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New Constructions of Asymptotically Optimal
Codebooks With Multiplicative Characters

Ziling Heng, Cunsheng Ding, Senior Member, IEEE, and Qin Yue

Abstract— In practical applications, such as direct spread code
division multiple access communications, space-time codes and
compressed sensing, and codebooks with small inner-product
correlation are required. It is extremely difficult to construct
codebooks achieving the Levenshtein bound. In this paper, two
new constructions of infinitely many codebooks with multiplica-
tive characters of finite fields are presented. These construc-
tions produce complex codebooks asymptotically achieving the
Levenshtein bound and codebooks asymptotically achieving the
Welch bound. The codebooks presented in this paper have new
parameters.

Index Terms— Code division multiple access, codebooks, signal
sets, compressed sensing, Welch bound, Levenshtein bound.

I. INTRODUCTION

CODEBOOKS (also called signal sets) with small inner-
product correlation are usually used to distinguish among

the signals of different users in code division multiple
access (CDMA) systems. An (N, K ) codebook C is a set
{c0, c1, ..., cN−1}, where each codeword cl , 0 ≤ l ≤ N −1, is a
unit norm 1×K complex vector over an alphabet. The alphabet
size is the number of elements in the alphabet. The maxi-
mum cross-correlation amplitude of an (N, K ) codebook C is
defined by

Imax(C) = max
0≤i< j≤N−1

| ci cH
j |,

where cH denotes the conjugate transpose of a complex
vector c. Imax(C) is a performance measure of a codebook C
in practical applications. One important problem is to min-
imize the codebook’s maximal cross-correlation amplitude.
Minimizing Imax(C) among codewords of a codebook C can
approximately optimize various performance metrics such as
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outage probability, average signal-to-noise ratio and symbol
error probability for multiple-antenna transmit beamforming
from limited-rate feedback [15], [20]. In the context of unitary
space-time modulations, minimizing Imax(C) is equivalent to
minimizing the block error probability [13]. Codebooks are
also called frames. A codebook C with minimal Imax(C) is
referred to as a Grassmannian frame. Besides, minimizing
Imax(C) of finite frames brings to minimal reconstruction error
in multiple description coding over erasure channels [23].

For a given K , we would like to construct an (N, K )
codebook with N being as large as possible and Imax(C) being
as small as possible simultaneously. However, the following
Welch and Levenshtein bounds demonstrate a trade-off among
the parameters N , K and Imax(C) of a codebook C.

Lemma 1 (Welch Bound): [27] For any (N, K )
codebook C with N ≥ K ,

Imax(C) ≥
√

N − K

(N − 1)K
. (I.1)

In addition, the equality in (I.1) is achieved if and only if

|ci cH
j | =

√
N − K

(N − 1)K

for all pairs (i, j) with i �= j .
If a codebook C achieves the Welch bound in (I.1), which

is denoted by IW , we call it a maximum-Welch-bound-
equality (MWBE) codebook [29]. An MWBE codebook is also
called an equiangular tight frame [25]. MWBE codebooks are
employed in many applications including CDMA communica-
tions [19], space-time codes [24] and compressed sensing [25].
To our knowledge, only the following constructions of MWBE
codebooks were reported in literature:

(1) In [22] and [29], optimal (N, N) and (N, N − 1) code-
books with N > 1 were generated from the (inverse)
discrete Fourier transform matrix or ideal two-level
autocorrelation sequences.

(2) In [2] and [23], optimal (N, K ) codebooks from confer-
ence matrices were given when N = 2K = 2d+1 with
d being a positive integer and N = 2K = pd + 1 with
p being a prime number and d being a positive integer.

(3) In [3], [4], and [29], optimal (N, K ) codebooks
were constructed with cyclic difference sets in the
Abelian group (ZN ,+) or the additive group of finite
fields or Abelian groups in general.

(4) In [10], optimal (N, K ) codebooks from
(2, k, v)-Steiner systems were presented.
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(5) In [7]-[9] and [21], graph theory and finite geometries
were employed to study MWBE codebooks.

According to [23], the Welch bound on Imax(C) of a
codebook C is not tight when N > K (K + 1)/2 for real
codebooks and N > K 2 for all codebooks. The following
Levenshtein bound turns out to be tighter than the Welch
bound when N > K 2.

Lemma 2 (Levenshtein Bound): [17] For any real-valued
codebook C with N > K (K + 1)/2,

Imax(C) ≥
√

3N − K 2 − 2K

(N − K )(K + 2)
. (I.2)

For any complex-valued codebook C with N > K 2,

Imax(C) ≥
√

2N − K 2 − K

(N − K )(K + 1)
. (I.3)

In general, it is very hard to construct codebooks achieving
the Levenstein bound, which is denoted by IL (the right-
hand side of (I.2) or (I.3)). There are only a few construc-
tions of codebooks achieving the Levenshtein bound. These
codebooks meeting the Levenstein bound were constructed
from Kerdock codes [1], [30], perfect nonlinear functions [6],
bent functions over finite fields [33], and bent functions
over Galois rings [11]. Codebooks achieving the Levenshtein
bound are employed in quantum physics and the design of
spreading sequences for CDMA and sets of mutually unbiased
bases [6], [28].

Since it is very difficult to construct optimal codebooks,
there have been a number of attempts to construct codebooks
asymptotically (or nearly) achieving the Welch bound or the
Levenshtein bound, i.e. Imax(C) is slightly higher than the
Welch bound IW or the Levenshtein bound IL , but asymp-
totically achieves one of them. That is to say,

lim
K→∞

Imax(C)
IW

= 1 or lim
K→∞

Imax(C)
IL

= 1.

In [22], Sarwate gave some nearly optimal codebooks
from codes and signal sets. Ding [3], Ding and Feng [5],
Li et al. [16], Zhang and Feng [32], and Zhou and Tang [34]
constructed some nearly optimal codebooks based on
almost or relative difference sets. Yu [31] presented some
nearly optimal codebooks from binary sequences. Recently,
Hu and Wu [12] proposed new constructions of nearly optimal
codebooks from difference sets and the product of Abelian
groups.

In this paper, we present two new constructions of complex
codebooks with multiplicative characters over finite fields, and
determine the maximum cross-correlation amplitude of these
codebooks. We prove that our codebooks are asymptotically
optimal with respect to the Levenshtein or Welch bound. The
parameters of our codebooks are new.

This paper is organized as follows. In Section II, we recall
some basic results on characters and Jacobi sums over finite
fields. In Section III, we present our first construction of code-
books. In Section IV, we introduce our second construction of
codebooks. In Section V, we conclude this paper and make
some remarks.

II. MATHEMATICAL FOUNDATIONS

In this section, we recall some necessary mathemati-
cal foundations on characters and Jacobi sums over finite
fields. They will play important roles in our constructions of
codebooks.

In this paper, we always assume that p is a prime number
and q = pm with m being a positive integer. Let Fq denote
the finite field with q elements. Let α be a primitive element
of Fq . Let Trq/p be the trace function from Fq to Fp

defined by

Trq/p(x) =
m−1∑
j=0

x p j
.

A. Characters Over Finite Fields

In this section, we recall both additive and multiplicative
characters over finite fields.

Definition 3: An additive character of Fq is a mapping χ
from Fq to the set C

∗ of nonzero complex numbers such that
χ(x + y) = χ(x)χ(y) for any (x, y) ∈ Fq × Fq .

Every additive character of Fq can be expressed as

χa(x) = ζ
Trq/p(ax)
p , x ∈ Fq ,

where ζp is a primitive p-th root of complex unity. If a = 0,
we call χ0 the trivial additive character of Fq . If a = 1,
we denote χ = χ1 which is called the canonical additive
character of Fq . The orthogonal relation of additive characters
(see [14]) is given by

∑
x∈Fq

χ(ax) =
⎧⎨
⎩

q, if a = 0,

0 otherwise.

Definition 4: A multiplicative character of Fq is a nonzero
function ψ from F

∗
q to the set C

∗ of nonzero complex numbers
such that ψ(xy) = ψ(x)ψ(y) for any x, y ∈ F

∗
q, where

F
∗
q = Fq\{0}.
The multiplicative characters of Fq can be expressed as

follows [14]. Let ζh = e
2π

√−1
h denote the h-th root of

complex unity. For j = 0, 1, · · · , q − 2, the functions ψ j

defined by

ψ j (α
k) = ζ

j k
q−1, for k = 0, 1, · · · , q − 2,

are all the multiplicative characters of Fq . If j = 0, we have
ψ0(x) = 1 for any x ∈ F

∗
q . We call ψ0 the trivial multiplicative

character of Fq .
For two multiplicative characters ψ,ψ ′, we define their

multiplication by setting ψψ ′(x) = ψ(x)ψ ′(x) for all x ∈ F
∗
q .

Let F̂
∗
q be the set of all multiplicative characters of Fq . Let ψ

denote the conjugate character of ψ by setting ψ(x) = ψ(x),
where ψ(x) denotes the complex conjugate of ψ(x). It is easy
to verify that ψ−1 = ψ . Then F̂

∗
q forms a group under the

multiplication of characters. Furthermore, F̂
∗
q is isomorphic

to F
∗
q . Then by Definition 4, we have the following lemma.

Lemma 5: For any x ∈ F
∗
q and j1, j2 ∈ {0, 1, · · · , q − 2},

we have

ψ j1(x)ψ j2(x) = ψ j1− j2(x).
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For a multiplicative character ψ of Fq , the orthogonal
relation (see [14]) of it is given by

∑
x∈F∗

q

ψ(x) =
{

q − 1, if ψ = ψ0,

0 otherwise.

B. Jacobi Sums

We now extend the definition of a multiplicative character ψ
by setting

ψ(0) =
{

1, if ψ = ψ0,

0, if ψ �= ψ0.

As a result, the property that ψ(xy) = ψ(x)ψ(y) holds for
all x, y ∈ Fq .

Definition 6: [14, p. 205] Let λ1, . . . , λk be k multiplica-
tive characters of Fq . The sum

J (λ1, . . . , λk) =
∑

c1+···+ck=1
c1 ,··· ,ck ∈Fq

λ1(c1) · · · λk(ck),

is called a Jacobi sum in Fq .
Jacobi sums are very useful in coding theory, sequence

design and cryptography. A well-known result on the value
of Jacobi sums is the following.

Lemma 7: [14, Ths. 5.19, 5.22] For the values of the
Jacobi sums, we have the following results.

(1) If λ1, . . . , λk are trivial, then J (λ1, . . . , λk) = qk−1.
(2) If some, but not all, of the λi are trivial, then

J (λ1, . . . , λk) = 0.
(3) If all of λ1, . . . , λk are nontrivial characters and λ1 ···λk

is nontrivial, then |J (λ1, . . . , λk)| = q
k−1

2 .
(4) If all of λ1, . . . , λk are nontrivial characters and λ1 ···λk

is trivial, then |J (λ1, . . . , λk)| = q
k−2

2 .

For any a ∈ F
∗
q , we define the sum

Ja(λ1, . . . , λk) =
∑

c1+···+ck=a

λ1(c1) · · ·λk(ck), (II.1)

where the summation extends over all k-tuples (c1, . . . , ck)
of elements of Fq satisfying c1 + · · · + ck = a. Hence,
J1(λ1, . . . , λk) = J (λ1, . . . , λk). It was shown in [14, p. 205]
that

Ja(λ1, . . . , λk) = (λ1 · · · λk)(a)J (λ1, . . . , λk). (II.2)

Therefore, |Ja(λ1, . . . , λk)| = |J (λ1, . . . , λk)|. That is to say,
Lemma 7 also holds for Ja(λ1, . . . , λk) for a ∈ F

∗
q .

For a = 0 in Equation (II.1), we recall the following results.
Lemma 8: [14, Ths. 5.19, 5.20, 5.23] Let J0(λ1, . . . , λk)

be the character sum defined in Equation (II.1) with a = 0.

(1) If λ1, . . . , λk are trivial, then J0(λ1, . . . , λk) = qk−1.
(2) If some, but not all, of the λi are trivial, then

J0(λ1, . . . , λk) = 0.
(3) If all of λ1, . . . , λk are nontrivial characters and λ1 ···λk

is nontrivial, then |J0(λ1, . . . , λk)| = 0.
(4) If all of λ1, . . . , λk are nontrivial characters and λ1 ···λk

is trivial, then |J0(λ1, . . . , λk)| = (q − 1)q
k−2

2 .

III. THE FIRST CONSTRUCTION OF CODEBOOKS

In this section, we present our first construction of code-
books with multiplicative characters of finite fields, and prove
that our codebooks are asymptotically optimal.

A. Some Character Sums Related to Jacobi Sums

In this subsection, we evaluate some character sums related
to Jacobi sums. These character sums will be employed later.

Let k be a positive integer. Now we count the number of
solutions (c1, . . . , ck) ∈ (F∗

q)
k of the diagonal equation

c1 + c2 + · · · + ck = a with a ∈ Fq . (III.1)

The number of its solutions may be known. For completeness,
we present a simple proof in the following lemma.

Lemma 9: The number of solutions (c1, . . . , ck) ∈ (F∗
q)

k of

Equation (III.1) is given by n := 1
q ((q − 1)k + (−1)k+1) if

a ∈ F
∗
q and n := 1

q ((q − 1)k + (−1)k(q − 1)) if a = 0.
Proof: Denote by χ the canonical additive character of Fq .

It follows from the orthogonal relation of additive characters
that

n = 1

q

∑
y∈Fq

∑
c1,...,ck∈F∗

q

χ(y(c1 + · · · + ck − a))

= 1

q

⎛
⎝(q − 1)k +

⎛
⎝ ∑

y∈F∗
q

χ(−ay)

⎞
⎠ k∏

j=1

∑
c j ∈F∗

q

χ(c j y)

⎞
⎠

=
{
(q−1)k+(−1)k+1

q , if a ∈ F
∗
q ,

(q−1)k+(−1)k(q−1)
q , if a = 0.

�
For a positive integer k and a ∈ Fq , we define a new

character sum by

J̃a(λ1, . . . , λk) =
∑

c1+···+ck=a
(c1,...,ck)∈(F∗

q)
k

λ1(c1) · · · λk(ck), (III.2)

where λ1, . . . , λk are k multiplicative characters of Fq .
By Lemma 9, this sum contains n terms, where n is the number
of solutions of Equation (III.1). Note that if all of λ1, . . . , λk

are nontrivial characters, we have λi (0) = 0 for 1 ≤ i ≤ k
and then

J̃a(λ1, . . . , λk) = Ja(λ1, . . . , λk).

1) The Case a ∈ F
∗
q: We first consider the case a ∈ F

∗
q . By

Lemmas 7, 9 and (II.2), we directly have the following results.
Lemma 10: Let J̃a(λ1, . . . , λk) be the character sum

defined before.

(1) If λ1, . . . , λk are trivial, then J̃a(λ1, . . . , λk) =
1
q ((q − 1)k + (−1)k+1).

(2) If all of λ1, . . . , λk are nontrivial characters and λ1 ···λk

is nontrivial, then | J̃a(λ1, . . . , λk)| = q
k−1

2 .
(3) If all of λ1, . . . , λk are nontrivial characters and λ1 ···λk

is trivial, then | J̃a(λ1, . . . , λk)| = q
k−2

2 .

In the following, we mainly consider the case that some,
but not all, of the λi are trivial.
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Lemma 11: Assume that λ1, λ2, . . . , λh are nontrivial and
λh+1, . . . , λk are trivial for 1 ≤ h ≤ k − 1.

(1) If λ1 · · · λh is nontrivial, then | J̃a(λ1, . . . , λk)| = q
h−1

2 .
(2) If λ1 · · · λh is trivial, then | J̃a(λ1, . . . , λk)| = q

h−2
2 .

Proof: Assume that λ1, λ2, . . . , λh are nontrivial and
λh+1, . . . , λk are trivial for 1 ≤ h ≤ k − 1. Then

J̃a(λ1, . . . , λk) =
∑

c1+···+ck=a
(c1,...,ck)∈(F∗

q)
k

λ1(c1) · · ·λk(ck)

=
∑

c1+···+ck=a
(c1,...,ck)∈(F∗

q)
k

λ1(c1) · · ·λh(ch).

For a fixed (c1, . . . , ch) ∈ (F∗
q)

h , we now consider the
solutions (ch+1, . . . , ck) ∈ (F∗

q)
k−h of the equation

ch+1 + · · · + ck = a − (c1 + · · · + ch).

By Lemma 9, it has 1
q ((q −1)k−h +(−1)k−h(q −1)) solutions

if c1 + · · · + ch = a or 1
q ((q − 1)k−h + (−1)k−h+1) solutions

if c1 + · · · + ch �= a. Hence,

J̃a(λ1, . . . , λk)

= 1

q
((q − 1)k−h + (−1)k−h(q − 1))

×
∑

c1+···+ch=a
(c1,...,ch )∈(F∗

q)
h

λ1(c1) · · ·λh(ch)

+ 1

q
((q − 1)k−h + (−1)k−h+1)

×
∑

c1+···+ch �=a
(c1,...,ch )∈(F∗

q)
h

λ1(c1) · · ·λh(ch)

= 1

q
((q − 1)k−h + (−1)k−h+1)

×
∑

(c1,...,ch )∈(F∗
q)

h

λ1(c1) · · ·λh(ch)

+(−1)k−h
∑

c1+···+ch=a
(c1,...,ch )∈(F∗

q)
h

λ1(c1) · · ·λh(ch)

= 1

q
((q − 1)k−h + (−1)k−h+1)

h∏
j=1

⎛
⎝ ∑

c j ∈F∗
q

λ j (c j )

⎞
⎠

+(−1)k−h
∑

c1+···+ch=a
(c1,...,ch )∈(F∗

q)
h

λ1(c1) · · ·λh(ch)

= (−1)k−h
∑

c1+···+ch=a
(c1,...,ch)∈(F∗

q)
h

λ1(c1) · · · λh(ch)

= (−1)k−h J̃a(λ1, . . . , λh),

where the fourth equation holds due to the orthogonal relation
of multiplicative characters. This implies that

| J̃a(λ1, . . . , λk)| = | J̃a(λ1, . . . , λh)|.
Since λ1, λ2, . . . , λh are nontrivial, the desired conclusions
follow from Lemma 10. �

2) The Case a = 0: We now consider the case a = 0.
By Lemmas 8 and 9, we directly have the following result.

Lemma 12: Let J̃0(λ1, . . . , λk) be the character sum
defined before.

(1) If λ1, . . . , λk are trivial, then J̃0(λ1, . . . , λk) =
1
q ((q − 1)k + (−1)k(q − 1)).

(2) If all of λ1, . . . , λk are nontrivial characters and λ1 ···λk

is nontrivial, then | J̃0(λ1, . . . , λk)| = 0.
(3) If all of λ1, . . . , λk are nontrivial characters and λ1 ···λk

is trivial, then | J̃0(λ1, . . . , λk)| = (q − 1)q
k−2

2 .

With similar arguments as those in the proof of Lemma 11,
one can prove the following results.

Lemma 13: Assume that λ1, λ2, . . . , λh are nontrivial and
λh+1, . . . , λk are trivial for 1 ≤ h ≤ k − 1.

(1) If λ1 · · · λh is nontrivial, then | J̃0(λ1, . . . , λk)| = 0.
(2) If λ1 ···λh is trivial, then | J̃0(λ1, . . . , λk)| = (q−1)q

h−2
2 .

B. The First Construction of Asymptotically
Optimal Codebooks

In this subsection, we present a construction of codebooks,
which is based on multiplicative characters of Fq . Throughout
this subsection, we let a ∈ F

∗
q and n = 1

q ((q −1)k + (−1)k+1)
unless otherwise stated.

Let En denote the set formed by the standard basis of the
n-dimensional Hilbert space:

(1, 0, 0, · · · , 0, 0),
(0, 1, 0, · · · , 0, 0),

...
(0, 0, 0, · · · , 0, 1).

Let ψ j1, ψ j2, . . . , ψ jk be k multiplicative characters of Fq

defined in Definition 4, where j1, . . . , jk ∈ {0, 1, . . . , q − 2}.
Define a set

S = {(c1, . . . , ck) ∈ (F∗
q)

k : c1 + . . .+ ck = a}
for a ∈ F

∗
q . Note that |S| = n by Lemma 9. Then we define

a codeword of length n by

c( j1,..., jk) = 1√
n
(ψ j1(c1) · · · ψ jk (ck))(c1,...,ck)∈S .

This codeword is a unit norm 1 × n complex vector.
Now we construct a complex codebook C as

C = {c( j1,..., jk) : j1, . . . , jk ∈ {0, 1, . . . , q − 2}} ∪ En . (III.3)

The alphabet size of the codebook C is q + 1. By definition,
C has N = (q − 1)k + n codewords of length K = n =
1
q ((q − 1)k + (−1)k+1). Consequently, we have the following
conclusion.

Lemma 14: If k = 2, we have N > K 2. If k > 2, we have
K < N < K 2.

Theorem 15: Let C be the codebook in Equation (III.3).
Then it is a ((q − 1)k + n, n) codebook with

Imax(C) = q
k+1

2

(q − 1)k + (−1)k+1 ,

where n = 1
q ((q − 1)k + (−1)k+1).
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Proof: Let c, c′ ∈ C be two distinct codewords. Denote
F = C\En . Now we calculate the correlation of c and c′ in
the following cases.

(1) If c, c′ ∈ En , it is obvious that |cc′H | = 0.
(2) If c ∈ F , c′ ∈ En or c ∈ En, c′ ∈ F , we have

|cc′H | = 1√
n
|ψ j1(c1) · · · ψ jk (ck)| = 1√

n

for some (c1, . . . , ck) ∈ S and j1, . . . , jk ∈
{0, 1, . . . , q − 2}.

(3) If c, c′ ∈ F , we assume that c = c( j1,..., jk) and
c′ = c( j ′

1,..., j ′
k)

with ( j1, . . . , jk) �= ( j ′
1, . . . , j ′

k) where
j1, . . . , jk ∈ {0, 1, . . . , q − 2} and j ′

1, . . . , j ′
k ∈

{0, 1, . . . , q − 2}. By Lemma 5, ψ jtψ
′
jt

= ψ jt− j ′
t

for
all t = 0, 1, . . . , q − 2. Denote λt = ψ jt− j ′

t
for all

t = 0, 1, . . . , q − 2. Then we have

cc′H = 1

n

∑
c1+···+ck=a

(c1,...,ck)∈(F∗
q)

k

λ1(c1) · · · λk(ck)

= 1

n
J̃a(λ1, . . . , λk).

Since ( j1, . . . , jk) �= ( j ′
1, . . . , j ′

k), not all of λt are trivial
characters. Hence, by Lemmas 10 and 11, we deduce

|cc′H | ∈
{

q
k−1

2

n
,

q
k−2

2

n

}
∪

{
q

h−1
2

n
: 1 ≤ h ≤ k − 1

}

∪
{

q
h−2

2

n
: 2 ≤ h ≤ k − 1

}
.

We remark that |cc′H | can take all the values in the sets
on the right hand of the above expression. Furthermore,

|cc′H | = q
k−1

2

n if and only if all of λ1, . . . , λk are
nontrivial characters and λ1 · · · λk is nontrivial.

Summarizing the conclusions in the three cases above,
we obtain

|cc′H | ∈
{

0,
1√
n
,

q
k−1

2

n
,

q
k−2

2

n

}
∪

{
q

h−1
2

n
: 1 ≤ h ≤ k − 1

}

∪
{

q
h−2

2

n
: 2 ≤ h ≤ k − 1

}
.

As a result, we have

Imax(C) = q
k−1

2

n

where n = 1
q ((q − 1)k + (−1)k+1). This completes the proof.

�
Theorem 16: When k = 2, the codebook in Theorem 15 is

asymptotically optimal with respect to the Levenshtein bound
in Equation (I.3).

Proof: For N = (q − 1)2 + (q − 2) and K = q − 2,
by Lemma 2, we have

IL =
√

q2 + q − 4

(q − 1)3
.

Hence, by Theorem 15,

IL

Imax
=

√
(q2 + q − 4)(q − 2)2

q(q − 1)3
.

Consequently, limq→∞ IL
Imax

= 1. This completes the proof. �
Theorem 17: When k > 2, the codebook in Theorem 15

is asymptotically optimal with respect to the Welch bound in
Equation (I.1).

Proof: By Lemma 14, N < K 2. For N = (q − 1)k + n
and K = n = 1

q ((q − 1)k + (−1)k+1), by Lemma 1, we have

IW =
√

(q − 1)k

n((q − 1)k + n − 1)
.

Hence, by Theorem 15,

IW

Imax
=

√
(q − 1)kn

qk−1((q − 1)k + n − 1)

=
√

(q − 1)k

(q − 1)k + n − 1
·
√
(q − 1)k + (−1)k+1

qk
.

It then follows that limq→∞ IW
Imax

= 1. This completes the
proof. �

Example 18: Let p = q = 5, a = 1 and k = 2, then
N = 19, K = 3. Let α be a primitive element of Fq with
α2 + 1 = 0. Then Fq = {0, 1, α, α2, α3}. Without loss of
generality, we assume that α = 2. It is easy to verify that all
the 2-tuple (c1, c2) ∈ (F∗

q)
2 satisfying c1 + c2 = 1 are the

following:

(α, α2) or (α2, α) or (α3, α3).

Thus, S = {(α, α2), (α2, α), (α3, α3)}. The set F = C\E3
consists of the following 16 codewords of length 3:

c0 = 1√
3
(1, 1, 1), c1 = 1√

3
(−1, i,−i),

c2 = 1√
3
(i,−1,−i), c3 = 1√

3
(−1, 1,−1),

c4 = 1√
3
(1,−1,−1), c5 = 1√

3
(−i,−1, i),

c6 = 1√
3
(−1,−i, i), c7 = 1√

3
(1, i, i),

c8 = 1√
3
(−i,−i,−1), c9 = 1√

3
(−1,−1, 1),

c10 = 1√
3
(i, i,−1), c11 = 1√

3
(i, 1, i),

c12 = 1√
3
(i,−i, 1), c13 = 1√

3
(−i, i, 1),

c14 = 1√
3
(1,−i,−i), c15 = 1√

3
(−i, 1,−i),

where i = √−1. It is easy to verify that the codebook C =
F ∪ E3 of Theorem 15 is a (19, 3) codebook with Imax =

√
5

3 .
This is consistent with the conclusion of Theorem 15.

In Table I, we provide the parameters of examples of the
codebook of Theorem 16. The numerical data shows the
asymptotic optimality of the codebook. In Table II, we provide
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TABLE I

PARAMETERS OF THE (N, K ) CODEBOOK IN THEOREM 16

TABLE II

PARAMETERS OF THE (N, K ) CODEBOOK IN THEOREM 17

the parameters of examples of the codebook of Theorem 17
for the case k = 3. The numerical data demonstrates the
asymptotic optimality of the codebook.

When a = 0, one can similarly prove that the codebook
in (III.3) has parameters ((q − 1)k + n, n) and Imax =
(q−1)q

k−2
2

n , where n = 1
q ((q − 1)k + (−1)k(q − 1)). The

codebook in this case has relatively poor parameters with
respect to the Welch and Levenshtein bounds. Hence, we are
not interested in the codebook defined by a = 0.

IV. THE SECOND CONSTRUCTION OF CODEBOOKS

We are now ready to present another construction of code-
books with the multiplicative characters of Fq . In this section,
let K = qk−1, where k is a positive integer.

Let EK denote the set formed by the standard basis of the
K -dimensional Hilbert space:

(1, 0, 0, · · · , 0, 0),

(0, 1, 0, · · · , 0, 0),
...

(0, 0, 0, · · · , 0, 1).

Let ψ j1, ψ j2, . . . , ψ jk be k multiplicative characters of Fq

defined in Definition 4, where j1, . . . , jk ∈ {0, 1, . . . , q − 2}.
Define a set

S = {(c1, . . . , ck) ∈ (Fq)
k : c1 + . . .+ ck = a}

for a ∈ F
∗
q . Then we have K := |S| = qk−1. We define a

codeword of length K by

c( j1,..., jk) = 1√
nc
(ψ j1(c1) · · · ψ jk (ck))(c1,...,ck)∈S ,

where nc denotes the Euclidean norm of the vector
c( j1,..., jk) := (ψ j1(c1) · · ·ψ jk (ck))(c1,...,ck)∈S . When q = 2 and
k is odd or q ≥ 3 and k ≥ 1, Lemma 9 tells that the diagonal
equation of (III.1) has at least one solution (c1, c2, . . . , ck) ∈
(F∗

q)
k for a ∈ F

∗
q . Note that ψ ji (0) means the extended value

defined before. Hence, any codeword c( j1,..., jk) is a unit norm
1 × K complex vector. It follows from Lemma 9 that

(q − 1)k + (−1)k+1

q
≤ nc ≤ K = qk−1. (IV.1)

Furthermore, nc = K if all of ψ ji for 1 ≤ i ≤ k are trivial and

nc = (q−1)k+(−1)k+1

q if all of ψ ji for 1 ≤ i ≤ k are nontrivial.
Now we construct a complex codebook C as

C = {c( j1,..., jk) : j1, . . . , jk ∈ {0, 1, . . . , q − 2}} ∪ EK . (IV.2)

The alphabet size of the codebook C is q + 1. By definition,
C has N = (q − 1)k + qk−1 codewords of length K = qk−1.
Consequently, we have the following conclusion.

Theorem 19: Let q ≥ 4 and k > 1 be any positive integer.
Then the set C in Equation (IV.2) is a ((q − 1)k + qk−1, qk−1)
codebook with

Imax(C) = q
k+1

2

(q − 1)k + (−1)k+1 .

Proof: Let c, c′ ∈ C be two distinct codewords. Denote
F = C\EK . Now we calculate the correlation of c and c′ by
distinguishing among the following cases.

(1) If c, c′ ∈ EK , it is obvious that |cc′H | = 0.
(2) If c ∈ F , c′ ∈ EK or c ∈ EK , c′ ∈ F , we have

|cc′H | = 1√
nc

|ψ j1(c1) · · · ψ jk (ck)| = 1√
nc

for some (c1, . . . , ck) ∈ S and j1, . . . , jk ∈
{0, 1, . . . , q − 2}. Hence,

1√
qk−1

≤ |cc′H | ≤
√

q

(q − 1)k + (−1)k+1

due to Equation (IV.1).
(3) If c, c′ ∈ F , we assume that

c = c( j1,..., jk) = 1√
nc

c( j1,..., jk)

and

c′ = c( j ′
1,..., j ′

k)
= 1√

nc′
c′
( j ′

1,..., j ′
k)

with ( j1, . . . , jk) �= ( j ′
1, . . . , j ′

k), where j1, . . . , jk ∈
{0, 1, . . . , q − 2} and j ′

1, . . . , j ′
k ∈ {0, 1, . . . , q − 2}.

By Lemma 5, ψ jtψ
′
jt

= ψ jt− j ′
t

for all t = 0, 1, . . . , q−2.
Denote λt = ψ jt− j ′

t
for all t = 0, 1, . . . , q −2. Then we

have

cc′H = 1√
nc

· 1√
nc′

∑
c1+···+ck=a

(c1,...,ck)∈(Fq)
k

λ1(c1) · · ·λk(ck)

= 1√
nc

· 1√
nc′

Ja(λ1, . . . , λk).
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Since ( j1, . . . , jk) �= ( j ′
1, . . . , j ′

k), not all of λt are trivial
characters. Hence, by Lemma 7 and Equation (II.2),
we deduce

|cc′H | ∈
{

0,
q

k−1
2√

nc · √nc′
,

q
k−2

2√
nc · √nc′

}
.

Then

|cc′H | ≤ q
k+1

2

(q − 1)k + (−1)k+1 (IV.3)

due to Equation (IV.1).
We now prove that there are two codewords c, c′ ∈ F
such that the equality in (IV.3) holds by distinguishing
the following two cases. In the first case, we assume that
k = 2t + 1 for some nonnegative integer t . In this case,
we put

( j1, · · · , jt , jt+1, · · · , j2t , j2t+1)

= (2, · · · , 2, 1, · · · , 1, 2)

and

( j ′
1, · · · , j ′

t , j ′
t+1, · · · , j ′

2t , j ′
2t+1)

= (1, · · · , 1, 2, · · · , 2, 1).

We have then

( j1, · · · , jt , jt+1, · · · , j2t , j2t+1)

− ( j ′
1, · · · , j ′

t , j ′
t+1, · · · , j ′

2t , j ′
2t+1)

= (1, · · · , 1,−1, · · · ,−1, 1).

Consequently,

λi =

⎧⎪⎨
⎪⎩
ψ1 if i ∈ {1, 2, · · · , t},
ψq−2 if i ∈ {t + 1, t + 2, · · · , 2t},
ψ1 if i = 2t + 1.

Clearly, all λi are nontrivial and

λ1λ2 · · ·λk = ψ1,

which is nontrivial.
By definition, all ψ ji and ψ j ′

i
are nontrivial. We then

deduce that

nc′ = nc = (q − 1)k + (−1)k+1

q
.

It then follows from Lemma 7 that

|cc′H | = q
k+1

2

(q − 1)k + (−1)k+1

We now consider the second case that k = 2t for some
t ≥ 1. In this case, we put

( j1, · · · , jt−1, jt , · · · , j2t−2, j2t−1, j2t)

= (2, · · · , 2, 1, · · · , 1, 2, 2)

and

( j ′
1, · · · , j ′

t−1, j ′
t , · · · , j ′

2t−2, j ′
2t−1, j ′

2t )

= (1, · · · , 1, 2, · · · , 2, 1, 1).

We have then

( j1, · · · , jt−1, jt , · · · , j2t−2, j2t−1, j2t)

− ( j ′
1, · · · , j ′

t−1, j ′
t , · · · , j ′

2t−2, j ′
2t−1, j ′

2t)

= (1, · · · , 1,−1, · · · ,−1, 1, 1).

Consequently,

λi =

⎧⎪⎨
⎪⎩
ψ1 if i ∈ {1, 2, · · · , t − 1},
ψq−2 if i ∈ {t, t + 1, · · · , 2t − 2},
ψ1 if i ∈ {2t − 1, 2t}.

Clearly, all λi are nontrivial and

λ1λ2 · · · λk = ψ2,

which is nontrivial.
By definition, all ψ ji and ψ j ′

i
are nontrivial. We then

deduce that

nc′ = nc = (q − 1)k + (−1)k+1

q
.

It then follows from Lemma 7 that

|cc′H | = q
k+1

2

(q − 1)k + (−1)k+1

Summarizing the conclusions in the three cases above,
we obtain

Imax(C) q
k+1

2

(q − 1)k + (−1)k+1 .

This completes the proof. �
Theorem 20: When k ≥ 2 and q ≥ 4, the codebook in

Theorem 19 is asymptotically optimal with respect to the Welch
bound in Equation (I.1).

Proof: Recall that N = (q − 1)k + qk−1 and K = qk−1,
then N < K 2 for k > 2. By Lemma 1, we have

IW =
√

(q − 1)k

qk−1((q − 1)k + qk−1 − 1)
.

By Theorem 19, we recall that

Imax(C) = q
k+1

2

(q − 1)k + (−1)k+1 .

It then follows that

lim
q→∞

IW

q
k+1

2

(q−1)k+(−1)k+1

= 1.

This completes the proof. �
Example 21: Let p = q = 5, a = 1 and k = 2, then

N = 21, K = 5. Let α be a primitive element of Fq with
α2 + 1 = 0. Then Fq = {0, 1, α, α2, α3}. It is easy to verify
that

S = {(α, α2), (α2, α), (α3, α3), (0, 1), (1, 0)}.
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TABLE III

PARAMETERS OF THE CODEBOOKS OF THEOREMS 17 AND 20
AND SOME OTHERS

TABLE IV

PARAMETERS OF THE CODEBOOKS IN THEOREM 16 AND SOME OTHERS

The set F = C\E5 consists of the following 16 codewords of
length 5:

c0 = 1√
5
(1, 1, 1, 1, 1), c1 = 1

2
(−1, i,−i, 1, 0),

c2 = 1

2
(i,−1,−i, 0, 1), c3 = 1

2
(−1, 1,−1, 0, 1),

c4 = 1

2
(1,−1,−1, 1, 0), c5 = 1

2
(−i,−1, i, 0, 1),

c6 = 1

2
(−1,−i, i, 1, 0), c7 = 1√

3
(1, i, i, 0, 0),

c8 = 1√
3
(−i,−i,−1, 0, 0), c9 = 1√

3
(−1,−1, 1, 0, 0),

c10 = 1√
3
(i, i,−1, 0, 0), c11 = 1√

3
(i, 1, i, 0, 0),

c12 = 1√
3
(i,−i, 1, 0, 0), c13 = 1√

3
(−i, i, 1, 0, 0),

c14 = 1√
3
(1,−i,−i, 0, 0), c15 = 1√

3
(−i, 1,−i, 0, 0),

where i = √−1. One can easily verify that the codebook C =
F ∪ E5 of Theorem 19 is a (21, 5) codebook with Imax =

√
5

3 .
This is consistent with the conclusion of Theorem 19.

V. CONCLUSIONS AND REMARKS

In this paper, two new constructions of asymptotically
optimal codebooks with multiplicative characters of finite

fields were presented. They produce asymptotically optimal
codebooks with respect to the Welch bound or the Levenshtein
bound. The parameters of the codebooks in Theorems
17 and 20 and those of known (nearly) optimal codebooks
with respect to the Welch bound are summarized in Table III.
The parameters of the codebooks in Theorem 16 and those
of known (nearly) optimal codebooks with respect to the
Levenshtein bound are summarized in Table IV, where
q = pm . The parameters of our asymptotic codebooks are new
and flexible. The analysis of the parameters of our codebooks
is mainly based on Jacobi sums and related character sums.

As pointed out in [15], constructing optimal codebooks
with minimal Imax is very difficult in general. This problem
is equivalent to line packing in Grassmannian spaces [2].
In frame theory, such a codebook with Imax minimized is
referred to as a Grassmannian frame [23]. The codebooks
presented in this paper should have applications in these areas.
With the framework developed in [18], our codebooks can
be used to obtain deterministic sensing matrices with small
coherence for compressed sensing.
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