GF(q) and aj | € GF(q). Later, H refers to the 4 x n matrix
over GF(g) defined by these a; ;.
From Lemma 3, C(4, 4+1,3,1) has parameters [g +2, g — 3, d(C4,4+1,3,1))] and the parity-
check matrix H of Cg 441,31 i
— 11
7=l

where1=(1,1,...,1)and 0 = (0,0, ...,0)7.

Note that d(Cy,q+1,3,1)) = d(Cg,q+1,3,1)) + 1 ord(Ciy g+1,3,1) = d(C(q,q+1,3,1))- Now
we prove that d(Cy.g+1,3,1) = d(Cig.q+1,3,1)) +1 = 5. Let Uy41 denote the set of all
(g + 1)-th roots of unity in GF(g?). Suppose d(Cg.q+1,3,1)) = d(C(g,9+1,3,1)) = 4. Then
there are four pairwise distinct elements x, y, z, w in Uy such that

1 1 1 1
al x |+b| y |4+c| z |+d]| w | =0, (17)
2 32 22 w2
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where a, b, ¢, d € GF(g)*. Raising to the g-th power both sides of the equation ax + by +
cz + dw = 0 yields

ax '+ by ' pez M 4dw! = 0. (18)

Combining (17) and (18) gives

21T y! 1 w1
a ! +0b ! +c ! +d ! =0
X y 4 w
%2 | 32 22 w2
It then follows that

x~l oyl =1yt
1 1 1 1 _(x—y)(x—z)(x—w)(y—z)(y—w)(z—w)_0
Xy z w XyzZw '
X2 32 2wl

This is contrary to our assumption that x, y, z, w are pairwise distinct. Hence,

d(Ciy.q+1,3,1) =d(Cyq,q+1,3,1)) +1=75. (19)

We now prove the following equalities:

A L 1
Clgq+1.3.10)7 =Clg 41131y (20)

where D denotes the augmented code of a code D. It is easily verified that the sum of all
coordinates in each codeword

Caby = (Try2 ,(ay’ +by* NI,

is zero, as both y and y? are n-th roots of unity. Consequently, C(f] g+1.3.1) is generated by
the matrix [ H0], where H is the 4 x n matrix over GF(q) defined above. Then the equality in
(20) follows from Lemma 3. By (19), we conclude that the all-one vector is not a codeword
in C(J(_],q+l,3,l)' It then follows from (20) that
dim((Cg.g13.1)7) = 1+dim(Cy 4 1131) =5
Now we prove d((C(q,q+1,3,1))J-) = g — 3. Note that (C(q,q+1,3$1))l has generator matrix
H and

Clgqrian = (@b : a,b € GF(g?),
where ¢ ) = (Try2 4 (ay' + byzi ))?:0. It follows from (20) that the codewords in
(Clg.q+1,3.1))* have the form (c( ») + c1, ¢), where ¢ € GF(q). Letu € Uy41. Then
Tr g2, (au + bu*) +c=au+bu® +alu"' +blu? +¢
= u2(bu* + au® + alu + b? + cu?).

Hence, there are at most four u € Uy such that Trqg/q (au + bu®) + ¢ = 0if (a, b, ¢) *
(0,0, 0). As a result, for (a, b, ¢) # (0, 0, 0), we have

wt((C@a,p) +cl,c)) =wt(eup +c)+1>g+1—-4+1=qg—-2,
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and for (a, b) # (0,0), c = 0, we have
Wt((C(a,b), 0)) = Wt(C(a,b)) >q+ 1—-4= q — 3.

This means thatd ((Cg g+1,3,1)7) = ¢—3.1fd((Cg.g+1,3.1)1) = ¢—2,then (Cg.g+1,3,1) "
would be an MDS code and C(4,4+1,3,1) would also be an MDS code, which leads to a
contradiction. We then conclude that d((C(,,,qH,“))J-) =q — 3. Now both C(y 4+1,3,1) and
its dual are AMDS. Since d(C(4,4+1,3,1)) =5 = d(C(g,4+1,3,1))+1, by Theorem 5 we deduce
that (Cig.4+1,3,1))" has locality d(C(g,4+1,3,1)) = 4. The optimality of (C(g.4+1,3,1))" then
follows from Theorem 15. O

Theorem 20 Let g = 2° with s > 4 being even. Then the extended code C(y 4+1,3,1) over
GF(q) has parameters |q + 2,q — 3, 5], and its dual code (C(q,q_|_1,3,1))l has parameters
l[g + 2,5, q — 3]. Furthermore, (C(q,q_H,3,1))l is a d-optimal and k-optimal (¢ + 2,5, q —
3,q;4)-LLRC.

Proof The proof of this theorem is similar to that of Theorem 19 and is omitted. O

Notice that the two theorems above provide not only two families of d-optimal and k-
optimal LLRCs, but also two families of NMDS codes with new parameters.

5.4 The linear locality of some NMDS codes from oval polynomials

Oval polynomials were used to construct NMDS codes in [39]. These NMDS codes are not

cyclic. In this subsection, we study the minimum locality of some of them. To introduce these

codes, we need oval polynomials. Throughout this subsection, let ¢ = 2", where m > 3.
An oval polynomial f(x) on GF(gq) is a polynomial such that

— f is a permutation polynomial of GF(g) with deg(f) < ¢ and f(0) =0, f(1) = 1; and
— foreacha € GF(g), g4 (x) == (f(x +a) + f(a)))c”/’2 is also a permutation polynomial
of GF(q).

Every oval polynomial f can be used to construct a hyperoval in PG(2, GF(g)) [13, Chapter
12]. The following is a list of known infinite families of oval polynomials in the literature.

Theorem 21 [13] Let m > 4 be an integer. The following are oval polynomials of GF(gq),
where g = 2™,

— The translation polynomial f(x) = xzh, where gcd(h, m) = 1.
— The Segre polynomial f(x) = x° where m is odd.

(m+1)/2 .
x3x2 4 ywhere m is odd.

(m+1)/2 y o(m+1)/4
X2 form =3 (mod 4).

— The Glynn oval polynomial f(x) = 20420 form =1 (mod 4).
— The Cherowitzo oval polynomial f(x) = X2 x4 32 where e = (m + 1)/2

and m is odd.

— The Glynn oval polynomial f(x) =
— The Glynn oval polynomial f(x) =

m—1 m— 3Ix m—1_
— The Payne oval polynomial f(x) = x2 2 +x2 : + x% = 2, where m is odd.

— The Subiaco polynomial

fa@) = ((@0* +x) + (1 +a+a?) (& + 2Nt + a2+ )72 412"
where Tryo(1/a) =1 and a ¢ GF(4) if m = 2 mod 4.
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— The Adelaide oval polynomial

T+ 1) T((Bx +B1)") gm=1

f(x) - m—1 — X
T(B) T(B)(x + T(B)x2" +1)ym—1

where m > 4 is even, B € GF(g?) \ {1} with 471 =1, m = +(q — 1)/3 (mod ¢q + 1),
and T (x) = x + x4.

’

The following lemma will be needed later [31].

Lemma 10 [31] A polynomial f over GF(g) with f(0) = 0 is an oval polynomial if and only
if fu = f(x)+ ux is 2-to-1 for every u € GF(q)*, where 2-to-1 means that |fu_1(b)| =2
for any element b in the image of f,.

5.4.1 NMDS codes with parameters [q + 3, 3, q] from oval polynomials

Let f be a polynomial over GF(g) with f(0) = 0 and f(1) = 1. Let « be a generator of
GF(q)*. Define

FO) f@ f@h ... f@™) 101
0 oV ol Lol 011
1 1 1 | 000

By =

LetC r denote the linear code over GF(g) with generator matrix B - The following theorem
was proved in [39].

Theorem 22 [39] Let m > 3, and let f be an oval polynomial over GF(q). Then the code (ff
is an NMDS code over GF(q) with parameters [q + 3, 3, q] and weight enumerator

(¢ =D +2)Zq n (¢ —Dqlg +2)Zq+1 n (g — 1)qzq+2 n (¢ =2)(q - l)qzq+3.

1
+ 2 2 2 2

Theorem 23 The dual code ((ff)l is a d-optimal and k-optimal (¢ +3, q, 3, q; ¢ —1)-LLRC.

Proof Let ¢y, ¢z and c¢3 denote the first, second and third rows of the generator matrix B 1
respectively. By the definition of the polynomial f, it is easily seen that ¢; + ¢3 and ¢3 + ¢3
are two minimum weight codewords in C . In addition, the supports of these two codewords
are [g + 3]\ {g + 1} and [¢g + 3]\ {gq}, respectively. Clearly,

(g +31\{g +1H U g + 31\ {g}) = [g +3].

By Corollary 1, (C;)* has minimum locality d(C;) — 1 = g — 1. The desired conclusion
then follows from Theorem 15. O

The minimum locality of C 1 is given below.
Theorem 24 The NMDS code C_f is a d-optimal and k-optimal (¢ + 3,3, q, q; 2)-LLRC.

Proof Recall we use the elements in the set [¢+3] = {0, 1, ..., ¢ +2} to index the coordinate
positions of the code C r and its dual. Since all the codewords of weight 3 in € f)L were
characterised in [39], we outline a proof here only. Notice that the union of the supports of
all the codewords of weight 3 in (C f)J- specified in Case 1 of the proof of Theorem 8§ in [39]
is {0,1,...,9 — 1, g + 2}, and the union of the supports of all the codewords of weight 3
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in (C_f)l specified in Case 4 of the proof of Theorem 8 in [39] is {¢, g + 1, ¢ + 2}. It then
follows that

lJ s=1g+31

SeB3((Cp)t)

By Corollary 1, c  has minimum locality d ((éf)l) — 1 = 2. The desired conclusion then
follows from Theorem 15. O

We remark that the NMDS code C is an extended hyperoval code (see for example [13,
Section 12.2]). The reader is referred to [39] for detail.

5.4.2 NMDS codes with parameters [q + 1, 3, ¢ — 2] from oval polynomials

Let f be a polynomial over GF(g) with f(0) = 0 and f(1) = 1. Let o be a generator of
GF(g)*. Define

f@®) feh ... f@™o1
Gr=|a" o a2 10]. (1)
1 1 | 11

Let Cy denote the linear code over GF(g) with generator matrix G 7. The following result
was proved in [39].

Theorem 25 [39] Let m > 3 be odd and let f(x) be an oval polynomial over GF(q) with
coefficients in GF(2). Then Cy is a [q + 1,3, g — 2] NMDS code over GF(q) with weight
enumerator

(¢ —D*=5¢+12) ,,
Z
2
(= D> =3¢ +4) .4
F AR
2
This class of NMDS codes are very important to us, as they demonstrate that some non-
trivial NMDS codes C indeed have minimum locality d(C™) rather than d(C*) — 1. We will
need the following lemma later.

AR =1+(q—1(g—2""+ +

(g — D4g — 5z +

Lemma 11 Letm > 3 be odd and let f (x) be an oval polynomial over GF(q) with coefficients
in GF(2). Then f(x) + x 4+ 1 = 0 does not have a solution x € GF(q).

Proof By the definition of oval polynomials, O and 1 are not not solutions of the equation
f(x)+x+ 1 = 0. Suppose that f(a) +a + 1 = 0 for some a € GF(g) \ {0, 1}. Since
f(x) has coefficients in GF(2), we have f(a?) +a*>+ 1 =0and f(a*) +a*+1=0.1t
then follows from Lemma 10 that the set {a, a?, a4} has cardinality at most 2. If a = a2,
then a € {0, 1}, which contradicts to the assumption that a € GF(¢) \ {0, 1}. Ifa = a*, then
a=0o0ra’>=1.1fa®> =1, wehavea = 1 as ged(3, g — 1) = 1. Hence, a = a* implies
that a € {0, 1}, which contradicts to the assumption thata € GF(¢) \ {0, 1}. If a? = a*, then
a € {0, 1}, which contradicts to the assumption that a € GF(q) \ {0, 1}. This completes the
proof. O

Theorem 26 Let m > 3 be odd and let f(x) be an oval polynomial over GF(q) with coeffi-
cients in GF(2), and let C y be the code in Theorem 25. Then C+ has minimum locality d (C) —1
and is a d-optimal and k-optimal (¢ + 1,¢ — 2,3, ¢; ¢ — 3)-LLRC, and C  has minimum
locality d(ler) and is an almost d-optimal and k-optimal (¢ + 1, 3, ¢ — 2, ¢; 3)-LLRC.
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Proof Since all the minimum weight codewords in C; were not characterized in [39], we
have to do this job here. Let vy, v» and v3 denote the first, second and third rows in the
generator matrix G y above.

We first consider all the codewords vz + v, + bvy, where b € GF(g)* \ {1}. By definition,

Vit va+bv = (b 1+a' +bf(@"),....1+a? 2 +bf(@17%),0,1+Db).

Let g(x) 1x By Lemmas 11 and 10, g(x) is a 2-1 mapping from GF*(g) \ {1} to itself.

IS
Therefore, there are totally (¢ —2)/2 b’s such that g(x) = bhastwo solutions in GF*(¢) \ {1},
and such b’s can be written as the form of }.’(Loff) ,where 1 <i < g — 2. This means that there

are (¢ — 2)/2 b’s such that
wt(v3+vo+bv) =g+1-3=q—2.
In addition, the support of each codeword with minimum weight ¢ — 2 can be written as

supp(v3z + v +bvy) =[qg + 11\ {i, j,q — 1},

where 1 <i # j < g — 2 vary with b. Since v3 is the all-one codeword, we have already
characterized (¢ — 1)(¢ — 2)/2 minimum weight codewords of this form in C.
We then consider all the codewords v3 +avy + v, where a € GF(q)* \ {1}. By definition,

vitava+vi=(a,1+aa' + f@),....,1 +aa?? + f(@™?), 1 +a,0).

Leth(x) = w Again, by Lemmas 11 and 10, 4 (x) is also a 2-1 mapping from GF*(q) \
{1} to itself. Therefore, there are totally (g — 2)/2 a’s such that i(x) = a has two solutions
in GF*(¢) \ {1}, and such a’s can be written as the form of 1"’3;#, where 1 <i <gq — 2.
This implies that there are (¢ — 2)/2 a’s such that

wt(vz +avp+v))=q+1—-3=q -2,
and the support of each codeword with minimum weight ¢ — 2 can be written as

supp(v3 +avy +vy) =[q + 11\ {i, j, q},

where 1 <i # j < g — 2 vary with a. Since v3 is the all-one codeword, we have already
characterized (¢ — 1)(¢g — 2)/2 minimum weight codewords of this form in Cy.

In the first case above, the coordinate in position ¢ — 1 in the codewords v3 + v, + bv is
zero and the coordinate in position ¢ in these codewords is nonzero. In the second case above,
the coordinate in position ¢ — 1 in the codewords v3 +av; + vy is nonzero and the coordinate
in position ¢ in these codewords is zero. Therefore, the minimum weight codewords in the
two forms do not overlap. By Theorem 25, we have characterized all the minimum weight
codewords in C . From the discussions above, we have

J s=m+1

SeBy-2(Cy)

It then follows from Corollary 1 that C}% has minimum locality d(Cy) — 1.

The discussions above showed that the coordinate in position 0 in all the minimum weight
codewords in C is nonzero. It then follows from Lemma 9 that the coordinate in position 0
in all the minimum weight codewords in Cj% is zero. This means that

o¢ |J s

SeB3(C%)
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Hence, Cy does not have minimum locality d (C}-) — 1. It then follows from Theorem 14

that Cy has minimum locality d(C]%). The remaining desired conclusions then follow from
Theorems 25 and 15. O

The proof of Theorem 26 shows that it could be hard to determine the minimum locality
of an NMDS code.

5.4.3 NMDS codes with parameters [q + 2, 3, ¢ — 1] from oval polynomials

Let f be a polynomial over GF(q) with f(0) = 0 and f(1) = 1. Let o be a generator of
GF(g)*. Define

} fO) f@) f@h ... f@i=)01
Gr=|0 o o a2 10]. (22)
11 1 1 11

By definition, G 7 is a 3 by g + 2 matrix over GF(g). Let Cy denote the linear code over
GF(g) with generator matrix G .
The following theorem was presented in [39].

Theorem 27 [39] Let m > 3_be odd and let f(x) be an oval polynomial over GF(q) with
coefficients in GF(2). Then Cy is a [q + 2,3, q — 1] NMDS code over GF(q) with weight
enumerator

(¢ —D(* =3¢ +14) ,
> zt +

(@ =D@*=3q+4 412
2

AR =1+(q—1(g—-2""+

3(g — (g —2)z27t" +

Theorem 28 Letm > 3 be odd and let f(x) be an oval polynomial over GF(q) with coef-
ficients in GF(2), and let Cy be the code in Theorem 27. Then Cf; has minimum locality
d(C¢) — 1 and is a d-optimal and k-optimal (¢ +2,q — 1,3, q; ¢ — 2)-LLRC, and C_f has
minimum locality d(CJ%) and is an almost d-optimal and k-optimal (¢ +2,3,q — 1, q; 3)-
LLRC.

Proof The proof is similar to that of Theorem 26 and is omitted here. However, we inform
the reader that the coordinates in positions 0 and 1 in all the minimum weight codewords in
Cy are always nonzero. This means that

{0,1}ﬂ U S =0.

SeB3(CT)
To prove this theorem, one has to characterize all the minimum weight codewords in C¢. O

Notice that Theorem 26 documents the second class of nontrivial linear codes C with
minimum locality more than d(C*) — 1. Many other infinite families of NMDS codes have
been reported in the literature (see, for example, [1, 2, 10, 15-18, 25, 30, 37-39]). It is
valuable to check which of the NMDS codes C have minimum locality d(C) — 1, as they
are d-optimal and k-optimal LLRCs. It has been observed that the analysis of the minimum
locality of a linear code is harder than the determination of the minimum distance of the dual
code.
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Table 1 Some k-optimal LLRCs from known codes

C n k d r dopt kopt
Hg.m) np np—m 3 gl —1 ? Vv
Sig.m) np m g1 2 ? J
(Hg.m)){11} np — 1 np—m—1 3 gm -2 ? J
(HigmDp™  mn—=1  m " -1 2 ? v
(Sg.m)ier) mp—=1 m—1 ¢! ! ? v
(Sg.m)mP* np—1 np —m 2 g™ -1 v
Ry(1, m) q" m+1 (g — DHg™! 2 2 J
Ry (1,m)* g™ g"m —m—1 3 gm — g1 1 ?2 J
C (Thm. 26) M4l 3 om _ 2 3 A Vv
Cy (Thm. 28) 2+2 3 2m—1 3 A v
Co g% +1 4 ¢t —q 3 ? Vv
Co)y) q* 3 ?—q 2 ? v
(Co)ti q* 4 a*—q-1 3 ? v
C(A) (Thm. 13) na 3 ng — 2 2 2 J

6 Summary and concluding remarks

The objectives of this paper are to develop some general theory for the minimum locality of
linear codes and search for d-optimal or k-optimal LLRCs in known families of linear codes.
Below is a summary of the major contributions of this paper.

1. We determined the minimum locality of C" under the condition that (C) =d(C) + 1 for
each nontrivial linear code C (see Theorem 5), and settled the minimum locality of EL for
each nontrivial binary linear code C (see Corollary 5).

2. We proved that the minimum locality of an NMDS code C is either d CcH —1ordichH
(see Theorem 14), and further proved that C is either a d-optimal and k-optimal or an
almost d-optimal and k-optimal LLRC (see Theorem 15).

These general results have settled the minimum linear locality (also the minimum locality)
of many families of nontrivial linear codes. Hence, we have reached our first objective.
After studying a number of families of known linear codes with the general theory devel-

oped, we have identified many classes of optimal LLRCs. These optimal LLRCs were not
reported in the literature. Table 1 lists fourteen classes of k-optimal LLRCs. Table 2 lists nine-
teen classes of LLRCs which are both d-optimal and k-optimal and have different parameters.
In both tables,

—np=(q" = 1/(q—1),ng =2"1 421 —2™ where2 <i <m,

— 4/ means that the code is optimal with the Singleton-like or CM bound,

— A means that the code is almost optimal with respect to the Singleton-like bound, and

— ? means that the optimality is open.

These classes of optimal LLRCs demonstrate that we have reached our second objective.
We remark that the locality of locally recoverable codes in the literature is actually the
linear locality, but may not be the minimum linear locality. This paper has treated the min-
imum linear locality (also the minimum locality) of nontrivial linear codes. Availability is
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Table 2 Both d-optimal and k-optimal LLRCs from known codes

C n k d r dopt kopt
Hg.3) ?+q+1  ¢*+q-2 3 q? -1 v Vv
(Hg.3)in) ?+q ?+q-3 3 q* -2 v v
(Sg3)uD* a*+q *+q-2 2 g% —1 v v
Cr q*+1 q* -3 4 *-q-1 v
€y q* q* -4 4 *-q-2 v
i q* > -3 3 @*—q-1 v
C(A)L (Thm. 13) n n—73 3 n—h—1 Vi J
C3 354151 341 3 -3 4 3 —4 J W
Cs 3541.1) 341 4 3¥-3 3 Vv Vv
C2s.25413.1) 25 4 1 2 -3 4 25— 4 W Vv
Cs 254+1.5.1) 2 +1 4 -3 3 J J
Cs 2541.4.1) 25 41 25 6 2 -6 J W
CésqstA,l) 25 +1 6 2’-5 5 W Vv
cj% (Thm. 26) DU m ) 3 m 3 Vi Vi
é]% (Thm. 28) 2M 42 P 3 L) NG V
éj% (Thm. 23) 2m 43 om 3 m Vi Vi
Cy (Thm. 24) 2M 43 3 m Vv v
Cas 1131t (Thm20) 25 +2 5 25 -3 Vi Vi
Cas3+13.1)" (Thm19) 35 +2 5 3¥ -3 Vv Vi

another interesting parameter of LLRCs. All the LLRCs presented in this paper naturally
have availability 1, and some of them may have availability 2 or more. It is extremely hard
to develop general theory for LLRCs with availability more than 1, although such LLRCs
are available in the literature. To study the maximum availability of an LLRC code C with
respect to the minimum locality d(C1) — 1, one has to characterize the minimum weight
codewords in C*. This is a very hard problem in general. The reader is cordially invited
to investigate the maximum availability of these optimal LLRCs documented in this paper.
Finally, we point out that all the LLRCs presented in this paper are from known linear codes
in the literature and our objective is to study their minimum locality and optimality with
respect to the Singleton-like and CM bounds.
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