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The Bose and Minimum Distance of a
Class of BCH Codes

Cunsheng Ding, Senior Member, IEEE, Xiaoni Du, and Zhengchun Zhou

Abstract— Cyclic codes are an interesting class of linear
codes due to their efficient encoding and decoding algorithms.
Bose-Ray-Chaudhuri-Hocquenghem (BCH) codes form a sub-
class of cyclic codes and are very important in both theory
and practice as they have good error-correcting capability and
are widely used in communication systems, storage devices, and
consumer electronics. However, the dimension and minimum
distance of BCH codes are not known in general. The objective
of this paper is to determine the Bose and minimum distances
of a class of narrow-sense primitive BCH codes.

Index Terms—BCH codes, cyclic codes, linear codes.

I. INTRODUCTION
HROUGHOUT this paper, let p be a prime and let
q be a power of p. An [n, k, d] code C over GF(g) is a
k-dimensional subspace of GF(g)" with minimum (Hamming)
distance d.
A linear [n,k] code C over GF(q) is called cyclic if
(co, Cly ", c,,,l) eC implies (Cnfl, CO,Cly ", Cnfz) e C.
By identifying any vector (co, c1, -, cn—1) € GF(q)" with

co+cix +ex? + -+ e x" 1 e GE(g)[x]/(x" — 1),

any code C of length n over GF(g) corresponds to a subset of
the quotient ring GF(g)[x]/(x" —1). A linear code C is cyclic
if and only if the corresponding subset in GF(g)[x]/(x" — 1)
is an ideal of the ring GF(g)[x]/(x" — 1).

Note that every ideal of GF(g)[x]/(x" — 1) is principal.
Let C = (g(x)) be a cyclic code, where g(x) is monic and
has the smallest degree among all the generators of C. Then
g(x) is unique and called the generator polynomial, and
h(x) = (x" — 1)/g(x) is referred to as the parity-check
polynomial of C.

Let m > 1 be a positive integer and let n = ¢ — 1. Let
o be a generator of GF(¢™)*. For any i with 1 <i < ¢ —2,
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let m;(x) denote the minimal polynomial of a’ over GF(g).
For any 2 < <n = ¢g™ — 1, define

&(g.m,o)(x) =lem(my(x), ma(x), -+, ms-1(x)),

where lcm denotes the least common multiple of these
minimal polynomials. Let Cy, 5 denote the cyclic code
of length n with generator polynomial g, m,s) (x). This
code C(y, m,s) is called the narrow-sense primitive Bose-Ray-
Chaudhuri-Hocquenghem (BCH) code with design distance 0.
It is well known that the codes C(y, m,5) and C(y, m, &) may be
equal for two different 6 and &'. The largest design distance
of a BCH code is called the Bose distance of the code and is
denoted by dp.

The codes Cy,m,5) are treated in every book on coding
theory. However, the following questions about the codes
C(4,m, s) are still open in general.

1) What is the dimension of Cy, m, 5)?

2) What is the Bose distance (i.e., the maximum design
distance) of C(y, m, 5)?

3) What is the minimum distance d (i.e., the minimum
weight) of C(y, m, 5)?

The dimension of C(;, u, ) is known when ¢ is small, and
is open in general. There are lower bounds on the dimension
of C(g, m, 5)» which are very bad in many cases. The minimum
distance d of C(y, m,5) is known only in a few cases. Only
when ¢ is very small or when C(,, 1, 5) is the Reed-Solomon
code, both the dimension and minimum distance of C(y, m, 5)
are known. Hence, we have very limited knowledge of the
narrow-sense primitive BCH codes, not to mention BCH codes
in general. Thus we conclude that BCH codes are neither
well-understood nor well-studied.

In the 1990’s, there were a few papers on narrow-sense
primitive BCH codes [1], [2], [5], [12]. However, in the last
eighteen years, little progress on the study of these codes has
been made. As pointed out by Charpin in [6], it is a well-
known hard problem to determine the minimum distance of
narrow-sense BCH codes.

The objective of this paper is to determine the Bose distance
and the minimum distance of the codes C(y, n, 5y With design
distance 6 = g’ +h, where 1 <t <m—-2and 0 < h <
Lg" = D)/q" ] + 1.

II. KNOWN RESULTS ABOUT THE CODES C(4, m, 5)

To give a well-rounded treatment of the codes C(,, m, 5),
we summarize known results on the dimension and minimum
distance of the codes in this section.
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A. Known Results on the Dimension of C(y, m,s)

In general, for the dimension k of the code C(y, . 5) We have
the following lower bounds [7, p. 170]:

1) k=g —1—m(@—1), and

2) k=qg"—1—m(0—1)/2if g =2 and ¢ is odd.
When ¢ is getting large, these two bounds are very bad as they
become very small or even negative.

When m = 1, the code C(,, m,s) is a Reed-Solomon code
and its dimension is equal to g — J.

When ¢ is small enough, the dimension k of the
code C(y, m, ) is given in the following theorem [12].

Theorem 1: Let 6, and dy be the unique integers such that
0—1=204q + do, where 0 <y < q.

If 6 —1 < q™M/21 41, then the dimension k of the code
Cg, m, ) Iis given by

" —1—m(d4(q — 1)+ do).

Let T = 2¢™?* — 1. If m is even and ¢"'* +1 < ¢ <
T + m/2, then the dimension k of the code Cy m, o) Is
given by

k=gq

k:ﬂ—l—M@@—D+m+%.

When ¢ > m/2 and 6 = ¢', we have the following theorem
due to Mann [10].

Theorem 2: Let § = q', where m/2 <t < m — 2, and
let r = m —t. Then the dimension k of the code C(y m,s) is
given by

r—2
k=gm)—(q—1>> (r—i—Dpm—r—i=-2),
i=0
where ¢(m) is determined by the following linear recurrence

p(m)=qp(m—1)—(g—Dom—r—1), m>r

with the initial conditions
o(i)=q for0<i<r, ando(r)=q" —1.

Theorem 2 can be employed to compute the dimension of
the code recursively in the case that + > m/2 and § = ¢’.
Further recurrence formulas may be found in [3].

Also, when 6 = ¢, Mann derived the following result [10].

Theorem 3: The dimension k of the code Ciy p, 4t is
equal to

I—(rﬁl)J

Z( 1)~

1m(€] D (m—ir—1 gD
i—1

(1)

where r = m — t.

B. Known Results on the Minimum Distance of Cq, m, s)

According to the BCH bound, the minimum distance d of
the code C(y, m, 5) satisfies

d>dp>9,

where dp denotes the Bose distance of the code C(y,m, 5)-
In some cases the difference d — ¢ is very small or zero.
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As will be seen later, in many cases the difference d — ¢
is very large and in such cases the design distance does not
give much information on the minimum distance d, but the
Bose distance dp may be very close to the minimum distance.
In fact, it was conjectured that d < dp + 4 for the narrow-
sense primitive BCH codes [6]. In view of this conjecture,
it is very useful to determine the Bose distance for the
narrow-sense primitive BCH codes.

Given a design distance J, it is a difficult problem to
determine the Bose distance dpg, not to mention the minimum
distance d. However, in some special cases the minimum
distance d is known. Below we summarize known results
regarding the minimum distance of BCH codes.

The first result on the minimum distance is
following [9, p. 260].

Theorem 4: For any h with 1 < h < m — 1, a primitive
BCH code of length n = q™ — 1 and design distance
0 =q" — 1 has minimum distance d = q" — 1.

The following result is due to Kasami and Lin [8].

Theorem 5: For binary primitive BCH codes of length
n =2" — 1 and Bose distance dg = 2"~1—5 —pm—1=s—i _
withl <i <m-—s—2and0<s <m-—2i, we have d = dp.

The following result was developed by Peterson [11].

Theorem 6: Suppose a narrow-sense primitive BCH code
over GF(q) with Bose distance 6 has d = 6, and 6 + 1 is
divisible by p, the characteristic of GF(q). Then the narrow-
sense primitive BCH code over GF(q) with Bose distance
dg = (0 + 1)qm’h — 1, where h > 0, has minimum
distance dp.

A proof of the following theorem can be found
in [4, p. 247].

Theorem 7: Let C be a narrow-sense BCH code of length
n with design distance 6 over GF(q). If  divides n, then the
minimum distance d = 0.

The following result is sometimes useful in determining the
minimum distance of the codes Cy, m, s) [9, p. 259].

Theorem 8: The narrow-sense primitive binary BCH code
C2, m, 5) with design distance 6 = 2t+1 has minimum distance
d = 0, provided that

. Z’“ 2m._1 > 2" op
o« m>1 +log2((t + D).

the

C. Cases When Both Parameters of Ciq, m,s) Are Known

The dimension and minimum distance of the Reed-Solomon
code C(y4, 1,5) are g — 6 and 9, respectively. In addition we have
the following cases.

e When (d,q) = (3,2), Cg,m,s) is the binary Hamming
code with parameters [2" —1, 2" —1—m, 3] and generator
polynomial m(x), where m > 3.

e When (d,9) = (5,2), C,m s has parameters
[2" —1,2™ — 1 —2m, 5] and generator polynomial

8@, m,5)(x) = lem(m(x), ma(x), m3(x), ma(x))
= mi(x)m3(x),
where m > 4.

e When (d,9q) = (7,2), C,m s has parameters
[2" — 1,2 — 1 — 3m,7] and generator polynomial
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mi(x)mz(x)ms(x) due to a similar reduction,
where m > 5.

e When (d,9) = (9,2), the code C(;, m,s has parame-
ters [2" — 1,2 — 1 — 4m, 9] and generator polyno-
mial m(x)m3(x)ms(x)m7(x) due to a similar reduction,
where m > 7.

e When (6, g9) = (3, 3), the code Cy, m, 5) has parameters
[3" — 1,3" — 1 — 2m,4] and generator polynomial
mi(x)my(x), where m > 3.

In all these cases, the conclusion on the dimension of C(y, n, 5)
follows from Theorem 1 and that on the minimum distance
comes from the BCH bound and Theorem 8. When 1 < ¢ <9
and ¢ is odd, it is possible to find out both the dimension and
minimum distance of the code C(y, », 5). However, it looks hard
to determine both the dimension and minimum distance of the

code when ¢ > 11.

III. NEW RESULTS ON THIS CLASS OF
BCH CODES WITH S = ¢’ + 1

The g-cyclotomic coset modulo n containing i is defined by
Ci = {iqj modn:0<j</{},
where ¢; is the smallest positive integer such that ¢‘ii = i
(mod n), and is called the size of C;. The smallest integer in
C; is called the coset leader of C;. Let A; = {;11 C; for
any j > 2.

A. The Dimensions of the Codes C(, ,, gn-241)

The dimension of the code C(q’qum—2+l) is given in (1),
which looks complex. The following theorem gives an alter-
native formula for the dimension of the code C, ,, gm-241)-

Theorem 9: Let m > 4. Then the dimension k of the BCH
code Cy  gn-241y Is equal to

—1—y/q%*4+2q -3 " —14+q%>+2q-3
q q q q q q
2 .

2

Proof: For the design distance 6 = g™ 241, 6 = g™ 2
is also a design distance of this code C(y, m, 5). According to
Theorem 2, the dimension & is given by

k=g@m)—(qg—1)*p(m—4), 2)

where

p(m) =qp(m—1) — (g — Dp(m —3) 3)

with the initial conditions
pO) =1, p(1)=¢q, p() =q° — 1.

To prove the explicit formula for the dimension of this code,
we need to solve the linear recurrence relation of (3). To this
end, we solve the following equation

x3—qx2+q—1:0,
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over the field of complex numbers, which has the following
three distinct roots

g—1—vq*+2q -3
x1=1,x= )
2
g—1+q*>+2q—-3
X3 = > .

Thus, we can assume that ¢ (m) = ¢ + uxy' + vxj5' for some
constants ¢, # and v in the field of complex numbers. Solving
the following system of equations

{(p(O):f—i—u—i—v:l,
p(1) =€+ uxs +vx3 =gq,
{(p(Z):f—i—ux%—i—vx%:qQ—l,

“)

we obtain
ulxp = +vlxz—1)=q-1,
u(x% -+ v(x% -1 =q¢%-2,

which is the same as

q—3-+/q*+29-3 4=3++/q?+29-3 _
u 5 +v 5 =q—1,
*=3—(q—D/q*+29-3 ?=3+(q—D/a>+29-3 _ o
u 5 +v 5 =gq 2.
(5)

Solving then (5), we obtain that

u_q2+2q—3—(q+l)\/q2+2q—3

2(q% +2q — 3)
and
,_C+2 -3+ @+ Vg’ +2¢ -3
2(q% +2q — 3) '

It then follows from the first equation in (4) that £ = 0. Hence
p(m) = uxy' + vxj'.
From (2), we then obtain
k=0¢0m) —(q—1D*m—4)
= ux] M — (g — D)+ T — (g - DY)
(q e m)’"

2

(q—1+\/q2+2q—3)m
+ : .

This completes the proof of the conclusion on the dimension
of this code. g
As a corollary of Theorem 9, we have the following two
results.
Corollary 10: When q = 2, the dimension of the BCH code
Cig,m, gn-2+1) is given by

1+5Y (1-v3Y)
=(157) (5

for any m > 4.
Corollary 11: When q = 3, the dimension of the BCH code
m-211) is given by
m m
k=(1-v3)" + (1+v3)

for any m > 4.

C(q,m,q
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B. The Bose and Minimum Distance of the Class of Codes
C(q,m,q’+h) With 0 < h < L(qt - 1)/qm7tJ +1

Given the design distance 0, determining the Bose distance
of the code C(;, m, 5) is a difficult problem in general. However,
this problem may be solvable for special types of J. The next
lemma demonstrates this.

Lemma 12: Let 6 = q' + 1. The Bose distance dg of the
code C(g, m,s) is given by

dBZ{i
q

Proof: We divide the proof of the conclusion into
two cases: Case A in which + < m/2 and Case B in which
t > m/2. As before, we define

o—1
As = U C;.
i=1

In Case A, we have t < m/2 and then

) n—1 ; q' =2 .

op := \‘mJ—i—l:q +\‘m +1=q" +1.
Hence, in this case we only need to prove that § € As.

For any i with 0 < i < m — 1, define J; = dq’' mod n.
When ¢t +i < m, we have

Ji=q¢ M +q >q¢ +1=4.
When t +i > m, we have i > m —t > m/2. On the other
hand, t +i < m + m/2. Consequently,
Ji = q(t+i)modm +qi > qm/2+ 1>6.

Hence J; ¢ As for all i with 0 <i < m — 1. It then follows
that dg = 0p = o in Case A.

In Case B, by definition t > m /2. We have then t > m —t.
Thus, there are two unique integers u and v such that

t=u(lm—1t)+v,

where u > 1 and 0 < v < m — t. It then follows that

n—1
53 = \\WJ—FI

(m—t)u _ 1 v_1o
_ t v q q
=q +gq ( P )-i—\‘qmt_lJ-i-l
(m—l)u71
q +q" (qquil
¢ q(""*t)'l,]

)+1 ifl<vem—t,
if v=0.

Case B is further divided into two subcases. In the first
subcase (called Subcase B.1 later), we assume that v = 0.
Since t > m/2, we have u > 2 and t = (m — t)u. In this
subcase,

Sp = q(mft)u _i_q(mft)(ufl) 4. _i_qut +1.

We now prove that dp = dp in Subcase B.1. To this end, we
first prove that every integer i with 6 < i < dp — 1 belongs
to As.

Note that d = ¢" + 1 = g% 4 1 and

6¢" "modn=1+¢"" <.
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It then follows that 6 € Ag. This means that
Asy1 = As. (6)
We now prove that
Aq(m—l)u+q(m—t)(u—l)+1 = A(S (7)

Let j = g™ D4 4 jo with 1 < jo < ¢ D@D We have
then

jg" "modn =1+ jog" " <.

The desired conclusion then follows from (6).
If u = 2, the proof of the desired conclusion in
Subcase B.1 is completed. If u > 3, we then prove that

Aq(mft)u+q(m7t)(u7l)+q(m7t)(u72)+1 = A(S
Let
j= q(m—t)u +q(m—t)(u—1) + Jjo,

where 1 < jo < ¢ 9®=2) We have then

jq2(m—t) mod n = 1+qm—t +j0q2(m—t)

< q(mft)u_i_q(mft)(ufl)_i_l.

The desired conclusion then follows from (7).

If u = 3, the proof of the desired conclusion is completed.
If u > 4, we continue this process until we prove that
{0,0+1,...,0p — 1} C As.

To finish the proof of the desired conclusion in
Subcase B.1, we need to prove that ép ¢ Ags. This is indeed
true as the g-cyclotomic coset modulo n containing dp is
given by

Csy ={q’0:0<j<m—1—1}).

Hence Jp must be the coset leader of Cs,. To summarize,
we have dp = dp in Subcase B.1.

In the second subcase (called Subcase B.2 later), we assume
that 1 <v <m — ¢t and have

op = q(m—t)u+v + q(m—t)(u—l)+v + ... +q(m—t)+v +qv +1.

The proof of the conclusion that dp = Jp in Subcase B.2 is
similar and is omitted here. O
The proof of Lemma 12 showed that the Bose distance dp
is equal to the design distance 6 = g’ + 1 when t < m/2.
The main result of this paper is the following.
Theorem 13: When m > 4, the code C(y m, qt+1) has
parameters [q" — 1, k, d], where

n—1
d>dp = \xiqmt—lj_’_l

and the dimension k is given in

o Theorem 1 when t < [m/2];

o Theorem 3 when t > [m /2], and

o also Theorem 9 when t = m — 2.

If t =0 (mod m — t), the minimum distance d of the code
Cig,m, q'+1y Is given by
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If m =0 (mod 2t), then

d=dp=0=q' +1.

Proof: The lower bound on d follows from Lemma 12 and
the BCH bound.
When m = 0 (mod m — t), it was shown in the proof of
Lemma 12 that the Bose distance dp is given by

q" -1

db = i1

which divides the length n of this code. It then follows from
Theorem 7 that d = dp.

When m = 0 (mod 2¢), we have t < m/2. The proof
of Lemma 12 shows that dg = J. It follows from m = 0
(mod 2¢t) that ¢ divides n. It then follows from Theorem 7
that d = 0. O

As a corollary of Theorem 13, we have the following.

Corollary 14: When m > 4, ¢ =2 and 6 = 2"~2 + 1, the
code C(y \y om-241) has parameters [2" — 1, k, d], where the
dimension k is given in Corollary 10 and

m
d>2 +1
-3
if m is odd; and
2m —1
d:
3

if m is even.

We have the following conjecture on the code C, ,,, ym-241)-

Conjecture 1: Let m be odd. Then the minimum distance d
of the binary cyclic code C ,, ym—2 +1) is given by

m
J— 2" 41 .
3

To prove this conjecture, we may find a codeword of
C,m,2m-241) with weight (2" + 1)/3. Experimental data
indicates that the generating idempotent of C(, ,, yn-241) has
weight

m oy ]
dg = .
B 3

But we were not able to prove this. The reader is cordially
invited to attack this open problem.

In fact, we have the following more general conjecture on
the code C(y, m, g'+1)-

Conjecture 2: The minimum distance d of the cyclic code
Cig,m, q'+1) s always equal to its Bose distance dp, which is
given in Lemma 12.

When m — ¢ divides ¢, this conjecture is true. However, the
problem is still open in other cases. It would be nice if this
conjecture can be proved or disproved. Reference [2] may be
useful in attacking this conjecture.

It is easily seen that Agriy1 = Agigp forany h with0 < h <
L(¢"=1)/q™~"]+1. Hence we have C(y . g'+1) = C(q, m, g'+h)
for any & with 0 < h < |(¢' — 1)/¢™ "] + 1. Thus, all the
conclusions about C(;, u, 4:4+1) stated in this paper are true for
C(g,m, q'+ny for any h with 0 < h < |(¢' = 1)/q" "] + 1.
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TABLE I
EXAMPLES OF BINARY BCH CODES Cy, ,, 4r11)

n k| d=dp d | m | ¢ | Optimality

15 11 3 3 4 | 2| Yes

15 7 5 5 4 | 2| Yes

31 26 3 3 512 Yes

31 21 5 5 512 Yes

31 11 11 9 512 Yes

63 57 3 3 6 | 2| Yes

63 51 5 5 6 | 2| Yes

63 39 9 9 6 | 2 | Best known

63 18 21 17 6 | 2 | Best known
127 | 120 3 3 71 2| Yes
127 | 113 5 5 71 2| Yes
127 99 9 9 7 | 2 | Best known
127 71 19 17 7 | 2 | Best known
127 29 43 | 33 7 | 2 | Best known
255 | 247 3 3 8 | 2| Yes
255 | 239 5 5 8| 2| Yes
255 | 223 9 9 8 | 2 | Best known
255 191 17 17 8 | 2 | Best known
255 | 131 37 | 33 8 | 2 | Best known
255 47 85 | 65 8 | 2 | Best known

TABLE 11

EXAMPLES OF NONBINARY BCH CODES C(y, ,, 4141)

n k| d=dp S | m | ¢ | Optimality

26 20 4 4 3 13| Yes

80 72 10 41 4] 3| Yes

80 56 10 | 10 4 | 3 | Best known
242 | 232 4 4 513 Yes
242 | 212 10 10 5 | 3 | Best known

63 51 5 5 3 | 4 | Almost
255 | 239 5 5 4 | 4 | Almost
255 191 17 17 4 | 4 | Not best known
124 112 6 6 3 | 5 | Best known

IV. SUMMARY AND CONCLUDING REMARKS

The main contribution of this paper is the Bose distance of
the codes C(q’quurh) given in Theorem 13, where 0 < h <
L(g" —1)/g™"] +1. In the case that m = 0 (mod m —1), both
the Bose and minimum distance of the codes are determined
in this paper.

Although BCH codes are asymptotically bad, narrow-sense
primitive binary BCH codes of length up to 257 are either
optimal or the best known linear codes. Table I contains
examples of the binary code Cy, m,s). Table 1l consists of
examples of nonbinary narrow-sense primitive BCH codes,
which are optimal, or almost optimal, or the best known linear
codes.

Lemma 12 shows that the Bose distance is sometimes much
more than the design distance 6 = ¢’ + 1. This might explain
why the codes Cy, m, ) are either optimal or the best linear
codes known.

In general, the dual of a BCH code may not be a BCH code.
The dual codes C(L ..y are also optimal or the best linear
q,m,q'+1)
codes known for certain lengths, as demonstrated in Table III.
The dimension of the code C(J(_],m,q‘+l) is n — k, where k is
given in Theorem 9. But we still do not know the minimum
distance d+ of this code. For the special case that r =m — 2,
we have the following conjecture.
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TABLE III
EXAMPLES OF THE DUAL CODES C- .
(q,m, q'+1)
n k d d | m | ¢ | Optimality
15 4 8 3] 4] 2] Yes
15 8 4 51 4 2] Yes
31 51 16 3 512 Yes
31 | 10 | 12 5 512 Yes
31 | 20 6 91 5|2 Yes
63 6 | 32 3 6 | 2| Yes
63 | 12 | 24 5 6| 2| Yes
63 |24 | 14 9] 6 | 2 | Best known
63 | 45 8 | 17 6| 2| Yes
127 7| 64 31 7] 2] Yes
127 14 | 56 5 71 2| Yes
127 | 28 | 44 9 | 7 | 2 | Bestknown
127 | 56 | 22 | 17 7 | 2 | Not best known
127 | 98 | 10 | 33 | 7 | 2 | Best known

Conjecture 3: The minimum distance d= of the binary code

C(Ji,m, m=241) is equal to 2(m — 2).
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