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LCD Cyclic Codes Over Finite Fields

Chengju Li, Cunsheng Ding, and Shuxing Li

Abstract—1In addition to their applications in data storage,
communications systems, and consumer electronics, linear com-
plementary dual (LCD) codes—a class of linear codes—have
been employed in cryptography recently. LCD cyclic codes were
referred to as reversible cyclic codes in the literature. The
objective of this paper is to construct several families of reversible
cyclic codes over finite fields and analyze their parameters.
The LCD cyclic codes presented in this paper have very good
parameters in general, and contain many optimal codes. A well
rounded treatment of reversible cyclic codes is also given in this
paper.

Index Terms—BCH codes, cyclic codes, linear codes,
linear complementary dual (L.CD) codes, reversible codes.

I. INTRODUCTION

HROUGHOUT this paper, let g be a power of a prime p.

An [n,k,d] code C over GF(g) is a k-dimensional
subspace of GF(g)" with minimum (Hamming) distance d.
Let C be an [n, k] linear code over GF(g). Its dual code,
denoted by C*, is defined by

Ct={beGF@g)" :bef =0VeceC),

where be” denotes the standard inner product of the two
vectors b and c¢. A linear code is called an LCD code (linear
code with complementary dual) if C N C+ = {0}, which is
equivalent to C @ C+ = GF(q)".

A linear [n,k] code C over GF(q) is called cyclic if
(co,c1, -+ ,cn—1) € C implies (¢y—1,co,C1, -+ ,cn—2) € C.
By identifying any vector (co, 1, - , cn—1) € GF(g)" with

co+cix +eax?+ -+ e x" 1 e GF(g)[x]/(x" — 1),

any code C of length n over GF(g) corresponds to a subset of
the quotient ring GF(g)[x]/(x" —1). A linear code C is cyclic
if and only if the corresponding subset in GF(g)[x]/(x" — 1)
is an ideal of the ring GF(g)[x]/(x" — 1).

Note that every ideal of GF(g)[x]/(x" — 1) is principal.
Let C = (g(x)) be a cyclic code, where g(x) is monic
and has the smallest degree among all the generators of C.
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Then g(x) is unique and called the generator polynomial,
and h(x) = (x" — 1)/g(x) is referred to as the parity-check
polynomial of C.

Linear complementary dual (LCD) cyclic codes over finite
fields were called reversible codes and studied by Massey
[12]. Massey showed that some LCD cyclic codes over finite
fields are BCH codes, and made a comparison between
LCD codes and non-LCD codes [12]. He also demonstrated
that asymptotically good LCD codes exist [13]. Yang and
Massey gave a necessary and sufficient condition for a cyclic
code to have a complementary dual [18]. Using the hull
dimension spectra of linear codes, Sendrier showed that LCD
codes meet the asymptotic Gilbert-Varshamov bound [16].
Esmaeili and Yari analysed 1-generator LCD quasi-cyclic
codes [9]. Muttoo and Lal constructed a reversible code over
GF(g) [15]. Tzeng and Hartmann proved that the minimum
distance of a class of reversible cyclic codes is greater than
the BCH bound [17]. Dougherty, Kim, Ozkaya, Sok and Sole
developed a linear programming bound on the largest size
of an LCD code of given length and minimum distance [8].
Giineri, Ozkaya, and Sol¢ studied quasi-cyclic complementary
dual codes [10]. Carlet and Guilley investigated an application
of LCD codes against side-channel attacks, and presented
several constructions of LCD codes [3]. LCD codes can be
used in a direct-sum-masking technique for the prevention of
side-channel attacks (see [3] for detail).

The objective of this paper is to construct several families
of LCD cyclic codes over finite fields and analyse their
parameters. The dimensions of these codes are determined and
the minimum distances of some of the codes are settled and
lower bounds on the minimum distance of other codes are
given. Many codes are optimal in the sense that they have the
best possible parameters. We will also give a well rounded
treatment of LCD cyclic codes in general.

We will compare some of the codes presented in this
paper with the tables of best known linear codes (referred
to as the Database later) maintained by Markus Grassl at
http://www.codetables.de.

II. g-CycLoToMIC COSETS MODULO n AND AUXILIARIES

To deal with cyclic codes of length n over GF(g), we have
to study the canonical factorization of x" — 1 over GF(g).
To this end, we need to introduce g-cyclotomic cosets mod-
ulo n. Note that x” — 1 has no repeated factors over GF(q) if
and only if ged(n, g) = 1. Throughout this paper, we assume
that ged(n, g) = 1.

Let Z, = {0,1,2,---,n — 1}, denoting the ring of inte-
gers modulo n. For any s € Z,, the g-cyclotomic coset
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of s modulo n is defined by
CS = {S’Sq’sqz, e ,Sq&_l} mod n g Zl’l)

where ¢ is the smallest positive integer such that s = sg’s
(mod n), and is the size of the g-cyclotomic coset. The
smallest integer in C; is called the coset leader of Cy. Let
I'(s,q) be the set of all the coset leaders. We have then
Cs N C; = ¥ for any two distinct elements s and 7 in I'(,,q),
and

U ¢ =2 ()

€L (n,q)

Hence, the distinct g-cyclotomic cosets modulo n partition Z,,.

Let m = ord,(g), and let o be a generator of GF(g™)*,
which denotes the multiplicative group of GF(¢™). Put f =
a@"=D/" Then f is a primitive n-th root of unity in GF(g™).
The minimal polynomial mg(x) of ¥ over GF(gq) is the monic
polynomial of the smallest degree over GF(g) with B as a
zero. It is now straightforward to prove that this polynomial
is given by

my(x) = [] ¢ — B) € GF(g)Ix], @)
ieCy
which is irreducible over GF(g). It then follows from (1) that
1= ] m 3)
SEL (n,q)

which is the factorization of x” — 1 into irreducible factors
over GF(g). This canonical factorization of x" — 1 over GF(q)
is crucial for the study of cyclic codes.

The following result will be useful and is not hard to
prove [11, Th. 4.1.4].

Lemma 1: The size {s of each q-cyclotomic coset Cy is a
divisor of ord,(q), which is the size {1 of Cy.

The following lemma was proved in [1] and contains results
in [4] as special cases.

Lemma 2: Let n be a positive integer such that g!"/*1 <
n < q™ — 1, where m = ord, (q). Then the q-cyclotomic coset
Cs = {sq’ mod n : 0 < j < m—1} has cardinality m for all s
in the range 1 < s < ng™/21 /(g™ — 1). In addition, every s
with s # 0 (mod q) in this range is a coset leader.

Later in this paper, we will need the following fundamental
result on elementary number theory.

Lemma 3: Let h > 1 and let a > 1 be an integer. Then

gcd(a[ +1, a" — 1)
1 if m is odd and a is even,
=12
agdh L1 g m is even.

if m is odd and a is odd,

III. CHARACTERISATIONS OF LCD CYycCLIC
CODES OVER FINITE FIELDS
Let f(x) = fax" + froix" '+ -+ fix + fo be a
polynomial over GF(g) with f; # 0 and fo #* 0. The
reciprocal f*(x) of f(x) is defined by

fre) = fo e,
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A polynomial is self-reciprocal if it coincides with its recip-
rocal.

A code C is called reversible if (co,ci,...,cn—1) €
C implies that (c¢y—1,¢4—2,...,c0) € C. The conclu-
sions of the following theorem are known in the literature
(see [18], [14, p. 206]), and are easy to prove. We will employ
some of them later.

Theorem 4: ([18], [14, p. 206]): Let C be a cyclic code of
length n over GF(q) with generator polynomial g(x). Then
the following statements are equivalent.

e Cis an LCD code.

o g(x) is self-reciprocal.

o p~Vis a root of g(x) for every root B of g(x) over the

splitting field of g(x).
Furthermore, if —1 is a power of ¢ mod n, then every cyclic
code over GF(q) of length n is reversible.

Proof: The conclusion of the last part is
known [14, p. 206]. But we would present the following
proof, which provides hints for studying LCD cyclic codes in
the next section.

Let C, denote the g-cyclotomic class modulo n that
contains a, where 0 < a < n — 1. By assumption, q[ =
—1 (mod n) for some positive integer £. Then a = —agq
(mod n). We deduce that —a € C,. Hence every irreducible
factor of x — 1 is self-reciprocal. It follows that every cyclic
code over GF(q) of length n is reversible. ([

Massey showed that reversible cyclic codes are those which
have self-reciprocal generator polynomials [12]. It then follows
from Theorem 4 that a cyclic code is LCD if and only if it is
reversible.

o

IV. A CONSTRUCTION OF ALL REVERSIBLE
CycLic CODES OVER GF(q)

The goal in this section is to give an exact count of
reversible cyclic codes of length ¢ — 1 for odd primes m.
Recall the g-cyclotomic cosets C, modulo n and the irre-
ducible polynomials defined in Section II. It is straightforward
that —a = n —a € C, if and only if a(l + ¢/) = 0
(mod n) for some integer j. The following two lemmas are
straightforward.

Lemma 5: The irreducible polynomial m,(x) is self-
reciprocal if and only if n —a € C,.
Lemma 6: The least common multiple lcm(mg(x),
m,_q(x)) is self-reciprocal for every a € Z,.
By Lemma 5, we have that
lem(m (). my— () = {m“(") o a € G
mg (x)m,_,(x) otherwise.

Let
Mgy =T (g \ (max{a,Ld(n —a)} :a € [y q),n—a & C,},

where Ld(i) denotes the coset leader of C;. Then {C,UC,_, :
a € Iy )} is a partition of Z,.
The following conclusion
Lemmas 5, 6, and Theorem 4.
Theorem 7: The total number of reversible cyclic codes
over GE(q) of length n is equal to 2M@m! — 1.

follows directly from
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Every reversible cyclic code over GF(q) of length n is
generated by a polynomial

g(x) = [ ] lem (mq(x), my—4 (x)),
aes

where S is a nonempty subset of Il(, ).
Example 8: Let (n,q) = (15,2). There are the following
2-cyclotomic classes

Co = {0},

C, =1{1,2,4,8},

C3 =1{3,6,9,12},
= (5,10},

C7; ={7,11, 13, 14}.
We have also
! — 1 = mo(x)m; (x)m3 (x)ms (x)m7 (x),

where

mp(x) = x + 1,

mi(x) =x*+x+1,

m3(x) =x*+ X+ +x+1,

ms(x) = 2 +x+1,

mr(x) = x* +x3+ 1.

Note that all m;(x) are self-reciprocal except mi(x) and
m7(x). In this case,

Ling) =1{0,1,3,5,7}.
But

Mg = {0, 1,3,5).
Hence, there are 15 reversible binary cyclic codes of
length 15.

Corollary 9: Let q be an even prime power andn = q" — 1.
If m is odd, then the only self-reciprocal irreducible divisor
of x™ — 1 over GF(q) is x — 1. If m is an odd prime, then
the total number of reversible cyclic codes of length n over

GF(q) is equal to 2w -1
Proof: Since m is odd and ¢ is even, it then follows
from Lemma 3 that gcd(g/ + 1,¢™ — 1) = 1 for all j with
0 < j <m—1.Hence a(l + ¢/) = 0 (mod n) if and only
if a = 0, where a € Z,. We then deduce that the only self-
reciprocal irreducible divisor of x” — 1 over GF(g) is x — 1.
Since m is a prime, the length of q-cyclotomic cosets
module 7 is either 1 or m. Since ged(qg — 1, g™ — 1) =q-1,
there are exactly ¢ — 1 elements in Z,, i.e, {l | 0<i <

q — 2}, such that the corresponding g- cyclotomlc cosets have
length 1. Note that 0 € Z,, corresponds to x — 1, which is the
only self-reciprocal irreducible divisor of x" — 1 over GF(g).
Thus, we have

g"—1—(q—1) gqg—2 q" +(m —l)q
IT = l=-
Mgl 2m Tt 2m
Hence, in this case, the total number of reversible cyclic codes
M4 (m—1)
of length n over GF(g) is P T | O
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Corollary 10: Let q be an odd prime power andn = g™ —1.
If m is odd, then the only self-reciprocal irreducible divisor of
x™ —1 over GF(q) are x — 1 and x + 1. If m is an odd prime,

then the total number of revernble cyclic codes of length n
+(m—1)g+m

over GF(q) is equal to 27 -1
Proof: Since m is odd and ¢ is odd, by Lemma 3 we have
ged(q/ 4+ 1,¢™ — 1) =2 for all j with 0 < j < m — 1. Hence
a(l +¢’) = 0 (mod n) if and only if a = 0 or a = n/2,
where a € Z,. We then deduce that the only self-reciprocal
irreducible divisors of x” — 1 over GF(g) are x £ 1.
Since m is a prime, the length of g-cyclotomic cosets
module 7 is either 1 or m. Since ged(g — 1 q’" —1)=qg—1,
there are exactly g — 1 elements in Z,, i.e, {z 1 |0<i<

q — 2}, such that the corresponding g- cyclotomlc cosets have
length 1. Note that 0 € Z, and L;l € Zy correspond to
x — 1 and x 4 1, which are the only self-reciprocal irreducible
divisors of x” — 1 over GF(gq). Thus, we have
m—l—(q—1)+q—3 g"+(m—1)g+m
2m 2 2m '
Hence, in this case, the total number of reversible cyclic codes

q +(m 1)q+m

of length n over GF(gq) is 2 -1 d

|H(q,n)|: +2=

V. BCH CODES

Let n be a positive integer, and let m = ord, (¢). Let o be
a generator of GF(¢")*, and put f# = a@"~D/" Then 8 is a
primitive n-th root of unity.

For any i with 0 <i < n—1, let m;(x) denote the minimal
polynomial of #’ over GF(q). For any 2 < § < n, define

“)

where b is an integer, lcm denotes the least common multiple
of these minimal polynomials, and the addition in the subscript
b+1i of mp;(x) always means the integer addition modulo 7.
Let C(4,n,6,5) denote the cyclic code of length n with generator
polynomial g,n.6.5)(x). The 6 is called a designed distance
of Cg,n,s,b)- The Bose distance, denoted dg, of a BCH code
is the largest designed distance of the code. The BCH bound
says that

g(q,n,é,b)(x) = lcm(mb(x)a mb+1(x)a Tt mb+572(-x))9

d>op >0

for the code C(4,n,6,5)- Thus, determining the Bose distance
may improve the lower bound on the minimum distance
of C(q,n,é,b)-

When b = 1, the set C n,4,) is called a narrow-sense
BCH code with designed distance 0. If n = q™ — 1, C(g n,6,)
is called a primitive BCH code.

The following theorem was proved in [1] and contains
results in [4] as special cases.

Theorem 11: Let n be a positive integer such that g/ <
n < q™ —1, where m = ord, (q). Then the narrow-sense BCH
code Cgns1) of length n and designed distance 6, where
2 <6 < min{|ng™/? /(g™ — 1)|, n}, has dimension

k=n—m[(6—-1D1A—-1/9)].

Although BCH codes are not asymptotically good, they are
among the best linear codes when the length of the codes is
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not very large [5, Appendix A]. So far, we have very limited
knowledge of BCH codes, as the dimension and minimum
distance of BCH codes are in general open, in spite of some
recent progress [6], [7]. It is surprising that only two papers
on BCH codes of length ¢ + 1 have been published in the
literature.

Theorem 11 gives indeed the dimension of
BCH codes, but has the following limitations:

some

« It applies only to narrow-sense BCH codes with small
designed distances. Note that most BCH codes are not
narrow-sense codes.

o It is useful only when n is close to ¢ — 1. For example,
it is not useful at all when n = gl"/2! 4 1.

The following three theorems follow directly from
Theorem 4 and the definition of BCH codes, and can be viewed
as corollaries of Theorem 4. We will make use of them directly
later.

Theorem 12: The BCH code C(y ns,p) is reversible when
b = —t and the designed distance is 6 = 2t + 2 for any
nonnegative integer t.

Theorem 13: The BCH code C(y u s,p) is reversible when n
is odd, b = (n — t)/2 and the designed distance is 6 =t + 2
for any odd integer t with 1 <t <n — 2.

Theorem 14: The BCH code C(y ,.6,p) is reversible when n
is even, b = (n—2t)/2 and the designed distance is 6 = 2t +2
for any integer t with 0 <t < n/2.

For all the reversible BCH codes described in
Theorems 12, 13, and 14, we have obviously the BCH
bound on the minimum distance d > . Little is known about
their dimensions. Determining the dimension is a very hard
problem in general. We will settle the dimension for some of
them in some special cases later.

VI. SOME REVERSIBLE BCH CODES OF LENGTH ¢% + 1
OVER GF(g) AND THEIR PARAMETERS

It follows from Theorem 4 that every cyclic code of length
n = g% + 1 over GF(q) is reversible. Little has been done so
far for cyclic codes of length n = ¢ 4 1 over GF(g). Only
a few papers on such codes are available in the literature.
This is because the structure of the g-cyclotomic cosets
modulo n is extremely complex. However, we mention that
Zetterberg’s double-error correcting binary codes have length
20 41 [14, p. 206].

In this section, we will determine the dimensions of a
few families of such reversible cyclic codes and improve the
BCH bound on their minimum distances by making use of
the reversibility. Throughout this section, let m = 2¢ and
n=gq’+1.

A. A Basic Result on q-Cyclotomic Cosets Modulo n

The following is a basic result and will be employed very
often.
Lemma 15: ord,(q) =2 = m.
Proof: Let h be the least positive integer with ¢" = 1
(mod n). Then ¢* + 1 divides ¢" — 1. The desired conclusion
then follows from Lemma 3. (]
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The following lemma will play an important role in this
section.

Lemma 16: Let £ > 2. Then every positive integer a <
gt=Y721 11 and a # 0 (mod q) is a coset leader and
|C,| = 24, and all the remaining positive integers in this range
are not coset leaders. In particular, these C,’s are pairwise
disjoint for all such a’s.

Proof: We prove the conclusions of this lemma only for
the case that £ is odd, and omit the proof of the conclusions
for ¢ being even, which is similar.

Let £ be odd from now on. Define h = [(£ — 1)/2] =
(€—1)/2. We have then £ =2h+1. Recall that n = ¢g* +1 =
g*" 1 + 1. We first prove that a := ¢ + 1 is a coset leader
and |C,;| = m = 2¢£. It can be verified that

ag’ mod n
aq’
(g" — 1)gi B +D)
= 1n— (¢" +1)g/~@D
n— 6]2h _ qh
n 4 gi—Ght2) _ gi=@h+1)

ifl<j<h,

if h+1<j<2h,

if 2h+1<j <3h,

if j =3h+1,
if3h4+2<j<4h+1.

One can then easily check that ag/ mod n > a for all j with
1<j<m-—1=2¢—1=4h+ 1. We then deduce that a is
a coset leader and |C,| = m = 2¢.

Let a be an integer with a # 0 (mod g) and 1 < a < ¢"—1.
Then a can be uniquely expressed as

'
a=>Y auq", (5)
u=0
where
0<t<h-1,
io=0,
. . (6)
I1<ii<ip<---<i;<h-—1,
1 <ai <g—1foralli with0<i <t.
It then follows that
1 <iy, —iy <h—2forall ky > k1 > 1 @)
and
1<iy—ipg<h-—1forall k> 1. ®)

We now prove that ag/ mod n > a for all j with 1 < j <
4h + 1 by distinguishing the following four cases.

Case I (1 < j < h+ 1): In this case, we have clearly that
ag’ modn = aq’ > a.

Case Il (h+2 < j <2h): If j+ir < 2h for all k£ with
1 <k <t, we have then ag/ mod n = ag’/ > a. Otherwise,
let k be the smallest integer such that j+i; > 2h+1. We have
then 1 <k <t, as ip + j = j < 2h. By assumption, we have

j+iy <2h+1foru<k—1
and

j+iy,>2h+1 foru>k.
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In this case, we have

k=1 ¢
ag’ mod n = Zauqiu+j _ Zauqiu+j—2h—1. ©)
u=0 u=k

Notice that
2h>iy1+j—(r+j—2h—1)=2h+1—(i; —ix—1)>h+2.

We see that the right-hand side of (9) is less than n and larger
than a.

Case Il (2h +1 < j < 3h):

In this case, we have

t
aqj = — Z:auq’-““Lj_zh_1 mod n.
u=0

Note that
0<i;+j—2h—1<2h-2.

We get that

t
aqj mod n = q2h+1 +1— Zauqiqujthfl
u=0

2h—2
Eq2h+1+1—(61—1) Z qu
u=2h—t-2
= g2 2l gy g2h2
> g"+1
> a.

Case_IV (Bh+1<j<4h+1): B
Put h = j —2h — 1. Then h < h < 2h. In this case, we
have

'
ag’ = — Zauqi“+h (mod n).
u=0

If iy + h < 2h for all u with 1 < u < ¢, then

t
ag’ modn = ¢* ! 41— Zauqi"”’
u=0

v

2h

q2h+1+1_(q_1) Z qu

u=2h—t
— 1+q2h7f

> g"t 41

> a.

Otherwise, let k be the smallest integer_sucl} that iy +h >

2h + 1. We have then 1 <k <t, as io +h = h < 2h. Define

k—1 i
T = Z auqlu-‘rh
u=0

and

t
T2 — Zauqi14+h—(2h+l) z ax Z 1
u=k

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 63, NO. 7, JULY 2017

We have then
aqj =-T1+ T, (modn).
Observe that
ir+h—Qh+1)=ij+j—@Gh+2)<h-2
and

iv+h=j—Qh+1) >h.

We conclude that aoc]"‘)”—Z > Tp. As aresult, =71 + 71> < 0.
We obtain that

aqjmodnzn—Tl—i—Tz

k—1
=n— Zauqi“+h + 1
u=0
2h
>n—(q—1 Z 9"+ T
u=2h—k+1

— 4T
> q2h7k+l +1_,’_1
>q"? 42

> a.

Summarizing all the discussions above, we obtain the
desired conclusions. O

B. Reversible BCH Codes Over GF(q) of Length n = q* + 1

Since n = g + 1 by assumption, the BCH codes C(y,m,5,)
are reversible, and have the BCH bound d > ¢ for their
minimum distances. For some of these BCH codes, we have
the following bound, which is much better when ¢ is getting
large.

Theorem 17: Let n = q* + 1 and m = 2¢. Then the code
C(g,n,6,0) has minimum distance d > 2(5 — 1).

Proof: Let f = ad' ! , where a is a generator of GF(g™)*.
By definition, the generator polynomial g . s0)(x) of this
code defined in (4) has the roots ,[)’i for all i in the set

0,1,2,---,0—2}.

It follows from Theorem 4 that this code is reve'rsible. As a
result, the polynomial g4 ,.6,0)(x) has the roots £ for all i in
the set

n—©0-2),-,n—2,n—1,0,1,2,---,5 —2}.

Again by the BCH bound, we deduce that d > 2(6 — 1). O

Given this much improved lower bound on the minimum
distance of the codes C(y .50y, we would like to determine
the dimension of these codes. Unfortunately, Lemma 2 and
Theorem 11 are useless in this case because

g™ /g™ = D] =1.

The lower bound on the minimum distance of the reversible
BCH code C(y,5,5,0) is quite tight according to experimental
data. However, the determination of the dimension of this code
is in general very difficult. We will settle the dimension of this
code in a number of special cases in this section.
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The main result of this subsection is documented in the
following theorem.

Theorem 18: For any integer 6 with 3 < 6 < gl{{=1/21 4 3,
the reversible code C(y 5,0y has parameters

[qf+1, q€—25(5—2—{¥J), dzZ(&—l)}

and generator polynomial

(x—=1) mg(x),
1<a<d-2, a#0 (mod q)

where mg (x) is the minimal polynomial of f* over GF(q) and
p is the n-th root of unity in GF(g™).
Proof- Note that 0 < 6 —2 < g¢l¢=b/2l 4
By Lemma 16, every integer a with 1 <a <d—2anda #0
(mod ¢) is a coset leader and all the remaining integers in
this range are not coset leaders. The total number of integers
a such that 1 <a < J—2 and a = 0 (mod ¢) is equal to
L(0 —2)/q]. The conclusions on the dimension and generator
polynomial then follow from Lemma 16 and the definition of
BCH codes. The lower bound on the minimum distance comes
from Theorem 17. O
As a special case of Theorem 18, we have the following
corollaries.
Corollary 19: Let g = 2. We have the following.
e Let £ > 3. The reversible code C@ .40y has para-
meters [20 + 1,20 — 2¢,6] and generator polynomial
(x — Dmy (x).
o Let £ > 5. The reversible code C(> 56,0y has parameters
2f + 1,26 —46,d > 10] and generator polynomial
(x — Dmy(x)m3(x).
o Let £ > 6. The reversible code C2 8,0y has parameters
2¢ + 1,2 —6¢,d > 14] and generator polynomial
(x — Dm (x)m3(x)ms (x).
o Let £ > 7. The reversible code C(2 n,10,0) has parameters
2f + 1,2 — 8¢,d > 18] and generator polynomial
(x — Dm (x)m3(x)ms (x)m7(x).
Example 20: We have the following examples for the codes
of Corollary 19.
o When t € {3,4,5,6}, Co,n,4,0) has parameters [9, 2, 6],
[17,8, 6], [32,22, 6], and [65, 52, 6], respectively, which
are the best possible for cyclic codes [5, pp. 246, 247,
250, and 261]. All these codes are optimal linear codes
according to the Database.
o When € € {5,6,7}, C@2,n,6,0) has parameters [32, 12, 10],
[65, 40, 10], and [129, 100, 10], respectively, which are
the best possible for cyclic codes [5, pp. 250 and 261].
o When t € (6,7, 8}, C2,n,8,0) has parameters [65, 28, 14],
[129, 86, 14], and [257,208, 14], respectively. The first
one is the best possible for cyclic codes [5, p. 261].
Corollary 21: Let ¢ = 3. We then have the following
statements.
o Let £ > 3. The reversible code C(3 3,0y has parameters
3¢ + 1,3 — 2¢,d > 4] and generator polynomial
(x — Dmy (x).
o Let £ > 3. The reversible code C(3 n 50y has parameters
3¢ + 1,3 —4¢,d > 8] and generator polynomial
(x — Dmy (x)ma(x).
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o Let £ > 6. The reversible code C3 .6,0) has parameters
3¢ + 1,3t —66,d > 10] and generator polynomial
(x — Dmy (x)ma (x)my (x).

Example 22: We have the following examples of the codes

of Corollary 21.

o When ¢ € {3,4}, C3,.3,0) has parameters [28,21,4],
[82, 73, 4], respectively. The former has the best possible
parameters for cyclic codes [5, p. 301].

o When € € (3,4}, C3,n,5,0) has parameters [28, 15, 8] and
[82, 65, 8], respectively. The former has the best possible
parameters for cyclic codes [5, p. 301].

o When t € {3,4}), C3,n6,0) has parameters [28,9, 10]
and [82,57, 10], respectively. The first one is the best
possible for cyclic codes [5, p. 301]. The latter has the
same parameters as the best known code in the Database.

Conjecture 23: The following conjectures are supported by

experimental data.

e The code C3 53,0y of Corollary 21 has minimum distance

d=4
e The code C3 5,0y of Corollary 21 has minimum distance
d=S8.

VII. REVERSIBLE CYCLIC CODES OF
LENGTH n = ¢ — 1 OVER GF(gq)

Throughout this section, let n = ¢™ — 1 for a positive
integer m, and let a be a generator of GF(¢”)*. Our task in
this section is to construct reversible cyclic codes with some
known cyclic codes. Our idea is to construct reversible cyclic
codes with some known families of cyclic codes C, which are
not reversible. Given a cyclic code C, we wish to find out
conditions under which the even-like subcode of C N C* or
the code C N C+ is reversible, where the even-like subcode of
CNC*t s defined as

{cx)eCNCt:ec(l)=0}.

A known class of reversible cyclic codes are the
Melas’s double-error correcting binary codes with parameters
[2™ —1,2" —2m,d > 5] [14, p. 2006].

We now employ the punctured generalised Reed-Muller
codes to construct reversible cyclic codes with the construction
idea above. To this end, we need to do some preparations.

For any i with 0 < i < n — 1, define o, (i) = 37 i,
where i = Z’;:ol i jqj is the g-adic expansion of i and each
0<ij <q—1. We define

Ignn={1<i<n—-1:1<w4(j) =<t} (10)

and

—Ilgnn={n—a:aelynnl,
where t > 1.
Lemma 24: If 1 <t < [(q — 1)m/2] — 1, then Iy, n N

(_I(q,n,t)) =0.
Proof: Note that

m—1

n=q"—-1=> (q-1yq".

i=0
Hence, we have w, (i) +w;(n —i) =m(q — 1) for all i € Z,.
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By this identity, if i € Z, and w, (i) < [(¢ — )m/2] — 1,
then wy(n — i) > [(g — 1)m/2] — 1. The desired conclusion
then follows. 0

Let £ =¢1(g—1)+ ¢y < g(m — 1), where £y < g — 1. The
¢-th order punctured generalized Reed-Muller code R4 (€, m)*
over GF(gq) is the cyclic code of length n = ¢ — 1 with
generator polynomial

[1

1<j<n—1
g (j)<(g—m—t

gr(x) := (x —al), (11)

where o is a generator of GF(¢™)*. It is easily seen that g (x)
is a polynomial over GF(g).
By definition, we have

(g—m—-t=(m—-t—1)(qg—1)+(q—1—"Co).
Let 2 be the smallest integer with w, (k) = (¢ —1)m —¢. Then

M7f172
h=(q—1-L)g" """+ > (- g’
i=0

= (g —Lo)g" """ 1.

By the construction of the code R, (£, m)*, every integer u
with 0 < u < h satisfies w, (1) < (¢ — 1)m — £. Hence, the
elements a', a2, ..., a"~! are all roots of the generator poly-
nomial ggr(x) of (11). Consequently, the minimum distance of
Ry (L, m)* is at least . It was proved in [2, Th. 5.4.1] that the
minimum distance of R, (£, m)* equals h and the dimension
of the code R, (¢, m)* is equal to

t

S0

C (12)
i=0 j=0 LU

Let g5 (x) denote the reciprocal of gg(x) defined above. Set

g(x) = (x = Dlem(gr(x), g (x)).

Let R(4,m,r) denote the cyclic code of length n over GF(g)
with generator polynomial g(x). We have then the following
theorem.

Theorem 25: If qm — 1) —2>¢>14+(q— 1)m—[(qg —
1)m /2], then the code Ry m,¢) is reversible and has minimum
distance

d>2((q—to)g" "' =1
and dimension

zii( p (™Y (Y D s
D —q . (13

i=0 j=0 b4
Proof: When g(m —1)—2>¢(>14(q—1)m—[(qg —
1)m /2], it follows from Lemma 24 that gz (x) and g5 (x) have
no common roots. Consequently, g(x) = (x — 1)gr(x)gp(x).
Therefore,

deg(g(x)) = 2deg(gr(x)) + 1.

The desired conclusion on the dimension of the code then
follows from the dimension of Ry (¢, m)*, which was given
in (12). In this case, g(x) has the roots a' for all i in the set

{n_(h_l)5n_(h_2)99n_29n_19
0.1,2, - h—2,h—1}.
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The desired conclusion on the minimum distance then follows

from the BCH bound. g
The first part of Theorem 25 can be simplified into the
following.

Theorem 26: When g =2 and m —2 > £ > m — |[(m —
2)/2], the code Ry m,e) is a reversible cyclic code and has
parameters

m—1—¢

2" —1,2" =2 Z (m) d=>202""t-1n|.
: J
j=0

Example 27: Let m = 5 and let o be a generator of
GF(2%)* with a® +a?> 41 =0. Then R(2,5,3) has parameters
[31, 20, 6], and generator polynomial

g) =xM x0T x4 1

R,5,3) has the best possible parameters for cyclic codes
[5, p- 250]. Its dual code has parameters [31, 11, 10], while
the best binary cyclic code of length 31 and dimension 11 has
minimum distance 11 [5, p. 250].

Example 28: Let m = 6 and let o be a generator of
GF(2%)* with a® + a* + a®> + a + 1 = 0. Then R(2,6.4) has
parameters [63, 50, 6], and generator polynomial

g(x)=xB 4+ + X7+ x4+ x4+ 1.

R,6,4) has the best possible parameters for cyclic codes
[5, p. 260]. Its dual code has parameters [63,13,24], and
is the best possible linear code [5, p. 258].

Example 29: Let m = 6 and let o be a generator of
GF(2%)* with a® + a* + a®> + a + 1 = 0. Then R.63) has
parameters [63, 20, 14], and generator polynomial

g(x) =x43+x42+x40+x37 +x36+x35 +x34+x33
+)C29+X25 +x22+x21+x18 +X14 +X10+X9
R Ay

Its dual code has parameters [63,43, 6], which are the best
possible parameters [5, p. 260].

Note that the punctured generalized Reed-Muller codes
Ry (£, m)* are in general not BCH codes. So are the reversible
codes Ry, m,¢). The following problem is open and interesting.

Open Problem 30: Is it true that the minimum distance d =
2((qg —C0)q" 1=V —1) for the codes Rg.m,e) of Theorem 25?

VIII. Two CLASSES OF REVERSIBLE BCH CycCLIC
CODES OF LENGTH (¢™ — 1)/(qg — 1) OVER GF(q)

In this section, we construct a class of reversible cyclic
codes from a family of projective BCH codes. Throughout
this section, n = (¢ — 1)/(g — 1) and ¢ > 3. We first do
some preparations.

Let 0 > 2 be a positive integer. Define

Jig,n,0) = Ui<i<s-1C;
and
—Jyno=n—a:ae Jyns)l

We will need the following conclusion.
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Lemma 31: Let 6 = q° where e = |(m — 1)/2]. Then

J(q,n,é) N (_J(q,n,é)) =0

Proof: Suppose on the contrary that Ji; »,5)N(=J(g,n,6)) 7
(. Then there exista, ] <i <d—1land1<j <J—1 such
that

aecC;iN (—Cj),
which implies that
a=iq'=—jq (modn),

where 0 < €1 <m —1and 0 < ¢, < m — 1. Without loss of
generality, assume that £, > £1. Then

i+ jq€2_€1 =0 (mod n).

Let { = ¢, — ;. Then 0 < ¢ < m — 1. We can further assume
that £ < [(m — 1)/27. Otherwise, we have

ig" "+ j=0 (modn),

where m — € < [(m — 1)/2].
Since ¢ < [(m — 1)/2] by assumption and
l<i<o—1=gqlmD2_
l<j<d—1=qtm=D2_q

and

one can verify that
0<i+ jq€ <n,
which shows that i + jg’ % 0 (mod n). This contradiction
proves the lemma. (]
One of the main results of this section is the following.
Theorem 32: Let 0 be an integer with 2 < 0 < qt(m’l)/zj.

Then the BCH code C(; n25,1—5) is reversible and has length

n=(q"—1)/(q — 1), dimension
k:”_l_zm[WW’

and minimum distance d > 20.
Proof: Let g,(x) denote the generator polynomial of the
BCH code C(y,u,5,1). It follows from Lemma 2 that

deg(gu(x)) = m [%]

Hence, C(4,1,26,1-5) is reversible. By definition, C(; »,25,1-0)
has generator polynomial

g(x) =lem(x — 1, gu(x), g, (x)),

where g (x) is the reciprocal of g,(x). Notice that 2 < § <
qL(’"_l)/zj. By Lemma 31, we deduce that

g(x) = (x — D)gu(x)gy (x).

The conclusion on the dimension of C(; »,25,1—5) then follows.
The lower bound on the minimum distance comes from the
BCH bound. O
Example 33: The following are examples of the code of
Theorem 32.
o When (q,m,0) = (3,4,2), Ciy,n25,1-5) has parameters
[40,31,4].

4351

o When (q,m,0) = (3,4,3), C(y,n,25,1-5) has parameters
[40, 23, 8], which are the best possible for cyclic codes
[5, p- 306].

o When (q,m, o) = (5,3,2), Cig,n251-5) has parameters
[31, 24, 5], which are the best parameters for linear codes
according to the Database.

o When (q,m,0) = (5,3,3), Cig,n,205,1-5) has parameters
[31, 18, 8].

o When (q,m,0) = (5,3,4), Cig,n251-5) has parameters
[31,12,12].

o When (q,m,0) = (5,3,5), Cig,n,25,1-5) has parameters
[31,6,19].

o When (q,m,0) = (4,4,3), C(y,n,25,1-5) has parameters
[85, 68, 6].

Lemma 34: Let m be a positive even integer and 6 = g™/>.

Define € = (¢™'* — 1)/(q — 1). Then st is a coset leader for
each 1 <s <q—1, |Cs¢| =m and Cg¢ = —Cg¢. In addition,

U ¢
I<s=<g—1

Proof: Let m be even and m = m /2. Recall that

J(q,n,(S) N (_J(q,n,é)) =

m _ 1 m_
_1 and { = el
q—1 q—1
We first prove that s{ is a coset leader and |[Cg¢| = m

for each s with 1 < s < g — 1. To this end, we consider
stq* mod n by distinguishing the following three cases.
Case I: When 1 < k <m — 1, it is obvious that

m+k _ qk

1 <n.
q—

squ = sq

As a result, s€g* mod n = stq* > st.
Case II: When k = m, st’qk modn =n— st > st.
Case III: When m +1 <k <m — 1, we have

k—1—m m—1
stq* = s g + q’ (mod n)
i=0 =k
k—1
= —s g' (mod n)
i=k—m
It then follows that
k—1
s{’qk modn =n—s qi
i=k—m
q" —1—s(g" — Dg"™"
= p—
> st.

Collecting the conclusions in Cases I, II and III yields the
desired conclusions on s{ above. We now proceed to prove
the rest of the conclusions of this lemma.

Let a and b be two coset leaders in J(;, »,5) such that C, =
—Cp. Then there exists a j with 0 < j < m — 1 such that

a+bg’ =0 (mod n). (14)
By assumption, a # 0 (mod ¢), b % 0 (mod ¢), and

l<a<qg™—1, 1<b<q™-1.
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Let
m—1 -1
a= Zaiq’ and b = Zbiq’,
i=0 i=0

where 0 <a; <g—1,0<b; <g—1,a9 #0 and by # 0.
Below we continue our proof by considering the following
three cases.
Case 1:1If j <m—1,then m+ j—1 < m—2. Consequently,

o il4 -l e
O<a+bg'= D" bijg'+D (@i+bij)q'+D aiqg" <n.
i=i i=j i=0
This means that
a+bg’ modn=a+bg’ #0,
which is contrary to (14).
Case 2: If j = m, then
i
bg! =D bpiq""
i=1
m m—1
=D i —bia-1)g" " —bia-1 Y q" (modn).
i=2 i=0
We then obtain
a+bg’ =T (mod n),
where
i m—1
T =2 bai—ba1)g"" + D (@ —bi1)q".
i=2 i=0

Note that the highest power of g in the expression of T is
at most m — 2. We know that —n < T < n. It then follows
from (14) that all the coefficients in the expression of T are
zero. This implies that

ag=a =--=az1=by=by=---=bs_1.

Recall that ag # 0 and bg # 0. We then deduce that a = b =
s¢ for some s with 1 < s < g — 1. Furthermore, Cs¢ = —Cjy.
Case 3: If m+1 < j <m—1, then

j—m—1 m—1
bq’ = Z bm7j+hqh+zbhquh (mod n)
h=0 h=j
m—2 j-1
= (br—j — bm—j-1)q" — bm—j_1 Z q"
Py

=j h=j—m

j—m—1

+ D (bwjrn —bm—j-1g" (modn). (15)
h=0

Case 3.1:If by_j—bpy_j—1 = Oforall k with j <k <m-2,
then

b():blz"':bm—j—l#o
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It then follows from (15) that

j7
bqj modn =n—by_j_ z qh
h=j—m

j—ii—1
+ Z (bm—j+h — bm—j—1)q".
h=0

Notethatﬁ1§j—1§m—2and1§a§q"_1—1.Wearrive
at

0 < a + (bg’ mod n) < n,
which means that
a+bg’ £0 (mod n).

This is contrary to (14).

Case 3.2: If by_j —by—j_1 # 0 for some k with j < k <
m — 2, let k be the largest such one.

Case 3.2.1: If by j —by—j—1 <0, it follows from (15) that

k j-1
bg’ modn=n +Z(bh—j_bm—j—l)qh —bp—j-1 Z q"
h=j h=j
j—i—1
+ Z (bim—j+h — bm—j—1)q".
h=0

Recall that j <k <m—2and 1 <a < q”_1 — 1. We deduce
that

0 < a+ (bg’ mod n) < n,
which shows that
a+bg’ £0 (mod n).

This is contrary to (14).
Case 3.2.2: If by_j —bp—j—1 > 0, it follows from (15) that

k i1
bg! mod n = Z(bhfj — b= j—1)q" — b j—1 Z q"
h=j h=j—in
i1
+ Z (bm—j+h — bm—j—1)q".
h=0

Recallthat m <k <m—2and 1 <a < q’;' — 1. We conclude
that

0 < a+ (bg’ mod n) < n,
which implies that
a+bg’ £0 (mod n).

This is contrary to (14).
Summarizing all the conclusions in Cases 1, 2 and 3, we
know that (14) holds if and only if

a=b=stand j = =,
2

where 1 < s < g — 1. This completes the proof of this
lemma. O
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Lemma 35: Let m > 4 be even and n = (g™ — 1)/(q — 1).
Let a be an integer such that ¢"=2/2 < a < ¢™/% and a # 0
(mod gq).

1) When q is even, a is a coset leader with |C,| = m except

that
m/2 _
a=i+1+:iL——9
qg—1
where
. qg—4
ef{Z, 241,242 "1
: Iz yth 2+ 2

2) When q = 3, a must be a coset leader.
When q > 3 is odd, a is a coset leader except that

m/2 _
a=i+1+;i L —9
qg—1
where
clatl g+l g+l a-5
2 7 2 ’ ) 2 '

In addition, if q is odd and a is a coset leader, then
|Ca| = m except that
q"?+1

2

with |C,| = m/2.
Proof: Let m = m/2. Let a be such that ¢"~2/2 < 4 <
¢™/? and a # 0 (mod ¢). Then the g-adic expansion of a is
of the form

m—1
a= ad,
i=0

where 0 < a; <q — 1, ap # 0 and a;;—1 # 0. Then

m—1

i=0

for all j > 0. To prove the desired conclusions of this lemma,
we below consider ag/ modn for 1 < j < m — 1 by
distinguishing the following three cases.

Case 1 (1 < j < m — 1): In this case, ag/ modn =
ag’ modn > a.

Case 2 (j = m): In this case, we have

m—2 m—1
aq’ = (ain —an-1)q' —an-1 > ' (mod n). (16)
i=m i=0

We continue our discussions of Case 2 by distinguishing the
following two subcases.

Case 2.1: In this subcase, we assume that a; — a;—1 = 0
for all i with 0 < i < m — 2. It then follows from (16)
that

q"—1 _ q" —1—ap(qg™ —1)
g—1 q—1
(g™ — 1)(g™ + 1 —ap)
= > a
qg—1

aqjmodn:n—ao
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Case 2.2: In this subcase, let k be the largest such that
ar — az—1 # 0 and 0 < k < m — 2. It then follows from (16)
that

k m—1
ag’ = Z(ai _amil)qmﬂ — s qu
i=0 i=0

Case 2.2.1: If ap — az—1 > 0, it follows from (17) that

(mod n). (17)

m—1
aq’ modn—Z(a,—am g™ — ap— 1zq

i=0 i=0

When k > 1, we have that m + k > (m + 2)/2. It then
follows from (18) that ag/ mod n > ¢™ > a.
When k = 0, by assumption,

(18)

ajp — Gp—1 =ay — ap—1 =+ =ap-2 — ap—1 =0
and
ap — apm—1 > (), ao 75 O, am—1 75 0.
Consequently,

a=ay =---

By (18), we obtain

ag’ mod n = (ag

-1
—ai-1)q" —an-1 Y 4"
i=0

_ m+1 _ 1
= aoq" —a;———. (19)
qg—1
By definition and the discussions above, we get
q" —
a=ag+a (20

g—1"
Combining (19) and (20), we arrive at

aqj modn —a = (ao—alq
q

1 _
fl) @ -1. @

If g is even, then gcd(q — 1,g + 1) = 1. As a result,

qg+1
—1

ap —ay

£0. (22)

In this case, it can be verified that the total number of pairs

(a0, a1) € {1,2,---,q — 1}* such that ap > a; and
1
ao—a1Q+ <0
qg—1
is equal to (g — 2)/2, and those pairs are (i + 1, i), where
. _|a g q—4
€=, - +1, =4+ —1. 23
i Hz 2+ 2+ 5 (23)

Consequently, all the a’s with q(’"_z)/2 <a< q’”/2 anda #0
(mod ¢q) are coset leaders except that
m __
a=G++iT "4
qg—1

where i satisfies (23).
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If g is odd, then ged(q — 1,q + 1) = 2. The only pair

(ap,ar) € {1,2,---,q — 1}* such that ap > a; and
a—a; L — o (24)
qg—1
is ((g +1)/2,(g — 1)/2). In this case,
qm/2+1
)

and ag™ mod n = a. It then follows from the conclusion of
Case 1 that this a is a coset leader with |Cy| = m/2.

It can be verified that the total number of pairs (ag, a1) €
{1,2,---,q — l}2 such that ap > a; and

1
<0 (25)

ap — ai

is equal to (¢ — 3)/2, and those pairs are (i + 1,i), where

. g+1 g+1 qg+1 g¢g-5
e —, ——+1,--+ , — 4+ —— 1. 26
i i — —+L (26)
Consequently, all the a’s with q(’"_z)/2 <a< q’”/2 anda #0
(mod ¢) are coset leaders except that
m __
a=G+1y+il—4
qg—1

where i satisfies (26). This completes the discussions in
Case 2.2.1.
Case 2.2.2: If ay — a1 < 0, it follows from (17) that

k m—1

ag’ modn =n+ Z(ai —ap—1)g" — a;_y Z q'. 27
i=0 i=0
Note that m + k < m — 2. It then follows from (27) that

ag’ modn > q™ > a.

Case 3 (m+1 < j < m—1): In this case, let j = j—(m+1).
Then 0 < j < m — 2. Note that (¢™ — 1) =0 (mod n). One
can check that

ag’ = T mod n, (28)
where
H j+m
T = z(an‘l—l—f+u — - j2)4" = o Z q"
u=0 u=j+1
m—2

+ Z @y Gty — Ga—j-2)d"

u=j4m+1

Case 3.1: If a,

s — a5 5, =0 for all u with 0 < u <
m — j — 3, then

Oyéa():al:---:a,;lﬂ;z.

In this case,

J
I u
ag’ modn = n + z(arﬁflfﬁru — a5 ;i 2)q
u=0
j+m
B u
—an o >, 4"

u=j+1
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Note that m + ]_ < m — 2. We then deduce that
ag’ mod n > q”_1 > a.

Case 3.2: If a, — Q5 o # 0 for some u with 0 < u <
m — j — 3, let k be the largest such u. By definition,

0<k<m—j—3.

Case 3.2.1: If ax —ay_5_, > 0, then T > 0. Note that
k>m+j+1>m+1. We have

aqjmodn=T>a.

Case 3.2.2: If ax —ay_5_, < 0, then T < 0. Note that
k+m+j+1<m—2. We have

aqjmodnzn—T>a.

Collecting all the conclusions in Cases 1, 2 and 3, we
complete the proof of this lemma. g
Theorem 36: Let m > 4 be even and 2 < 0 < q’"/z. Define

-]
- qm/2_1 ’

Then the BCH code C(g 5.1y has lengthn = (g™ —1)/(g —1),
minimum distance d > 0, and dimension

k:[n—m(%}ﬂze—(c]—z»% if e =15,
n—md—1)(g—1)/q] if e < [951].

Proof: Let m be even. The lower bound on the minimum
distance comes from the BCH bound. We prove the conclusion
on the dimension only for the case that ¢ is odd, and omit the
proof of the conclusion for the other case, which is similar.

Let ¢ be odd. When ¢ > (¢ — 1)/2, it follows from
Lemmas 2 and 35 that the total number of non-coset-leaders
b with (¢"™/? +1)/2 <b <0 —1 is equal to

qg+1 qg—1
€ > +1=¢€ 7
In this case, a := (¢"/?> +1)/2 < 6 — 1. Hence, a is
a coset leader with |C;| = m/2. It follows again from
Lemmas 2 and 35 that the total number of coset leaders a
with 1 <a <6 —1 is equal to

[(5_1)(51_1)—‘—(5—61_1)
q 2 )

For all these coset leaders a we have |C,| = m except that
a = a. The desired conclusion on the dimension then follows.
When € < (g — 1)/2, we have 6 — 1 < (¢"™/* + 1)/2, it
follows from Lemmas 2 and 35, every integer a with 1 < a <
0—1and a # 0 (mod ¢q) is a coset leader with |C,| = m.
The desired conclusion on the dimension then follows. O
Corollary 37: Let m > 4 be even and 6 = q"/%. Then the
code Cg 5.6,1) has length n = (¢ —1)/(q — 1), dimension

_ m
k=n—q" 22— m+(q -2

and minimum distance d > 6 + 1.
Proof: The conclusion on the dimension follows from
Theorem 36. The improvement on the lower bound of the



LI et al.: LCD CYCLIC CODES OVER FINITE FIELDS

minimum distance is due to the fact that the Bose distance is
0+ 1 in this case. (]
Theorem 38: Let m > 4 be even and 2 < 6 < q’"/z. Define

.- (06—-=2)g—-1 :_ (6-D@-1
- qm/2 -1 ’ - qm/2 -1 .

Then the BCH code C(y n25,1-5) is reversible and has length
n = (g™ — 1)/(qg — 1), minimum distance d > 20, and
dimension

n—1-2m [0~ 1)(g — 1)/q] +é&m if e <170,
|n—1-2m ’7(6_1)‘]&—‘4-(26—6]4-24-%)}% otherwise.

Proof: Notice that the code C(y,26,1-5) is reversible.
The lower bound on the minimum distance comes from the
BCH bound. Let g(;.n,5,1)(x) denote the generator polynomial
of the code C(4 n,5,1) of Theorem 36. It then follows from
Theorem 36 that

deg(g(q,n,é,l)(x))
m[(—1)(g—1)/q] — 2e — (¢ —2)F
m[(6—1)(g—1)/q]

By definition, the generator polynomial g, »,25,1—5)(x) of
C(4,n,26,1-5) is given by

if € > [451],
if e < |97,

8(g.n,20,1-0)(x) = lem(x — 1, 8(g,n,5,1)(*), 8(4.n.6.1)(*))
g(q,n,é,l)(x)g?q n.e 1)(x)
=((x-1 — ,
ng(g(q,n,é,l)(x), g(q’nj(s’])(x))

where gz‘q no 1)(x) is the reciprocal of g ,.6,1)(x). Conse-
quently,

deg(8(q.n,26,1-0)(x)) = 1 + 2 deg(g(g,n,0,1)(x))
— deg(ged(8(g,n,6,1)(X), 8(;.n.6.1)(¥)))-

By Lemma 34, we have

deg(2ed(8(g.n.6,1) (), &6, .51 (X)) = &

The desired conclusion on the dimension of C(; »,25,1-5) then
follows. (]
For the two parameters € and € defined in Theorem 38, we
have € = € except in a few cases where € =€ + 1.
Corollary 39: Let m > 4 be even and 6 = q"~. Then
the reversible BCH code C(y 5 25,1-5) has length n = (¢™ —
1)/(g — 1), dimension

m/2

k=n—1-2mg" 22 —1)+ 2q — 3)m,

and minimum distance d > 26 + 2.

Proof: The conclusion on the dimension follows from
Theorem 38. The improvement on the lower bound of the
minimum distance is due to the fact that the Bose distance is
0+ 1 in this case. (I

Example 40: Let (q,m,0) = (3,4,9). Then the code
C(g,n,26,1—-5) has parameters [40, 3, 20].

Example 41: Let (q,m,0) = (4,4,16). Then the code
C(g,n,26,1-5) has parameters (85,8, 34].
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IX. CONCLUDING REMARKS

The main contributions of this paper are the following:

« The construction of all reversible cyclic codes over finite
fields documented in Section IV.

o The construction of the family of reversible cyclic codes
of length n = ¢¥+ 1 over GF(q) and the analysis of their
parameters (see Theorem 18).

o The analysis of the family of reversible cyclic codes of
length n = ¢ — 1 over GF(gq) (see Theorem 25).

o The analysis of the family of reversible cyclic codes of
length n = (¢™ — 1)/(¢ — 1) over GF(q) (see Theorem
38).

The dimensions of all these codes were settled. Lower
bounds on the minimum distances of all the reversible cyclic
codes were derived from the BCH bound. In most cases, we
conjecture that the lower bounds are actually the minimum
distances of the codes. However, it is extremely difficult to
determine the minimum distance of these cyclic codes. The
reader is cordially invited to settle the open problems and
conjectures proposed in this paper.
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