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The Cross-Correlation of Binary Sequences With
Optimal Autocorrelation
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Abstract—Binary sequences with low correlation have applica-
tions in communication systems and cryptography. Though binary
sequences with optimal autocorrelation were constructed in the
literature, no pair of binary sequences with optimal autocorrela-
tion are known to have also best possible cross correlation. In this
paper, new bounds on the cross correlation of binary sequences
with optimal autocorrelation are derived, and pairs of binary se-
quences having optimal autocorrelation and meeting some of these
bounds are presented. These new bounds are better than the Sar-
wate bounds on the cross correlation of binary sequences with op-
timal autocorrelation.

Index Terms—Almost difference sets, autocorrelation, cross cor-
relation, difference sets, sequences.

I. INTRODUCTION

T HE periodic cross-correlation value of two binary se-
quences and of period at shift is

(1)

where and . When the two sequences
and are identical, the periodic cross-correlation function is

called the periodic autocorrelation function, and is denoted by
. Furthermore, these , are called

the out-of-phase autocorrelation values of the sequence .
Let be a binary sequence of period . The set

is called the support of ; and is referred to as the
characteristic sequence of .
If is even and the cardinality , we say that the
binary sequence is balanced. If is even and

, we say that is almost balanced. If is odd and
, we say that is balanced.
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The mapping is a one-to-one correspondence from
the set of all binary sequences of period to the set of all sub-
sets of . Hence, studying binary sequences of period is
equivalent to that of subsets of .

For any subset of , the difference function of is de-
fined as

Let be the characteristic sequence of . It is
easy to show that

(2)

where . Thus the study of the autocorrelation property
of the sequence further becomes that of the difference
function of the support of the sequence .

Let , the size of the support of a binary sequence
of period . It is well known that

(3)

For applications in direct-sequence code-division multiple
access, coding theory and cryptography, we wish to have
binary sequences of period with minimal value

.
The following results follow from (2).

1) Let . Then .
On the other hand,

if and only if for all . In
this case, the sequence is said to have ideal autocor-
relation and optimal autocorrelation.

2) Let . There is some evidence [1] that
there is no binary sequence of period with

It follows from (3) there is no balanced binary se-
quence of period with

. Then by (2), is
indeed the only optimal set of autocorrelation values
for balanced binary sequences of period

.
3) Let . Then .

On the other hand,
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if and only if for all .
In this case, the sequence is said to have optimal
autocorrelation.

4) Let . We have clearly that

If , the sequence is
called perfect. The only known perfect binary sequence
up to equivalence is the (0, 0, 0, 1). It is conjectured that
there is no perfect binary sequence of period

greater than 4 [2]. This conjecture is true for
all [2]. Hence, by (2) it is natural to con-
struct binary sequences of period with

. Anyway, it follows from (3)
there is no balanced binary sequence of period
with for all or for
all or for all .
Hence, , and are in-
deed the only possible optimum sets of autocorrelation
values for balanced binary sequences of period

.
A pair of binary sequences of period is called an optimal

pair if both sequences have optimal autocorrelation and their
cross correlation is also the best possible.

A number of constructions of binary sequences with optimal
autocorrelation are developed (see [3]–[6] for a survey on this
topic). The cross correlation of periodic binary sequences with
optimal autocorrelation has been studied by Antweiler [7],
Calderbank and McGuire [8], Calderbank, McGuire, Poonen,
and Rubinstein [9], Chan, Goresky, and Klapper [10], Helleseth
[11], Hertel [12], Sarwate [13], Sarwate and Pursley [14]. In
spite of the intensive study of the autocorrelation and cross
correlation of binary periodic sequences, to the best of our
knowledge, it is still open whether there is an optimal pair of
binary sequences.

The first goal of this paper is to develop bounds on the cross-
correlation values of binary sequences with optimal autocorre-
lation. The second one is to present optimal pairs of binary se-
quences for the first time in the literature.

II. COMBINATORIAL CHARACTERIZATIONS

To characterize binary sequences with optimal autocorrela-
tion, we need to introduce difference sets and almost difference
sets.

Let be an abelian group of order . Let be a
-subset of . The set is an difference set (DS)

in if the difference function for every nonzero
element of . The complement of an
difference set in is an differ-
ence set. The reader is referred to [15] and [16] for detailed
information of difference sets.

In addition, a -subset of is an almost
difference set (ADS) in if takes on altogether

times and altogether times when
ranges over all the nonzero elements of [3]. For example,

, the set of quadratic residues modulo
13, is a (13, 6, 2, 6) ADS in ,

A necessary condition for the existence of an
ADS is that . Difference
sets are just special almost difference sets, i.e.,
almost difference sets!

Two subsets and of a cyclic abelian group of order
are said to be equivalent if there are an integer relatively prime
to and an element such that . In particular,
we have the equivalence definition for two almost difference sets
and two difference sets in any cyclic group.

It is well known that binary sequences with ideal autocorrela-
tion are characterized by cyclic difference sets. Similarly, other
binary sequences of period with optimal autocorrelation are
characterized by almost difference sets. Specifically, we have
the following [3].

Theorem 1 ([3]): Let be a binary sequence of period
, and let be its support.
1) Let . Then for all

if and only if is an
or DS in .

2) Let . Then for all
if and only if is an

ADS in .
3) Let . Then for all

if and only if is an
ADS in .

4) Let . Then for all
if and only if is an

ADS in .
Two binary sequences and of period are

said to be equivalent if there are an integer relatively prime to
and an integer such that for every .

It is easily shown that two binary sequences are equivalent if and
only if their supports are equivalent.

III. BOUNDS ON THE CROSS CORRELATION OF BINARY

PERIODIC SEQUENCES

In 1979, Sarwate derived a lower bound on the maximum
cross-correlation magnitude and the maximum out-of-phase au-
tocorrelation magnitude [13].

Theorem 2 (The Sarwate Bound [13]): For any set of
complex roots-of-unity sequences of period

where the maximum cross-correlation magnitude , and the
maximum out-of-phase autocorrelation magnitude , are de-
fined by

Sarwate commented in [13, Column 2, p. 721] that the bound
in Theorem 2 was the best known bound and is likely the best
possible for the case . In this section, we demonstrate
that the Sarwate bound in Theorem 2 can be improved when

and the sequences are binary ones with optimal auto-
correlation.
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Throughout this section denotes a positive integer. Let
and be a pair of binary sequences with period , and let de-
note the maximum cross-correlation magnitude between and

. To develop lower bounds on , we will need the following
equation (see [17, eqn. (2.21)]) :

(4)

In addition, we need the following lemma.
Lemma 3: For any with , we have

.
Proof: According to (1)

Then, the conclusion directly follows.

A. Bounds for the Case

The following follows from Theorem 2, and is a special case
of the Sarwate bound.

Corollary 4 ([13]): Let . Let and be a
pair of binary sequences with period and optimal autocorre-
lation. Then

(5)

where is the ceiling function.
The bounds in the following theorem are in general better than

the Sarwate bound in Corollary 4.
Theorem 5: Let . Let and be a pair

of binary sequences with period and optimal autocorrelation.
Then

if odd
if even

(6)

Proof: Since and are optimal, they have only the out-of-
phase autocorrelation value . By (4), we have then

It then follows that

which gives

Note that is an integer. We have . By Lemma 3,
is odd. Note that is even. We know that .

Whence

We have then

The conclusions of this theorem then follows since is an odd
number.

Remark 1: The bound of this theorem improves the Sarwate
bound by 1. However, it is open whether the new bound can be
further improved.

B. Bounds for the Case

The following follows from Theorem 2, and is a special case
of the Sarwate bound.

Corollary 6 ([13]): Let and . Let
and be a pair of binary sequences with period and optimal
autocorrelation. Then

(7)

The bounds in the following theorem are in general better than
the Sarwate bound in Corollary 6.

Theorem 7: Let and . Let and
be a pair of binary sequences with period and optimal auto-
correlation. Then

if even
if odd

(8)

Proof: It follows from Theorem 2 that

Since is a nonnegative integer, . Note that
and . We have that .

Whence . The bounds then follows from Lemma 3.
For balanced binary sequences of period ,

the bound of (8) can be further improved as follows.
Theorem 8: Let and . Let and be

a pair of balanced binary sequences with period and optimal
autocorrelation. Then

if even
if odd

(9)

Proof: Since and are optimal, they have only the out-of-
phase autocorrelation values and 2. Note that both and
are balanced. It then follows from (2) and Theorem 1 that
(respectively, ) takes on altogether times
and 2 altogether times when ranges over all the
elements in . Hence

Hence the right-hand side (RHS) of (4) is lower bounded by
.

It then follows that
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Note that is an integer. We have . By Lemma 3,
is even. Notice that is odd. We have that .

Whence

We have then

The conclusion of this theorem then follows since is an even
number.

Remark 2: The bound of Theorem 8 improves the Sarwate
bound by 1. It is open if it is tight.

C. Bounds for the Case

The following follows from Theorem 2, and is a special case
of the Sarwate bound.

Corollary 9 ([13]): Let . Let and be a
pair of binary sequences with period and optimal autocorre-
lation values and . Then

The bounds in the following theorem are in general better than
the Sarwate bound in Corollary 9.

Theorem 10: Let . Let and be a pair of
balanced binary sequences with period and optimal autocor-
relation values 0 and . Then

if even
if odd

(10)

Proof: Note that both and are balanced. It then follows
from (2) and Theorem 1 that (respectively, ) takes
on and 0 altogether times and times, respec-
tively, when ranges over all the elements of .
So we have

Hence the left-hand side (LHS) of (4) is lower bounded by .
It then follows that

The conclusion of this theorem then follows from Lemma 3.
Remark 3: The bound of Theorem 10 improves the Sarwate

bound by 2. It is open if it can be improved.

D. Bounds for the Case

The following follows from Theorem 2, and is a special case
of the Sarwate bound.

Corollary 11 ([13]): Let . Let and be
a pair of binary sequences with period and optimal autocor-
relation. Then

(11)

The bounds in the following theorem are in general better than
the Sarwate bound in Corollary 11.

Theorem 12: Let and . Let and
be a pair of balanced binary sequences with period and

optimal autocorrelation. Then

if odd
if even

(12)

Proof: Note that both and are balanced. It then follows
from (2) and Theorem 1 that (respectively, ) takes
on each of and 1 altogether times and ranges
over all the elements of . So we have

Hence the LHS of (4) is lower bounded by .
It then gives

Note that is an integer. We have . Since
and and

. Whence

We have then

The conclusion of this theorem then follows from the fact that
is an odd number (see Lemma 3).
Remark 4: The bound of Theorem 12 improves the Sarwate

bound by 2. It cannot be improved, as it can be reached by some
pairs of sequences presented in the next section.

IV. PAIRS OF BINARY SEQUENCES WITH OPTIMAL

AUTOCORRELATION AND CROSS CORRELATION

Throughout this section, let be a positive integer with
. Only three constructions of binary sequences with

period and optimal autocorrelation are known, which are
listed here.

1) (1798) Lengendre sequence of period ,
where is a prime.

2) (1998) The two-prime sequence of period
in [18], where both and are primes.

3) (1999) The cyclotomic sequence of period in
[19], where is a prime.

In this section, we prove that some pairs of these sequences have
also optimal cross correlation.
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TABLE I
THE RELATIONS OF THE CYCLOTOMIC NUMBERS OF ORDER 4, � ODD

A. The Known Constructions

In 1798, Adrien-Marie Legendre introduced the Legendre
symbol and hence the Legendre sequence of period , where

is a prime [20]. It is defined by

if is a quadratic residue
otherwise

If , the Legendre sequence has only out-of-
phase autocorrelation values and 1.

In 1962, Whiteman discovered the so-called twin-prime
difference sets [21] and thus the twin-prime sequences with
optimal autocorrelation value . In 1991, the two-prime
sequences, which are a generalization of the twin-prime se-
quences, were described in [18]. It is defined by

otherwise

where and denote the Legendre symbol, and and
are two distinct prime numbers. Seven years later in 1998, it
was discovered that the two-prime sequence has optimal auto-
correlation when the two primes satisfy [22], [23]. So
it took two hundred years to discover the second class of binary
sequences with period and optimal autocor-
relation after the Legendre sequences.

In 1999, the third class of binary sequences with period
and optimal autocorrelation was described in [19].

We now introduce this class of sequences.
Let be an odd prime, where is a positive integer.

Let be the primitive element of [19]. Denote by the
multiplicative subgroup generated by , i.e.,

, then

where for
. The cosets are called the cyclotomic classes of order

4. Note that and do not depend on the choice of the
primitive element . However, different choice of may result
in a swapping between and .

The cyclotomic number is defined as the cardinality of
the intersection of the two sets and , i.e.

Let be an odd prime, where is an odd integer. It
is known that has the quadratic partition , where

and the sign of is ambiguous and depends

on the choice of . When is odd, the relations between the 16
cyclotomic numbers are given in Table I [24].

Thus there are five possible different cyclotomic numbers in
the case being odd [24], i.e.

The following was proven in [25].
Lemma 13: Let be an odd prime, where is an

odd integer. Then

if
if

The third class of binary sequences with optimal autocorre-
lation and period is defined in the following
theorem.

Theorem 14: [19, Theorems 4 and 5] Let
with . Then ,

and are ADSs
if and only if is odd and . Hence, the corresponding
sequence with support set , or or ,
or , has optimal autocorrelation if and only if is odd
and .

B. The Optimal Pairs

In what follows, we use , and , respectively, to denote
the sequence with support , and .
Hence, sequence is the Legendre sequence. As mentioned be-
fore, different choice of the primitive element will lead to a
possible swapping of the two sequences and . We now prove
that the pair has optimal cross correlation.

Theorem 15: Let and be the binary sequences defined
before. Then the cross-correlation function satisfies

More precisely, when ranges over , the distribu-
tion of the cross-correlation values is the following:

time
times
times
times

where is defined by the quadratic partition with
as before. In addition, the pair and have

optimal cross correlation with respect to the bound of (12).
Proof: Obviously, . In what follows, we con-

sider the case that .
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By definition, the cross-correlation function is given by

Let . We need only to consider

and

We have that

Similarly, we can prove that

By Lemma 13, . For simplicity, write
. Then, the cross-correlation function

becomes

Plugging the five cyclotomic numbers into the cross-correla-
tion function, we have

When and where
the subscripts are modulo 4, since if is odd.
Then, the relation among and is illustrated in
the following table.

The distribution of the cross-correlation values and the max-
imum absolute cross-correlation value then follow.

Finally, we show the optimality of the cross correlation of the
two sequences. Note that is odd. On the other hand,

, which is then even. The bound of (12) is
met.

Example 1: Let . Let the primitive root
of be 2. Then the two sequences and are given by

Their cross correlation is

where , and 7, respectively, occur 1, 14, 7, and 7 times,
which are consistent with the results in Theorem 15. So, the
maximum cross correlation value between and is 7. The
lower bound of (12) is 7, while the Sarwate bound of (11) is 5.

The following two theorems can be similarly proven.
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Theorem 16: Let and be the binary sequences defined
before. Then the distribution of cross-correlation values is the
following:

time
times
times
times
times

where and are defined before.
Theorem 17: Let and be the binary sequences defined

before. Then the distribution of the cross-correlation values is
the following:

time
times
times
times
times

where and are defined before.
Then, we have the following conclusion.
Theorem 18: One and only one of the two pairs and

has optimal cross correlation with respect to the bound
of (12). The exact optimal pair depends on the choice of the
primitive element employed in defining the cyclotomic classes
of order four.

Proof: By the distributions of the cross-correlation values
given in Theorem 16 and Theorem 17, one and only one of
and is an optimal pair, depending on the sign of

. The sign of is determined by the choice of the primitive
element .

Example 2: Let . Let the primitive root
of be 2. Then the three sequences and are given by

Their cross correlation are as follows:

which are coincident with the correlation distributions shown
in Theorems 16 and 17 in place of and . The
maximum cross-correlation value between and is 7. The
maximum cross-correlation value between and is 5. The
lower bound of (12) is 5, while the Sarwate bound of (11) is
3. So only is an optimal pair.

Let and be the sequences obtained by modifying
only the first bit of the binary sequences , and , respec-
tively, which are, respectively, the complement of the sequences
with support , and . The following
theorem can be similarly proven. We omit the proof here.

Theorem 19: The following pairs of binary sequences are
optimal pairs with respect to the bound of (12):

In addition, one and only one in each of the following set is an
optimal pair with respect to the bound of (12):

The specific optimal pair in each set above depends on the
choice of the primitive element employed to define the cyclo-
tomic classes of order four.

In summary, twelve optimal pairs of binary sequences of pe-
riod are obtained for every prime of the
form , where . These are the first
group of optimal pairs discovered in the literature.

V. OPEN PROBLEMS

It is open if the bounds of (6), (9), and (10) can be improved.
This is quite interesting as no optimal pairs of binary sequences
are known for the three cases that

, and . It would be nice to find out
new optimal pairs of binary sequences for the case that

.
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