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Shortened Linear Codes Over Finite Fields

Yang Liu, Cunsheng Ding

Abstract— The puncturing and shortening techniques are two
important approaches to constructing new linear codes from old
ones. In the past 70 years, a lot of progress on the puncturing
technique has been made, and many works on punctured linear
codes have been done. Many families of linear codes with
interesting parameters have been obtained with the puncturing
technique. However, little research on the shortening technique
has been done and there are only a handful references on
shortened linear codes. The first objective of this paper is to
prove some general theory for shortened linear codes. The second
objective is to study some shortened codes of the Hamming codes,
Simplex codes, some Reed-Muller codes, and ovoid codes. Eleven
families of optimal shortened codes over finite fields are presented
in this paper. As a byproduct, five infinite families of 2-designs
are also constructed from some of the shortened codes presented
in this paper.

Index Terms— Linear code, cyclic code, punctured code, short-
ened code, t-design.

I. INTRODUCTION

ET GF(q) denote the finite field with ¢ elements, where

q is a prime power. An [n,k,d] code over GF(q) is
a k-dimensional linear subspace of GF(¢)" with minimum
Hamming distance d. Throughout the whole paper, let C be an
[n, &, d] code over GF(q), unless the length, dimension and
minimum distance of C and ¢ are otherwise stated. By the
parameters of a linear code, we refer to its length, dimension
and minimum distance. Let A;(C) denote the number of
codewords with Hamming weight ¢ in C, where 0 < i < n.
The sequence (Ao (C), A1(C),- -, A,(C)) is called the weight
distribution of C, and "  A;(C)z" is referred to as the
weight enumerator of C.
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The code C is called distance-optimal (respectively,
dimension-optimal and length-optimal) if there is no
[n,k,d" > d + 1] (respectively, [n,x’ > k + 1,d] and
[»/ < n — 1,k,d]) linear code over GF(gq). An optimal
code is a code that is length-optimal, or dimension-optimal,
or distance-optimal, or meets a bound for linear codes. If the
code C is distance-optimal, then any linear code over GF(q)
with parameters [n, k, d— 1] is called distance-almost-optimal.
If the code C is dimension-optimal, then any linear code over
GF(q) with parameters [n, k—1, d] is called dimension-almost-
optimal. If the code C is length-optimal, then any linear code
over GF(q) with parameters [n + 1,k,d] is called length-
almost-optimal.

Two linear codes of the same length over GF(q) are said
to be permutation-equivalent if one can be transformed into
the other by a permutation of the coordinates of codewords,
and monomially-equivalent if one can be transformed into the
other by a permutation of the coordinates of codewords and
the multiplication of each coordinate of all codewords with a
nonzero element in GF(q).

An important problem in the theory and practice of cod-
ing theory is the construction of linear codes with good
error-correcting capability or desirable parameters. To this
end, one may construct a linear code with good or desir-
able parameters from a known linear code with opti-
mal or good parameters. There are several standard ways
of obtaining linear codes from a known one. The most
famous methods are the puncturing and shortening tech-
niques. Since extending a linear code increases the code
length by one and does not change the code dimension,
the extending method is less interesting in constructing
new codes.

Let 7" be a set of ¢ coordinate positions in C. We puncture
C by deleting all the coordinates in 7" in each codeword of C.
The resulting code is still linear and has length n — ¢, where
t = |T'|. We denote the punctured code by CT. Let C(T') be the
set of codewords which are 0 on 7. Then C(T') is a subcode
of C. We now puncture C(7') on T, and obtain a linear code
over GF(q) with length n — ¢, which is called a shortened
code of C, and is denoted by Crp.

To explain the motivations of this paper, we recall a general
construction of linear codes. Let D = {di,ds,...,d,} C
GF(r), where r = ¢™. Let Tr, /, be the trace function from
GF(r) to GF(q). Define a linear code of length n over GF(q)
by

Cp = {(Tr, q(xdy),..., Tr, g(xdy)) 2 € GF(r)}. (1)
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The set D is called the defining set of Cp. The next theorem
says that the defining-set construction in (1) is fundamen-
tal [17], and is a refinement of the work in [28].

Theorem 1 [17, Theorem 1]: Any linear code of length n
over GF(q) can be expressed as the code Cp in (1), where
D ={dy,ds,...,d,} € GF(¢™) is a multiset and m is some
positive integer.

Let o be a primitive element of GF(¢™). The following
code

C(m,q,a) =
{(Trym /q(aa®), ..., Trygm jy(ac?” ~2)) : a € GF(¢™)} (2)

isa [¢™ —1,m, (¢ —1)g™ 1] cyclic code with check polyno-
mial M, 1 (z), which is the minimal polynomial of a~! over
GF(q) and is irreducible over GF(g). The code C(m, g, «)
is said to be irreducible. It is easily seen that the weight
enumerator of C(m, q,a) is 1 + (¢ — 1)2‘1m*qm_1 [13].

The next theorem was proved in [16, Theorem 3].

Theorem 2 [16, Theorem 3]: Every linear code of
length n over GF(¢q) with dual distance at least 3 is
permutation-equivalent to a punctured code of an irreducible
cyclic code C(m, ¢, «) in (2) for some integer m and primitive
element o € GF(¢™).

While cyclic codes form a subclass of linear codes, every
linear code with minimum distance at least 3 can be punc-
tured from a special irreducible cyclic code C(m, ¢, «). This
demonstrates the importance of the very special subclass
of irreducible cyclic codes C(m,q,«) and the puncturing
technique.

In the past ten years, a lot of research on the defining-set
construction of linear codes has been done, and many families
of linear codes with various parameters have been obtained
(see, for example, [8], [11], [12], [17], [27]). Recall that
the defining-set construction is in fact to puncture a code
C(m, g, «). Hence, the puncturing technique was extensively
studied in the past ten years and proved to be an effective
approach to obtaining linear codes with good or desirable
parameters. However, every approach has limitations and there
is no exception for the puncturing technique.

Motivated by the success of the puncturing technique,
we ask the following questions on the shortening technique:

1) Is there a family of cyclic codes such that every linear
code with minimum distance at least 3 is a shortened
code of a cyclic code in this family?

2) Can we obtain optimal linear codes or linear codes
with desirable parameters by shortening certain known
families of linear codes or cyclic codes? If the answer
is positive, which known families of linear codes can be
shortened for obtaining good linear codes, and which
set T" of coordinate positions leads to a shortened linear
code Cp with good or desirable parameters?

3) Can we develop some general theory for shortened linear
codes?

The basic questions above are the major motivations of
studying the shortening technique. In addition to obtaining
new linear codes with desirable parameters from old ones, one
may have to study some shortened codes of certain families of
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linear codes in particular applications. For instance, in order to
obtain 2-designs and Steiner systems, certain shortened codes
of a family of ternary codes were investigated in [25], where
two families of shortened ternary codes with the best-known
parameters were obtained. The study of shortened linear
codes in [26] led to a generalization of the Assmus-Mattson
theorem. Shortened and punctured codes were used to prove
a generalized MacWilliams identity in [14]. These important
applications of shortened linear codes are additional motiva-
tions of this paper.

The last motivation of this paper is that there are only
several papers on shortened linear codes in the literature
(see [2], [7], [15], [21], [22], [24], [29]). This is quite amazing,
as the defining-set construction of linear codes is a punctur-
ing technique and there are over a hundred papers on the
defining-set construction. This fact shows that the shortening
technique was overlooked by the coding theory community for
70 years.

It is known that Cr = ((C)T)* (see Theorem 8 below).
This means that in theory a shortened linear code can be
obtained by first performing the dual operation, then the
puncturing operation, and finally the dual operation. But
this involves the study of three codes in the sequence
(CH (€HT,((c*H)")*), and is usually much more com-
plicated. In addition, the puncturing technique also has a
limitation in obtaining linear codes with good parameters
in practice. Consequently, it is still necessary to study the
shortening technique.

The objectives of this paper are the following:

1) Develop some general theory for shortened linear codes.

2) Construct linear codes over GF(g) with various and
good parameters by shortening some known families of
linear codes over GF(q).

In this paper, we present eleven families of optimal shortened
codes and five families of 2-designs from some of the short-
ened codes.

II. GENERAL RESULTS ABOUT SHORTENED
LINEAR CODES

The objective of this paper is to study shortened linear
codes. The theory of shortened codes is related to orthogonal
arrays and ¢-designs. In this section, we first introduce some
fundamental results of orthogonal arrays and ¢-designs, as they
will be used as basic tools for studying shortened linear codes
shortly. We then briefly recall known general results and prove
new ones about shortened linear codes.

A. Orthogonal Arrays From Linear Codes

The objective of this subsection is to introduce a basic result
about orthogonal arrays from linear codes. Let N, n, s, ¢t be
positive integers with 1 < ¢ < n. Let S be a set with s
elements. An N x n array A with entries from S is said to
be an orthogonal array with s levels, strength ¢ and index
A if every N x t subarray of A contains each ¢-tuple based
on S exactly A times as a row. Such an array is denoted by
OA(N,n,s,t) [3, p. 2].
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Lemma 3 [5, p. 2]: Consider an [n,k,d] code C over
GF(q) with dual distance d*. Let A be a ¢ x n matrix
whose rows are all the codewords in C. Then A is an
OA(qKa n,q, dl - 1)

A proof of Lemma 3 can be found in [5, p. 66]. Conversely,
some orthogonal arrays can be used to construct linear codes.

B. Auxiliary Results About t-Designs

Since t-designs will be used as basic tools for studying
shortened codes in this paper, we have to introduce the basics
of t-designs [9, Chapter 4]. Let P be a set of n elements and
B a multiset of b k-subsets of P, where n > 1, b > 0 and
1 <k < n. Lett be a positive integer satisfying 1 < ¢ < n.
The ordered pair D = (P, B) is called an incidence structure,
where the incidence relation is the set membership, i.e., an
element P € P is incident with an element B € B if and
only if P € B. The ordered pair D = (P, B) is called a t-
(n, k,\) design, or simply t-design, if every t-subset of P is
contained in exactly A elements of B. The elements of P are
called points, and those of B are referred to as blocks.

When B = 0, ie., b = 0, we put A = 0 and call (P,0)
a t-(n,k,0) design for any ¢ and k with 1 < ¢ < n and
0 <k <n.At-(n,k,\) design with ¢t > k must have A =0
and must be the design (P, (). These designs are called trivial
designs. We will use the following conventions for the ease of
description in the sequel. A t-(n, k, \) design (P, B) is also
said to be trivial if every k-subset of P is a block.

A t-design is called simple if B does not contain repeated
blocks. A t-(n,k,\) design is called a Steiner system and
denoted by S(t,k,n) if ¢ > 2 and A\ = 1. The parameters of
a t-(n, k, \) design satisfy:

(=)

Consider an [n, x,d] code over GF(q) with dual distance
d*. Then C may induce a t-design under certain conditions,
which is formed by the supports of codewords of a fixed
Hamming weight in C. Let P(C) = {0,1,...,n — 1} be the
set of the coordinate positions of C, where n is the length
of C. For a codeword ¢ = (cg,...,cn—1) in C, the support
of ¢ is denoted by Supp(c). Let B,,(C) = qil{{Supp(c) :
wt(c) = w and ¢ € C}}, here and hereafter wt(c) denotes
the Hamming weight of the codeword ¢, {{}} is the multiset
notation and quls denotes the multiset obtained after dividing
the multiplicity of each element in the multiset S by g— 1. For
some special C, (P(C), By (C)) is a t-(n,w, \) design with b
blocks, where

b= LA ), \= ﬁfl (). 3)
g—1 (¢ —1)(})

If (P(C),B.,(C)) is a t-design for any 0 < w < n, we say
that the code C supports t-designs. Notice that such a design
(P(C), B,(C)) may have repeated blocks or may be simple or
trivial.

The following lemma provides a criterion for guaranteeing
a simple block set By (C) [9, Lemma 4.1].

5121

Lemma 4 [9, Lemma 4.1]: Consider an [n, k, d] code over
GF(q) with dual distance d*. Let w be the largest integer
with w < n satisfying

W {LHJ —d
q—1

Then there are no repeated blocks in B (C) for any d <
k < w. Such a block set is said to be simple.

The following theorem gives a characterization of codes
supporting t-designs via the weight distributions of their
shortened and punctured codes [26].

Theorem 5 [26, p. 3694]: Consider an [n, k, d] code over
GF(g) with dual distance dt. Let ¢ be a positive integer
with 0 < ¢ < min{d,d'}. Then the following statements
are equivalent.

(1) (P(C),Bi(C)) is a t-design for any 0 < k < n.

() (P(C*),Bi(Ch)) is a t-design for any 0 < k < n.

(3) For any 1 < ¢ < t the weight distribution
(Ag (CT))Z;S of the shortened code Cr is independent of the
specific choice of the elements in 7', where T is any set of ¢’
coordinate positions in P (C).

(4) For any 1 < t' <
(Ak (CT))Z:) of the punctured code C” is independent of
the specific choice of the elements in 7', where T is any set
of ' coordinate positions in P (C).

The original Assmus-Mattson theorem was developed in [1].
It can be stated in the following way [26].

Theorem 6 [26, p. 3699]: Consider an [n, k, d] code over
GF(q) with dual distance d*. Let ¢t (1 < ¢ < min{d,d"}) be
an integer such that there are at most d* — ¢ weights of C in
the range {1,2,...,n — t}. Then the following holds:

e (P(C),Bx(C)) is a simple t-design provided that

Ai(C) # 0 and d < k < w, where w is defined to
be the largest integer satisfying w < n and

-2
w- |22 <a
q—
o (P(C),Bi(Ct)) is a simple t-design provided that

Arp(C*) # 0 and d*+ < k < wt, where w is defined to
be the largest integer satisfying w' < n and

wh — {MJ < dt
qg—1
We will use the Assmus-Mattson theorem to construct
several families of 2-designs with some shortened linear codes
at the end of this paper. To study some shortened linear codes
later, we will use the results about ¢-designs above as tools.

t, the weight distribution

C. The Trace Representation of Hamming and Simplex Codes

There are different ways to define the Hamming and Sim-
plex codes. We now give a trace construction of the Hamming
and Simplex codes. Let « be a primitive element of GF(¢™)
and let v denote (¢ — 1)/(q — 1). Define

A; = a'GF(q)* = {a'a:a € GF(q)*}

for all ¢ with 0 < ¢ < v—1. By definition, {A; : 0 < i <v—1}
is a partition of GF(¢™)*. Let ¢ and j be any pair of distinct
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elements in the set {0,1,...,v — 1}. Then any a € A; and
b € A, must be linearly independent over GF(q).
Let b; € A; for each ¢ with 0 < ¢ < v — 1. Define

Sigm)(bo, .-, by,—1)
= {(Trqm/q(abi)):;ol fa € GF(qm)} . ©))
Then the set Sy m)(bo, - .., b,—1) defined above is a Sim-
plex code over GF(q) with parameters [(¢™ — 1)/(¢ —
1),m,q™ '] and weight enumerator 1 + (¢™ — 1)z7"
By definition, different choices of the vector (bg,...,b,_1)
in the set Ag x --- x A, _7 result in monomially-equivalent
Simplex codes. Monomially-equivalent codes have the same
parameters and same weight enumerator. Hence, up to mono-
mial equivalence, Simplex codes are unique, and are denoted
by S(q,m,)-

The dual of any Simplex code S(gm)(bo,...,b,—1) is
called a Hamming code, denoted by H (4 m)(bo,...,b,—1).
Hence, all the Hamming codes H (g m)(bo,...,b,—1) are

monomially-equivalent and unique up to monomial equiva-
lence. Hence, we denote them by H(qm)- It is well known
that M, ,,,) has parameters [(¢" —1)/(¢—1),(¢™ —1)/(q —
1) — m, 3] (see Section III for a simple proof).

A linear code is called a s-weight code if it has s nonzero
weights. Some of the shortened codes presented in this paper
are one-weight codes. We will need the following lemma later.

Lemma 7 [4, p. 181]: Let C' be a one-weight lin-
ear code over GF(¢q) with dual distance at least 2. Then
there exists a positive integer ¢ and there exist ¢ Simplex
codes S(q7771,)(b01)7.-.,bszl), 1 < i < t, such that C’ is
permutation-equivalent to a linear code C” whose generator
matrix is

|G1|Ga| - -+ [G
where G; is a generator matrix Sq,m) (bg)7 . .,b(:ll), and |
denotes the concatenation of matrices. Furthermore, d(C’) = 3
ift=1and d(C")=2ift>2.

D. Known General Results About Shortened Linear Codes

The objective of this section is to summarize known general
results about shortened linear codes. Some of them will be
used to prove new results for shortened linear codes. Under
certain conditions, the dimension of a shortened code Cr is
known and is given in the next theorem [19, Theorem 1.5.7].

Theorem 8 [19, Theorem 1.5.7]: Consider an [n, , d] code
over GF(q) with dual distance d*. Let T be any set of ¢
coordinate positions. Let C” denote the punctured code of C
in all coordinates on 7'. Then the following hold.

1) (CH)r =(CT)* and (CH)T = (Cr)* .

2) If t < d, then CT and (C*)r have dimensions x and

n —t — K, respectively.

3) If t = d and T is the set of coordinates where a
minimum weight codeword is nonzero, then CT and
(Ct)r have dimensions x — 1 and n — t — k + 1,
respectively.

We will use this theorem to settle the dimension for the case

t < d*, and will develop a case-specific method to determine
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the dimension of Cp for the case ¢t > dt according to the
specific design of the original code C. The most difficult task
is to determine the minimum distance d(Cr) of a shortened
code Cr.

Let M be a ¢" x n matrix whose rows are all codewords
in C, and let M; be the submatrix of M consisting of the
codewords of weight . A code is homogeneous provided that
for 0 < ¢ < n, each column of M; has the same weight.
Prange proved the following result [19, p. 271].

Theorem 9 [19, p. 271]: Let C be a homogeneous code
with d > 1, and let ¢; be a coordinate position in C. Then for
0<i<n-—1, we have

n—i 1+ 1

A;(ctth) A;(C) + Ai1(0)

n
and
n—1

Ai(Cpeyy) =

It is known that C is homogeneous if C has a transitive
automorphism group [19, p. 271]. This may be the only known
way to decide if a code is homogeneous. Hence, Theorem 9
has very limited applicability. Recently, better results regarding
the weight distribution of a shortened code Cr of special linear
codes were developed in [26] and documented below. Recall
that the binomial coefficient (7) equals 0 when a < bor b < 0.

Theorem 10 [26, p. 3494]: Consider an [n, k, d] code over
GF(g) with dual distance d-. Let ¢ be a positive integer with
0 <t < min{d,d*}. Let T be a set of ¢ coordinate positions
in P (C). Suppose that (P(C), B;(C)) is a t-design for any 4
with d < i < n—t. Then the shortened code Cr is a linear code
of length n — ¢ and dimension x — ¢t. The weight distribution
(Ag (CT))Z:) of Cr is independent of the specific choice of
the elements in 7. Specifically,

k) (n—t
W0 4,10
(1) (=)

Theorem 11 [26, p. 3494]: Consider an [n, k, d] code over
GF(g) with dual distance d-. Let ¢ be a positive integer with
0 <t < d*. Let T be a set of ¢ coordinate positions in P (C).
Suppose that (P(C), B;(C)) is a t-design for any i with d <
i < n. Then the punctured code CT is a linear code of length
n— ¢ and dimension . The weight distribution (A (CT))"_,
of CT is independent of the specific choice of the elements in
T. Specifically,

A;(C).

Ai(Cr) =

Ak (CT) _ zt: (nk t) (tk;rl) (E) AkJri (C)
& ()0

Theorems 10 and 11 were used as tools to settle the
weight distributions of some shortened and punctured codes
of two families of binary codes and very good shortened
and punctured codes were obtained in [26]. In this paper,
we will make use of Theorems 10 and 11 further and settle the
parameters and weight distributions of some shortened codes
of several families of linear codes. Note that the conditions in
Theorems 10 and 11 are very demanding. It is thus not easy
to use these two theorems to study shortened and punctured
codes.
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E. Some New General Results

In this section, we prove two general results. The first one
is the following.

Theorem 12: Every linear code C with minimum distance
d > 3 is a shortened code of C(m, ¢, a)* for some m, ¢ and a,
where « is a generator of GF(¢)* and C(m, ¢, o) was defined
in (2).

Proof: By assumption d > 3. It follows from Theorem 2

that there are m, ¢ and a generator o of GF(¢)* such that

ct =C(m,q,oz)T7

where T is a set of coordinate positions in C(m, ¢, «). It then
follows from Theorem 8 that

Clzc(m,q7a)T = ((C(m7qaa)l)L)T
= ((C(m.g,a)")r)"

Hence, C = (C(m, q,a)")r. This completes the proof. [
Corollary 13: Every linear code over GF(gq) with dual
distance at least 3 is a punctured code of a Simplex code
over GF(q).
Proof: Let C be any linear code of length n over GF(q)
with dual distance at least 3. By Theorem 2, there are a

positive integer m and a set of integers {ig, 1, ...,%,—1} such
that 0 < ip <11 < ... <ip_1 <q¢™—2and
C = {(Trgm /q(a))i=; : a € GF(¢"™)}. (5)

Since we assumed that the dual of C has minimal distance at
least 3, 7;, mod (¢™—1)/(¢—1) and i;, mod (¢™—1)/(¢—1)
must be different for any pair of distinct j; and js in the set
{0,1,...,n—1}. Note that o’/ € A;; mod gm—1/(q—1) for each
j€{0,1,...,n — 1}. We then deduce that C is a punctured
code of a Simplex code Sg m)(bo,...,b,—1) for some b; €
A;, where each i equals some by, for each j € {0,1,...,n—
1}. O

A Direct Proof of Corollary 13: Let C be any linear
code over GF(q) with length n, dimension m and dual
distance at least 3. Since the dual distance of C is at least
3, we must have n < (¢™ — 1)/(¢ — 1). Let [g1,...,8n]
be a generator matrix of C, where g; is a column vector of
GF(q)™. Since the dual distance of C is at least 3, any two
g; and g; are linearly independent over GF(g) for i # j.
Consequently, the set {g1,...,gn} can be extended into a set
{&1,---,8ns-,8(gm—1)/(g—1)}» in which any two distinct
elements are linearly independent over GF(q), i.e., it is the
point set of the projective space PG(m — 1, GF(q)). Hence,
the matrix [g;---ggm_1)/(q—1)] generates a Simplex code
S(q’m). Clearly, C = (S(q’m))T, where T'= {n+1,...,(¢™—
1)/(g — 1)}. This completes the proof. O

Corollary 13 shows the importance of the Simplex codes
and the puncturing technique.

Theorem 14: Every linear code with minimum distance at
least 3 is a shortened code of a Hamming code.

Proof: We follow the notation in the proof of Corollary
13. Let C be any linear code of length n over GF(q) with
minimum distance at least 3. By Corollary 13, C* is equal to
(S(q,m) (bo, b1, ..., b,,,l))T, where T' is a set of some coor-
dinate positions in the Simplex code S m)(bo, b1, ..., by—1),

5123

m is a positive integer, b; € A; for each i with 0 <i <wv—1.
By Theorem 8,

(S(‘Lm) (b07 bl; e
= ((H(q,m)(bo, by, ...
= ((H(gm)(bo, b1, .. .,bu_l))T)%

As a result, C+ = ((H(g,m)(bo, b1, .. .,b,,_l))T)L. Their
duals are equal. This completes the proof. O]

Similar to the direct proof of Corollary 13, one can prove
Theorem 14 without using Theorem 8. We omit the details of
such a direct proof here. Theorem 14 shows the importance
of the Hamming codes and the shortening technique.

Theorem 15: Consider an [n, k,d] code over GF(q) with
dual distance dt. Let t be an integer with 1 < ¢t <
min{d, d*}.

(1) For any set T' = {iy,42,...,4;} of ¢ coordinate posi-
tions, CT has length n—t, dimension x and minimum distance
at least d — t. Furthermore, if A4(C) > ¢" —q¢" (¢—1)' —1
and t < k, then the minimum distance of C” equals d — ¢.

(2) For any set T' = {i1,i2,...,4;} of ¢ coordinate
positions, (Cr)* has length n — t, dimension n — k and
minimum distance at least d- —t. Furthermore, if Ay. (C*) >
g —q" " tg— 1)t -1 and t < n — k, then the minimum
distance of (Cr)* equals d*+ — t.

Proof: Since t < d, the punctured versions of any two
distinct codewords in C are distinct. It then follows that the
dimension of CT is k. Clearly, the minimum distance of cT
is at least d — ¢.

Let M be a ¢" x n matrix whose rows are all codewords
of C. Since t < dt, it follows from Lemma 3 that M
is an orthogonal array of strength ¢. Let S;(7") denote the
set of all codewords in C whose coordinates in 7' are all
nonzero, and define S3(7T") = C\ S1(T"). By definition, S;(T)
and Sy(T') partition C. Since M is an orthogonal array of
strength ¢, |S1(T)| = ¢"*(q — 1)*. Consequently, |So(T)| =
q" —q"*(qg—1)". Let C,; denote the set of all codewords of
weight d in C. Then S1(T)NCy and S (T') N Cy partition Cy.
Note that d > 1 and

1S2(T) N Ca| < [S2(T)| =1 =¢"—¢" "(¢—1)" — L.

If Ag(C) > ¢" —q"%(q— 1) —1 and t < &k, then
|S1(T) N C4| > 1. This means that there is at least one
codeword in C whose coordinates in 7" are all nonzero. As a
result, the punctured version of this codeword has Hamming
weight d—t. Hence, the minimum distance of C* equals d—t.
This completes the proof of Part (1).

By Theorem 8, we have (Cr)* = (C1)T. The desired
conclusions in Part (2) then follow from those in Part (1).

L

The only new result in Part (1) of Theorem 15 is the last
conclusion on the minimum distance of the punctured code
CT. Theorem 15 will be used to determine the parameters of
some shortened codes and their duals later.

abv—l))T
b))

III. SOME SHORTENED CODES OF THE HAMMING CODES

The trace definition of the Simplex code S, and the
Hamming code H, .,y was given in Section II-C. We now give
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the matrix definition of them. A parity check matrix H g ) of
the Hamming code H 4 ) over GF(q) is defined by choosing
for its columns a nonzero vector from each one-dimensional
subspace of GF(¢)™. In terms of finite geometry, the columns
of Hm) are the points of the projective geometry
PG(m —1,GF(q)) [9, Section 1.8]. Hence H 4, ) has length
n=(¢"™—1)/(¢—1) and dimension n —m. Note that no two
columns of H, ) are linearly dependent over GF(gq). The
minimum weight of H, ,,) is at least 3. Adding two nonzero
vectors from two different one-dimensional subspaces gives a
nonzero vector from a third one-dimensional space. Therefore,
H(q’m) has minimum weight 3. It is also well known that any
[(¢™—=1)/(¢g—1),(¢"™—1)/(¢g—1) —m,3] code over GF(q)
is monomially equivalent to the Hamming code H(q m) [19,
Theorem 1.8.2]. The weight distribution of H ) is given in
the following lemma [10].

Lemma 16 [10, p. 2418]: The weight distribution of
H(q,m) is given by

quk(H(q,m)) _
Z0<1<L1m—11 |:( qgl

O<j<qm 1
i+j=k

(<17 (g = 1)i(g™ = 1))]
for0<k<(¢"™—-1)/(¢g—1).
The following lemma was proved in [10] and will be needed

later.

Lemma 17  [10, p. 2418]: Let m > 2. Then
(P(H (q, m)) Bym- 1(H(JZ; m))) is a 2-((¢" — 1)/(¢ —
1),¢q" 1 (g — 1) %) simple design.

Theorem 18: Let n = (¢™ —1)/(¢ — 1) > 4, and let ¢; be
any coordinate position in H 4 ). Then the following hold:

° (H(q,m)){tl} isan [n—1,n—m—1,3] code over GF(q)

with
n—=k
Au((Higm))y) = ——Ar(Higm))
for 0 < k < n — 1, where Ap(H4,m)) Was given in
Lemma 16.

. (Hd} m)){tl} isan [n—1,m—1,¢™ '] code over GF(q)
with weight enumerator 1+ (¢"~! — 1)z et

o (Higm))gey) " is an [n — 1,m,¢™ ! —
GF(q) with weight enumerator

L+ (g —1)gm 21 +(¢" 7 = 1)z

. ((H(J;I_m)){tl})l- is an [n —1,n —m, 2] code over GF(q)
with weight enumerator

1] code over

m-1_1 m—1

1 o
o (A F(@=1)2) +

("t =)= 27" 1+ (g - Dy
Proof: By Lemma 4, qu—l(Hd}’m)) does not

incidence
2-design.

have repeated blocks. By Lemma 17, the
structure (P(H(J;bm)),qu,_l(H(l(bm))) is a
Since the Simplex code H(J;]_m) has weight enumerator
14 (g™ —1)21 (P(H(q m))> Bk(H(q m))) 18 the trivial

m—1
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2-design (P(H{, ), {0}) or (P(H{, ), 0) for each & with
0 <k <mnandk # ¢ L It then follows from Theorem 5
that (P(H(q7m)),8k(H(q7m))) is a 2-design for each k with
0 < k < n. The desired conclusions on (H 4 m))f,} and
(H(Lq’m)){tl} then follow from Theorem 10 and Lemma 16.
In particular,

n
AB((H(q,m)){h}) =

Hence, d((H(q,m)){tl}) =3
It follows from Theorems 8 and 11 that

Ak(((H(q,m)){tl})l)
= Ak(((H(q,m))L){tl})
1 n—1y (k+iy (1
= Z%AkJﬂ((H(q,m))L) (6)
= (5 ()
Notice that (H(qm))" has weight enumerator 1 +

(¢™ — 1)2¢"". Combining this with (6), we deduce that

Ak (Higm)) g ) ") = 0 for all k & {0,¢" " — 1,41}
and

‘ (H(%m)) > 0.

Agm=11((Higm))y) ™) = (@ — 1)g™

and

Aq"”—1 (((H(q,m)){h})L) = qul - L

This completes the proof of the desired conclusions on
((Hg.m) )11

Finally, we prove the conclusions on the code
((H(J;I m)){tl})L. Note that the weight enumerator of
((H(Lq 7n,)){t1})l is 14+ (gm ! — 1)z‘1m_1. The desired weight
enumerator in (6) then follows from the MacWilliams identity
[9, p. 65]. It is easily verified that the coefficient of z in the
polynomial in (6) equals 0, and the coefficient of 22

(n;l)(q _ 1)2 + (qm,—l _

DI, )+ (T )= 17

qm, —1

—(q

m—1

—D(g-1)n—-1-¢™"")
_alg=D(" 1)

> 0.
2

Consequently, ((H(J;I_m)){tl})l- has minimum weight 2.
It also follows from Lemma 7 that the code ((H(J;Nn)){tl})J‘
has minimum distance 2.

We have the following remarks on the two shortened codes

in Theorem 18 and their duals.

o It is known that the automorphism group of the Hamming
code (H 4,m)) is transitive. Hence, the weight distribution
of (H(gm)){t,} can also be derived from Theorem 9
and was known. Our approach to the determination of
the weight distribution of (H(q,m)){s,} is different. The
weight distribution of the binary code (H(2,m)) ¢} Was
also pointed out in the proof of the corollary of Theo-
rem 5.1 in [2]. The dimension of (H(q,m)){s,} follows
directly from Theorem 8, and was also pointed out in
Proposition 4.5 in [2], [6].
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o It follows from Proposition 4.5 in [6] and Theorem 18
that the shortened code (H(qm)){s} is dimension-
optimal.

e Let n > 7 and m > 2. Then the shortened
code (H(q,m))t,} is length-optimal with respect to the
sphere-packing bound. (Hé(_],m)){tl} and its dual both
meet the Griesmer bound.

« The code ((Mg,,, )in})" is distance-optimal with
respect to the sphere-packing bound, and is MDS when

2. Note that (('H(J&?m)){tl})l‘ = (H(%m)){tl},

which is a punctured Hamming code.

Theorem 19: Letn = (¢™—1)/(g—1) > 6, m > 2, and let
t1 and 12 be any two distinct coordinate positions in H (g ).
Then the following hold:

1) (Hgm))it:,to3 18 an [n —2,n —m

GF(q) with

m =

— 2, 3] code over

k) (m—2

() (")

n\ (n—2

(3) (22
for 0 < k < n — 2, where A(H,m)) Was given in
Lemma 16.

2) (Hé(_],m)){tth} is an [n — 2,m — 2,¢™ 1]
GF(g) with weight enumerator 1 + (g™ =2 — 1)2¢

3) (H(gm)){tr,t23)™ is an [n—2,m, g™~ — 2] code over
GF(q) with weight enumerator

14+ (q _ 1)2qm—2zq

Ak((H(q,m)){t1,tz}) = Ak(H(q,m))

code over

m—1

m-1_o m-1_1q

+2(qg—1)g™ 221
(¢" = 1)2"

+

m—1

1
4) ((H(Lq m)){t17t2}) has parameters [n—2,n—m, 1] and
weight enumerator

[(1+(q

—1)(1—2)1

In particular,

A (i) ) =@=1%

Proof: By Lemma 4, Bjm- 1(H(J;I my) does not have
repeated blocks. Lemma 17 tells us that the incidence struc-
ture (P(H(qm) Bym- 1(H(q’m )) is a 2-design. Since the
Simplex code 7—(L has weight enumerator 1 + (¢™ —
1)z7" ", (P(H(qm) Bk(H(qm )) is the trivial 2-design
(P(H qm)) {0}) or (P (H(qm) ) for each k with 0 <
kE < n and k # ¢™ . It then follows from Theorem 5
that (P(H(q7m)),8k(H(q7m))) is a 2-design for each k with
0 < k < n. The desired conclusions on (H (g m))1¢,,,} and
(H{y.m)) {#1,2} then follow from Theorem 10 and Lemma 16.
In particular,

—1)2)" 24

qm, -2

m—2

(q (1+(g— a2

A3((H(q,

m) )t t2}) = %As(wq,m)) > 0.
2

Consequently,

d((H(qﬂn)){tth}) =3

5125
It follows from Theorems 8 and 11 that
A(Hgum)) tr 1))
= Ak’(((H(q,m))L){thw})
2 n—2\ (k+12\ (2
= ZMAHJ(H@M))H- (8)

=0

(55 ()

Notice that (H((I?m))l- has weight enumerator 1 +

(¢™ — 1)2¢"". Combining this with (8), we deduce that
Ak(((H(q,m)){tl,tz})l) = 0 for all k g {07 qul - 2; qul -
1,¢g™ '} and
Aq’”*l—Q(((H(q,m)){t1,t2})L) (q )2 me 27
Aq""_lfl(((H(q,m)){thw})l) 2(q - 1)
Agm=1 (Mg e a23) ") = 472 = 1.

This completes the proof of the desired conclusions on

((H(%m)){thtz})L'
Recall that the weight enumerator of (Hé,m)) {t1,2) is

1+ (¢m2—1)27""". It then follows from the MacWilliam
1
Identity that the weight enumerator of ((Hd},m)){tlym}) is

q'm,—l
2 _ 1) (1+(1q—1)z) )

(14 (g = 1)z)n-2 (1 (g

qm—2
VR E
qm-
m—2 _ _ m—1 n—2 !
GiaR R0 (R | D

We have obviously

I+ (@=1D)" =1+ n-2)(@-)z+-,

m—1

(1—Z)q :1_qm—1z_’_.“7
(14 (g = )a)" 270" =
I+ (n—q¢™ ' =2)(¢g—1)+

Consequently, the coefficient of the term z in the polynomial
of (9) is given by
—-2)(g—1
n-2g-1)
qm-
2)(g—1)—q™ ")

m—2

("2 =1)((n—qm " -

qm, -2

=(¢—1)

L
The desired conclusion on A (((H(Lq’m)){thtz}) ) then

follows.

The reader is informed that the weight distribution of some
binary code (H(2,m)){t,.t,} Was pointed out in the proof of the
corollary of Theorem 5.1 in [2]. Let n > 7 and m > 2. Then
the shortened code (H (4,m)){¢,,t,} is both length-optimal and
dimension-optimal with respect to the sphere-packing bound.
The code ((H(q,m)){t:,t23) " is MDS when m = 2, and meets
the Griesmer bound when ¢ > 2. Numerical data by Magma
shows that (H(J;],m)){thtZ} is distance-optimal in many cases.
However, the following theorem shows that (H(lq ) {t1,t2} 18
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not length-optimal, and can be further punctured into a much
better code for every pair of distinct £ and to.

Theorem 20: Let n = (¢"™ — 1)/(¢ — 1) > 6, m > 3,
and let t; and ¢ be any two distinct coordinate positions
in Hym). Then there is a set 7" of ¢ — 1 coordinate
positions in (H(J;],m)){tlﬂ‘a} such that the punctured code

T
((Hé(_],m)){thtZ}) has parameters [n — 1 — ¢, m — 2,¢™ ]

and weight enumerator 1+ (¢™~2 — 1)z¢" . Furthermore,

T
the code ((H(J;]Jn)){thfﬂ}) meets the Griesmer bound. The

™ L
dual code <((H(J;1 m)){thfa}) ) has parameters [n — 1 —

gn+1—qg—m,2].
Proof: By Theorem 19,

A (((Hd},m)){tlytz})l> =(¢g—1)>

Hence, there is a set T' = {t1,-- - ,t4—1} of g—1 coordinate
positions in (H(J;_m)){tl,fa} such that
Ctl :Ctz :.":Ct471 :0
for all codewords ¢ = (c1,¢a, -+ ,Cp_2) € (H(J;]_m)){tth}'
Consequently, the desired conclusions on the parameters and
T
weight enumerator of the code ((H(J;]_m)){thtZ}) follow

from those of (M, ,)){t.1.}- Note that
m—3 —
> |
q'L

=0

—‘—n—l—q.

T
We conclude that the code ((H(Lq_m)){thtz}) meets the
Griesmer bound. -
By the definition of ((H(J;I m,)){tlﬂ‘a}) , any column

of any generator matrix of ((H(Lq m)){tl,tz}) is not
the zero vector. Consequently, the minimum distance of

1 T
(((H(%m)){tl,tg})
the sphere-packing

™ L
(((H(J&.m)){tl,h}) ) is at most 2. Consequently,

d( (((H(Lq’m)){tl,tz})T) l) =2.

Note that ((HL

(g,;m)

It follows from

2 is at least 2.
ound that the minimum distance of

T
){tl,tz}) is a one-weight code. It also

™ L
follows from Lemma 7 that the code (((Hé’m)){tl,ib}) )

has minimum distance 2. N
i
The code ((H(q,m)){tl,tz})
has parameters [n — 2,n — m, 1] and is not interesting in
terms of its error-correcting capability. However, Theorem 20
demonstrates that information about this code can be used to

puncture its dual code (Hd} m)){t17t2} and obtain the optimal

documented in Theorem 19

code ((Hd},m)){tl,tz}) . Therefore, studying linear codes
with minimum distance 1 and the structure of the minimum
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weight codewords with weight 1 is valuable. We inform that
the trace codes over GF(r) of one-weight codes over GF (r™)
with the same parameters may have different dimensions or
minimum distances. Hence, one-weight codes can be used
to construct new codes over smaller fields and are thus
interesting. The reader is also informed that the parameters of
some shortened Hamming codes were also discussed in [20].

IV. SOME SHORTENED CODES OF THE REED-MULLER
CODES

Our task in this section is to study some shortened
codes of some binary Reed-Muller codes. Reed-Muller codes
can be defined by either the univariate or the multivariate
approach. Each approach has advantages and disadvantages.
We briefly recall the univariate definition below. Let m be
a positive integer. Any function from GF(2™) to GF(2) is
called a (univariate) Boolean function. Let B,,, denote the set
of all Boolean functions on GF(2™). Every nonzero Boolean
function f on GF(2™) can be uniquely expressed as

om_1

flo) =Y f',
i=0

where f; € GF(2™). Every integer ¢ with 0 < i < 2™ — 1
has the unique 2-adic expansion i = E;’ZOI i;27, where
i; € {0,1}. The 2-weight of ¢ is defined to be the Ham-
ming weight of (ig,%1,...,%,—1). The algebraic degree of a
Boolean function f on GF(2™) defined in (10), denoted by
deg(f), is defined to be the maximum 2-weight of all ¢ such
that f; # 0.

Let o be a generator of GF(2™)*. Define Py = 0 and
P, = o' ! for 1 < i < 2™ — 1. The Reed-Muller code of
length 2™ and order r is defined by

R(T7m) = {(f(P0)7 . 'af(PQ’"—l)) : f € BMadeg(f) < ’I“}.

The reader is referred to [9, Chapter 5] and [23, Chapter 13]
for detailed information on the Reed-Muller code. The follow-
ing are well known:

e R(r,m)t =R(m—1-r,m).

e R(1,m) has parameters [2",m + 1,2™"!] and weight

enumerator 1+ (2m+1 —2)22" " 4 22"

e R(m — 2,m) has parameters [2™,2™ —m — 1,4].

Our objective in this section is to study some shortened
codes of R(1,m) and R(m—2,m) and their duals. As before,
we are only interested in optimal codes, almost-optimal codes
and codes meeting a bound for linear codes. The first result
of this section is the following.

Theorem 21: Let m > 3, and let t; be any coordinate
position in R(1,m). Then the following hold.

1) R(1,m)g,y is a [2™ — 1,m,2™"'] binary code
with weight enumerator 1 + (2™ — 1)z2m_1, and is
permutation-equivalent to a binary Simplex code. The
code meets the Griesmer bound.

2) (R(1,m)q,y) " isa [2™—1,2™—m—1,3] binary code,
and is permutation-equivalent to a binary Hamming
code. The code meets the sphere-packing bound.

(10)
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3) R(m —2,m)g,y is a [2™ —1,2™ —m — 2, 4] binary
code. The code is distance-optimal with respect to the
sphere-packing bound.

4) (R(m — 2,m)qy)*" is a 2™ — 1,m + 1,271 — 1]
binary code with weight enumerator

T+ (2m—1)22" g em - 1)22" 42

This code meets the Griesmer bound.

Proof: Recall that R(1,m) has parameters [2,m +
1,21 and weight enumerator 1 + (2m+! — 2)22"" 4
22", By Theorem 8, R(1,m),; has length 2 — 1 and
dimension m. The weight enumerator of R(1,m) tells us that
every codeword other than the zero codeword and the all-1
codeword in R(1,m) has weight 2™~ As a result, every
nonzero codeword in R(1,m),; has weight 2m~1 Hence,
R(L,m) s,y is a [2™ — 1,m, 2™ 1] binary code with weight
enumerator 1 + (2™ — 1)22" ', It follows from Lemma 7
that R(1,m) ¢, is permutation-equivalent to a binary Simplex
code. Consequently, (R(1,m);, )" is permutation-equivalent
to a binary Hamming code. This completes the proof of the
conclusions in Part 1) and Part 2).

By Theorem 8,

(R(m — Q,m){tl})L = ((R(1, m)L){m})L = R(lvm){tl}-

It follows from Theorem 8 that R(1,m) has dimension
m-+1. Let M denote a 2™+ x 2™ matrix consisting of all the
codewords of R(1,m) as row vectors. Since R(m—2, m) has
minimum distance 4, it follows from Lemma 3 that the matrix
M is an orthogonal array with strength 3. Every column vector
of M has the same number of 1’s and 0’s. The conclusion on
the weight distribution of (R(m — 2,m);,})" then follows.
The dimension of R(m — 2,m)(,; follows from that of
(R(m—2,m),})*. It follows from the sphere-packing bound
that d(R(m—2,m)4,3) < 4. Recall that d(R(m—2,m)) = 4.
By the definition of shortened codes, d(R(m—2,m),3) > 4.
Consequently, d(R(m — 2,m),y) = 4. This completes the
proof. O

Theorem 22: Let m > 3, and let ¢t; and t2 be two distinct
coordinate positions in R(m —2, m). Then the following hold.

1) R(1,m) g, 4,y is a [2™ — 2,m — 1,27 '] binary code

with weight enumerator
1+ (2m 1t —1)22" "
This code meets the Griesmer bound.

2) (R(1,m)q4 4,3)" is a [2™ —2,2™ —m — 1,2] binary
code, and is distance-optimal with respect to the
sphere-packing bound.

3) R(m — 2,m)qs, 4,y is a [27 — 2,2™ — m — 3,4]
binary code and is distance-optimal with respect to the
sphere-packing bound.

4) (R(m —2,m) g, 1,3) " isa 2™ —2,m+1,2m"1 — 2]
binary code with weight enumerator

14+ (2777,71 _ 1)22m—172 4 2m22m_171 +

(2m_1 B 1)2’27”71 I 227n_2.

This code meets the Griesmer bound.
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Proof: By Part 1) of Theorem 21, R(1,m), 1,3 is
permutation-equivalent to a shortened code (S(g’m) 0 of
the Simplex code, where ¢ is a coordinate position in Sz ).
By the second part of Theorem 18, R(1,m)(, ¢, is a
[2m — 2 m — 1,2™1] binary code with weight enumerator
1+ (2771 —=1)22" " 1t s easily verified that R(1,m) (1, 1)
meets the Griesmer bound. This completes the proof of Part 1).

Note that (R(1,m), 1,})" is permutation-equivalent to

((S(g’m)) ‘ f}) . The desired conclusion then follows from

the fourth pﬁrt of Theorem 18.
By Theorem 8,

(R(m — 2, m){thtz})L = R(l, m){tl’tZ}.

Recall that d(R(1,m)) = 2m~! > 4 and d(R(m—2,m)) =
4. Tt then follows from Theorem 8 that dim(R(1,m)*:t2}) =
dim(R(1,m)) = m + 1. Recall that R(1,m) has parameters
2™, m + 1,2"7!] and weight enumerator 1 + (27+! —
2)22""" + 22", We then deduce that

Ao(R(1,m) 12}y = Ag(R(1,m)) = 1,
Agmfl (R(17m){t17t2})

= N(¢17i2)(070) —1=2om1_ 1,
Agm_l,l(R(Lm){tl,tz})

- N(il’iz)(o’ 1)+ N(i17i2)(17 0)
AQm,—l_Q(R(l, m){tth})

= N(¢17i2)(17 ]-) —1=2om1_ 1,
Ago(R(Lm){ ) = Ay (R(1m)) = 1,

and A (R(1,m){tvt2}) =0 for all k ¢ {0,2m~1 —2,2m~1 —
1,2m~1 2m — 2}, Note that

Em: [L_lﬂ — ﬂ =2" -2
=0 2

This means that the code (R(m — 2,m), +,3)" meets the
Griesmer bound. This completes the proof of Part 4).
Clearly, we have

dim(R(m — 2,m) ¢, 1,3)
2™ — 2 —dim((R(m — 2, m){tl,tQ})J‘)

2™ —m — 3.

Note that d(R(m — 2,m)) = 4. By the definition of
shortened codes, d(R(m — 2,m) ¢, 1,3) > 4. It follows from
the sphere-packing bound that d(R(m — 2,m), +,3) < 4.
Consequently, d(R(m —2,m), +,3) = 4. This completes the
proof of Part 3). 0

Note that all the codes in Theorems 21 and 22 are
either distance-optimal, or dimension-optimal, or distance-
almost-optimal or dimension-almost-optimal. We have also the
following.

Theorem 23: Let m > 3, and let t1, to and t3 be three
pairwise distinct coordinate positions in R(m — 2,m). Then
the following hold.
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D (R(m—2,m) {4, t0,053)" 182 2™ =3, m+1,2""1 = 3]
binary code with weight enumerator
1+ (Qm—Q _ 1)22’”*1—3 +3x 2m—222’”*1—2 +
3 x 2m7222m—171 + (2m72 . 1)22”—1 42738,
This code almost meets the Griesmer bound.
2) R(m — 27m){t1’t2’t3} is a [2m — 372"1’ —m — 474]

binary code and is distance-optimal with respect to the
sphere-packing bound.

Proof: By Theorem 8, we have

(R(m = 2,m) 1, 15.053) " = R(L,m) Itz tal, (11)

Recall that d(R(1,m)) = 2™~! > 4 and d(R(m—2,m)) =
4. It then follows from Theorem 8 that
dlm((R(m - 27 m){thtz,t:«;})L)
= dim(R(1,m){trt2ta})
=dim(R(1,m)) = m + 1.

Let M denote a 2™*1 x 2™ matrix consisting of all the
codewords of R(1,m) as row vectors. Since R(m — 2,m)
has minimum distance 4, it follows from Lemma 3 that
the matrix M is an orthogonal array with strength 3. Let
Ny ia,iz) (U, v, h) denote the number of codewords ¢ =
(co,c¢1y...,com_1) in R(1,m) such that ¢;, = w and ¢;, = v
and ¢;;, = h. Since M is an orthogonal array with strength
3, we have N(;, 4, i) (u,v,h) = 2m=2 for each (u,v,h) €
GF(2)3. Recall that R(1, m) has parameters LQm, m+1,2m1]
and weight enumerator 14 (2™%1 —2)22""" + 22" We then
deduce that

Ao(R(1,m)tt211) = Ag(R(1,m)) =1,
AQm—l,g(R(l,m){tl’tz’t3})
= Nipigin)(1,1,1) =1 =2""2 -1,
A27n,—1_2(R(17m){t17t27t3})
= N(i17i27i3)(0a 1, 1) + N(i1,i2,i3)(1a 0, 1) +
N(il,iz,i;;)(la 17 0)
= 3x2m2
A2m71_1(7?,(1,m){tl’t2’t3})
= N(i17i27i3)(0a 0, 1) + N(i1,i2,i3)(0a 1, 0) +
Niy in.i5)(1,0,0)
= 3x2m 2
Agm—1 (R(1,m){tt2:ta})
= Ny in,is)(0,0,0) =1 =272 — 1,
Agm_3(R(1,m){tt2t}) = Ao (R(1,m)) =1,

and Ay (R(1,m){tt2:t3}) = 0 for all k that are not in the set
{0,2m"1 —3,2m~1 _g om=1l _q gm=1 om _ 3}

This proved the desired weight enumerator of the binary
code (R(m — 2,m) 4, 1,.453) " Note that

m
2m,—1 -3
[7] —om oy
21
=0

1=
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This means that the code (R(m — 2,m) (4, 1,,1,3) " almost
meets the Griesmer bound. This completes the proof of Part
D).

It is straightforward that

dlm(R(m — 2, m){t17t27t3})
= 2m — 3 — dlm((R(m — 2, m){thtz’t:s})L)
=2 —m—4.

Note that d(R(m — 2,m)) = 4. By the definition of
shortened codes, d(R(m—2,m), ¢, 4,1) > 4. It follows from
the sphere-packing bound that d(R(m — 2,m), ¢,.1,1) < 4.
Consequently, d(R(m — 2,m) 4, 1,.t,3) = 4. This completes

the proof of Part 2). O
At the end of this section, we remark that Theorems 21, 22

and 23 can be proved in another way. Note that
Bam (R(1,m)) = {P(R(1,m))}. It is easily seen that
(P(R(1,m)), Bam (R(1,m))) is a 3-(2™,2™,1) simple

design. It is well known that (P(R(1,m)), Bom-1(R(1,m)))
is a 3-(2m,2m~1 29m=2 _ 1) simple design [9, p. 143].
Clearly, (P(R(1,m)),Br(R(1,m))) is the trivial 3-
design (P(R(1,m)),{0}) or (P(R(1,m)),0) for all
k ¢ {2m~1 2™} It then follows from Theorem 5 that
(P(R(1,m)1), B(R(1,m)1)) is a 3-design for all k with
0 < k < 2™. One can also apply Theorems 8, 10 and 11 to
prove Theorems 21, 22 and 23.

V. SOME SHORTENED CODES OF THE OvOID CODES

In the projective space PG(3, GF(q)) with ¢ > 2, an ovoid
V is a set of ¢ + 1 points such that no three of them
are collinear (i.e., on the same line) [9, Chapter 13]. Two
ovoids are said to be equivalent if there is a collineation (i.e.,
automorphism) of PG(3, GF(q)) that sends one to the other.

A classical ovoid V can be defined as the set of all points
given by

v = {(0,0,1,0)}u

{(z, y,2” +ay +ay® 1)z, y € GF(q)},

where a € GF(q) is such that the polynomial 22 + z + a has
no root in GF(q). Such ovoid is called an elliptic quadric,
as the points come from a non-degenerate elliptic quadratic
form. For ¢ = 22¢tl with e > 1, there is an ovoid which
is not an elliptic quadric, and is called the Tits oviod. It is
defined by

T = {(0,0,1,0)} U

{(z,y, 27 + 2y +y° "2, 1) 12, y € GF(q)},

where o = 2°*!. For odd ¢, any ovoid is an elliptic quadric.
For even ¢, Tits ovoids are the only known ones which are
not elliptic quadratics. In the case that ¢ is even, the elliptic
quadrics and the Tits ovoid are not equivalent.

Let V be an ovoid in PG(3, GF(q)) with ¢ > 2. Denote by
V= {Vla V2,... 7vq2+1}7

where each v; is a column vector in GF(q)*. Let Cy, be the
linear code over GF(g) with generator matrix

Gy = [V1V2 S Vq2+1} . (12)
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It is known that Cy is a [¢> + 1,4, ¢> — ] code over GF(q)
with weight enumerator

1+ (P - )@+ 127+ (- 1)(PZ+ 1) (13)

and its dual Cj; is a [¢> + 1,¢* — 3,4] code over GF(q)
[9, Chapter 13]. Conversely, the set of column vectors of a
generator matrix of any [¢> + 1,¢* — 3,4] code over GF(q)
is an ovoid in PG(3, GF(q)). Hence, ovoids in PG(3, GF(q))
and [q? 4+ 1,¢% — 3,4] codes over GF(q) are the same, and a
[¢*> +1,4,¢® — q] code over GF(q) is called an ovoid code
over GF(q).

The reader is referred to [9, Chapter 13] for detailed infor-
mation about ovoids and ovoid codes. The weight distribution
of an ovoid is given in the following lemma [9, p. 324, p. 327].

Lemma 24: Let ¢ > 4, and let C be a [¢> + 1,4,¢* — q]
code over GF(q). Then the weight distribution of C* is given
by

q* A(Ch) =
(@D u X (TN () @ -1+
o [(CDAG) + (D) e - 1)
for all 4 < ¢ < ¢?, and
" Ap(CH) = (g— DT +ulg— )T (g - 1),
where

u=(¢> - q)(¢* +1), v= (¢ 1)(¢* + 1).
In particular,

aycty = 4=l 1)231@ +D(+1)

Lemma 25: [9, p. 327] Let C be the ovoid code defined
above. Then (P(C),By_,(C)) is a 3-(¢* + 1,¢*> — ¢, (q —
2)(q?> — q — 1)) simple design.

We are now ready to study some shortened codes of ovoid
codes, and have the following results.

Theorem 26: Let ¢ > 4, and let C be a [¢®> + 1,4,¢* — ]
code over GF(q). For any coordinate position ¢1, the following
hold.

1) Cpy is a [¢%,3,¢% — ¢ code over GF(g) with weight

enumerator

1+ q(g? —1)27 "7 4 (¢ — 1)z

2) (Cpy)*t is a [¢%,¢* — 3,3] almost MDS code over
GF(q).

3) ((CH) )t isale? 4, ¢ —q—1] code over GF(g) with
weight enumerator

(14)

L+¢%(g—1)%" "+ q(g* —1)27 7 +
Pla=1)z" "+ (g 1)

4) (CL){tl} is a [¢%,¢*> — 4,4] almost MDS code over
GF(q) with weight distribution
BI)

("I 6L

where 1 < k < ¢2, and A (C) was given in Lemma 24.

AR((CH)peyy) = A(Ch),
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Proof: 1Tt is straightforward to see that two codewords of
weight ¢2 in C have the same support if and only if one is a
nonzero multiple of the other. Hence, B,2(C) has no repeated
block and cardinality ¢? + 1, and every g2-subset of P(C)
appears exactly once in B2 (C). Consequently, (P(C), B,2(C))
is a 3-(¢> + 1,¢% ¢* — 2) design. Lemma 25 tells us that
(P(C),Byz—4(C)) is a 3-(¢° +1,¢°> — ¢, (¢ — 2)(¢* —q — 1))
simple design. Hence, (P(C), B(C)) is a 3-design for all k
with 0 < k < ¢? + 1. It then follows from Theorem 5 that
(P(CH), Bk(C1)) is a 3-design for all k with 0 < k < ¢+ 1.
The desired conclusions on Cy;,  then follow from Theorem 10
and the weight enumerator of C given in (13). Using the
weight enumerator of Cy;,y in (14) and the MacWilliams
identity [9, p. 65], one can prove that the minimum distance
d((Cgyy)T) = 3. Thus, (Cppyy)t is a [¢2,¢* — 3,3] almost
MDS code over GF(q).

By Theorem 8, we have

((Cl){tl})l _ C{tl}.
It then follows from Theorem 11 that
A(CH) ) = Axct™h)
1 2\ (k+i
S (%) (7)
2 2+1
i=0 (kleri) (q 1 )

The desired conclusions then follow from the weight enu-
merator of C in (13).

Since d(Ct) = 4, by definition d((Ct)g,;) > 4.
If d((C*)q4,3) = 5, then (CH) 3 would be a [¢?,¢* — 4, 5]
MDS code, and ((C*),1)" would be [¢%,4,¢*> — 3] MDS
code, which is a contradiction. Therefore, d((C*),}) = 4.
The desired conclusion on the weight distribution of (C) 3
then follows from (15) and the weight enumerator of C given
in (13). O

Notice that all ovoid codes meet the Griemer bound. The
shortened codes and their duals documented in Theorem 26
are very interesting due to the following.

Aps(C). (15)

o Both Cyy,; and (C1);,} meet the Griesmer bound.

o All the four classes of codes in Theorem 26 support

2-designs (see Theorem 27 below).

Theorem 27: Let ¢ > 4, and let C be a [¢® + 1,4,¢* — ]
code over GF(q). For any coordinate position ¢1, the following
hold.

1) The incidence structure (P(Cys,3), Bg2—q(Cps,1)) is a

2-(¢%,¢*> — q¢,¢4*> — ¢ — 1) simple design.
2) The incidence structure (P((Cyr,3) "), Bs((Ceyy) ™)) is
a 2-(¢2,3,\{") simple design for some integer \i.

3) The incidence structure (P((C)q1,3), Ba((CH)qiy)) is
a 2-(¢%,4, (¢> — 3)(q — 2)/2) simple design.

4) The incidence structure

(PCH)ge1) ) B g1 (€1 ) )

isa2-(¢®,¢>—q—1,(q—2)(¢*> —q—1)) simple design.
The complement of this design is a 2-(¢%,q + 1,q)
design.

5) The incidence structure

(PCH) ) ) Baz—g (€ e:1) )
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is a 2-(¢%,¢*> — q,q*> — ¢ — 1) simple design. The com-
plement of this design is a Steiner system 2-(¢?, ¢, 1),
i.e., an affine plane.
Proof: We first prove Part 1) and Part 2). Put d; = ¢ — ¢
and di- = 3. According to Theorem 26, Ciiyyisa [42,3,¢°—q]
code over GF(q) with weight enumerator

1+ q(g® —1)27 "0+ (g —1)=7

and (Cyy,y) " is a [¢, ¢* — 3,3] code over GF(q). Let t = 2
and n = ¢2. Then t < min{dy,di} =3 andn—t=¢q>—2 >
q®> — q. It is clear that Cy,y has di —t weight in the range
{1,2,---,n —t}. Put w; = ¢*> — q and wi- = 3. Then we
have

(16)

wy +q—2
wl—{ilq_ql J=q2—2q<q2—q=d1

and
i
-2
wt - | L2
q—1
Hence, all the conditions in Theorem 6 are met. It then
follows from Theorem 6 that the incidence structure
(P(Cit1y), Bgz—q(Ciayy)) is a 2-(¢%, ¢* — ¢, A1) simple design
for some integer Ay and (P((Cyy,3)"), Bs((Cyeyy) ™)) is a 2-
(q2,3,\{) simple design for some integer Ai. It then follows
from Lemma 4 that

J=2<df.

AqQ—Q(C{h})

[Biz—q(Cray)| = =57 =alg + D).
Consequently,
_ (") _ o
M = |Boe—q(Cpery)| ¢° —q- 1

2=
(%)
This competes the proof of Part 1). It follows from Lemma 4
that

A C t1 +
By((Cyu ] = 2D,

Whence,
Q _ 6A3((C{t1})L)
= = .
(4)  (a—=1De*(—-1)
This completes the proof of Part 2).
Finally, we prove Part 3), Part 4) and Part 5). By Theo-

rem 26 ((CH)q,y)* is a [¢%,4,¢* — ¢ — 1] code over GF(q)
with weight enumerator

M= [Bs((Cpany) )]

L+ (g — 1227 717 4 g(g? — 1)27 1 +
2 2
(g =127 T+ (g - 1)27.

and (C1) 4,y is a [¢2, ¢* —4, 4] almost MDS code over GF(q).

Putds = ¢>—q—1and dy = 4. Thent < min{d;,d{ } = 4
and n —t = ¢> —2 > ¢* — q. It is clear that (C{tl})J- has
di —t weights in the range {1,2,--- ,n—t}. Putwy = ¢*> —¢q
and w3 = 4. Then we have

{wg—l—q—Q
wy — | —————

pi J—q2—2q<q2—q—1—d2
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and
1L
-2
wi — {wz +4q
qg—1

Hence, all the conditions in Theorem 6 are met. It then

follows from Theorem 6 that the following hold:

o (P(CH) 1)) Bal(CH)ayy)) s a 2-(¢%,4,Ay) simple
design for some integer \y;

° (P(((CL){n})L)vBq2fq71(((cl){t1})L))) is a 2
(¢%,q%> — q — 1, \2) simple design for some integer \a;
and

o (PUCH) ) ) Byz—o(((CH) 1) H))) is @ 2-(¢%, ¢° —

q, A3) simple design for some integer As.

J§3<d;

We will determine the specific values of AL, Ao and A3 below.
It follows from Lemma 4 that

1Bz g1 (€M) ) )|

CAp (€5t
= et

=q¢*(g—1).

Consequently,

(57
(%)
It is then easily verified that the complement of

(PU(CH) 1)) ) Byz—q-1((CH) ) 1)) is a 2-(¢*, g +1,9)

design.
It follows from Lemma 4 that

Aq2fq(((cl_){t1})l_))

Ao =[Bg2_g1(((CH) 1) )] =(q-2)(¢*—q—1).

|Bq2—q(((cl){t1})L)‘ = —1 =q(qg+1).
Consequently,
by 059
Az = ‘qu—q(((c ){tl}) )‘ . :qz—q—L

2
(%)

It is then easily verified that the complement of
(P(CH) 1)) Biz—g(CH) 1)) ) is a 2-(¢%q,1)
design.

We now determine )\j-. By Lemma 24,

—2)(q —1)?¢? D(g® + 1
At - €= D41,
24
It then follows from Theorem 26 that

() (%)
("3 (%)

(> =3)(g—2) (g —1)*¢* (¢ +1)

As((CH)qny) Ay(Ch)

24
We then deduce that
A4((€) 1)
Bi(c)wy = =
_ (@ =3)(g—2)(¢—Dd*(g+1)
24 '
Consequently,

4 2
| )| G

This completes the proofs of Part 3), Part 4) and Part 5). [J
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Since (P(C1), Bi(Ct)) is a 3-design for all k with 0 < k <
¢®> + 1, we can similarly determine the parameters and weight
distributions of the codes (CL){tth} and (CL){t17t27t3}. How-
ever, these shortened codes are less interesting, as they are not
optimal and do not support 2-designs.

VI. SUMMARY AND CONCLUDING REMARKS

The main contributions of this paper are the following.

e It was proved in Theorem 12 that every linear
code C over GF(g) with minimum distance d >
3 is permutation-equivalent to a shortened code of
C(m, q,a)* for some m, ¢ and «, where « is a generator
of GF(¢)* and C(m,q,c) was defined in (2). This
showed the importance of the shortening technique and
the family of cyclic codes C(m, ¢, o).

o The parameters and weight distributions of two families
of shortened codes of the Hamming codes and their duals
were settled in Theorem 18. All of the shortened codes
are optimal.

o The parameters and weight distributions of another two
families of shortened codes of the Hamming codes and
their duals were settled in Theorem 19. All of the
shortened codes are optimal.

o The parameters of three families of shortened codes of
the Reed-Muller codes R(1,m) and R(m — 2, m) were
settled in Theorems 21 and 23. All of the shortened codes
are optimal.

o The parameters of another two families of shortened
codes of the Reed-Muller codes R(1,m) and R(m —
2,m) were settled in Theorem 22. All of the shortened
codes are either distance-optimal, or dimension-optimal,
or distance-almost-optimal, or dimension-almost-optimal.

o The parameters of shortened codes of the oviod code
and its dual were settled in Theorem 26. The shortened
codes are either distance-optimal, or dimension-optimal,
or distance-almost-optimal.

o Five families of 2-designs were obtained from the short-
ened codes of the ovoid codes and their duals and were
documented in Theorem 27. Some of the 2-designs are
interesting, as they are related to affine planes.

In summary, eleven infinite families of optimal shortened
codes were presented in this paper. Note that all the one-weight
codes meeting the Griesmer bound presented in this paper are
not new up to equivalence, as they are permutation-equivalent
to a concatenation of a number of Simplex codes by Lemma 7.
The shortened code (R(1,m), )" is permutation-equivalent
to a binary Hamming code and is thus not new up to equiva-
lence.

Since every linear code with minimum distance at least
3 is a shortened code of a Hamming code, some shortened
codes of a Hamming code must have bad parameters and
some shortened codes must have good or optimal parameters.
To obtain an optimal or good shortened code, a linear code C
and the set 7" of coordinate positions for shortening must be
properly selected.

One part of the originality of this paper is to find suit-
able codes C satisfying all the conditions in Theorems 10
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and 11. In both theorems, the required conditions are that
(P(C),B;(C)) is a t-design for any ¢ with d < i < n —t for
the underlying code C. These conditions are very demanding.
It is not easy to find a linear code C satisfying these conditions.
Note that both Theorems 10 and 11 are just tools for obtaining
linear codes with new and interesting parameters. The second
part of the originality of this paper is the use of orthogonal
arrays for studying shortened codes (see the proofs of Theo-
rems 15, 21, 22, and 23). The last part of the originality of
this paper is the shortened codes with new parameters.
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