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The Dual Codes of Several Classes of BCH Codes

Binkai Gong™, Cunsheng Ding

Abstract— As a special subclass of cyclic codes, BCH codes
have wide applications in communication and storage systems.
A BCH code of length n over F, is always relative to an
n-th primitive root of unity 3 in an extension field of F,, and is
called a dually-BCH code if its dual is also a BCH code relative
to the same 3. The question as to whether a BCH code is a
dually-BCH code is in general very hard to answer. In this
paper, an answer to this question for primitive narrow-sense
BCH codes and projective narrow-sense ternary BCH codes is
given. Sufficient and necessary conditions in terms of the designed
distances 6 will be presented to ensure that these BCH codes are
dually-BCH codes. In addition, the parameters of the primitive
narrow-sense BCH codes and their dual codes are investigated.
Some lower bounds on minimum distances of the dual codes of
primitive and projective narrow-sense BCH codes are developed.
Especially for binary primitive narrow-sense BCH codes, the new
bounds on the minimum distances of the dual codes improve
the classical Sidel’nikov bound, and are also better than the
Carlitz and Uchiyama bound for large designed distances §. The
question as to what subclasses of cyclic codes are BCH codes is
also answered to some extent. As a byproduct, the parameters
of some subclasses of cyclic codes are also investigated.

Index Terms—BCH code, cyclic code, linear code.

I. INTRODUCTION

HROUGHOUT this paper, let F, denote the finite field

of order ¢, where ¢ is a power of a prime p. An [n, k, d
linear code C over F, is a k-dimensional subspace of Fy with
minimum (Hamming) distance d. The (Euclidean) dual code
of C, denoted by C*, is defined by

Ct={beF;:bc" =0VceC}

where be” denotes the standard inner product of the two
vectors b and c.

A linear code C is said to be cyclic if (cg,c1,...,¢n—1) €C
implies (¢p_1,c¢o,...,Cn—2) € C. By identifying each vector
(CQ7 Clye-ny Cn—l) S F(ZL with

coteix+exi+ - +epa e F,lz]/(z" — 1),
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a code C of length n over F, corresponds to a subset of
Fylz]/(z™ — 1). Then C is a cyclic code if and only if the
corresponding subset is an ideal of Fy[z]/(z™ — 1). Note
that every ideal of F,[z]/(z™ — 1) is principal. Then there
is a monic polynomial g(x) of the smallest degree such that
C = (g(x)) and g(x) | (™ — 1). Then g(x) is called the
generator polynomial and h(z) = (2™ — 1)/g(z) is referred
to as the check polynomial of C.

We always assume that gcd(n, ¢) = 1 in this paper. Denote
m = ord,(q), i.e., m is the smallest positive integer such that
¢™ =1 (mod n). Let v be a primitive element of Fym and

g™ —1

put 5 = « = . Then [ is a primitive n-th root of unity.
The set T = {0 < i < n—1:g(8) = 0} is referred to
as the defining set of C with respect to (. It is clear that
the generator polynomial of the cyclic code C can be derived
from its defining set and the corresponding 3. Thus the code
is determined once the defining set and [ are given. Denote
T~!={n—t:ie T} Then the defining set of the dual code
C* with respect to 8 is Z, \ T~
For an integer b and an integer § with 2 < § < n, define

g(q;n’(;’b) (J,‘) zlcm(Mﬁb (.13), M/gbﬁ—l (.13), . ,Mﬁb+5—2 (.13)), (1)

where Mi(z) denotes the minimal polynomial of 3° over
F, and Icm denotes the least common multiple of these
polynomials. Let C(, .5 denote the cyclic code of length n
over IF, with generator polynomial g »,5.5) (). Then C(g 1,50
is called a BCH code with designed distance ¢ with respect to
B. We call C(4,,,5) a narrow-sense BCH code if b = 1 and
for convenience we will use C(g 5, 5) in the sequel. When n =
%, C(g,n,s,b) 18 called a projective BCH code. It follows
from the BCH bound for cyclic codes that the minimum
distance of C(4 5 is greater than or equal to the designed
distance 9.

A cyclic code C over F, with length n is called a BCH
code if there are an n-th primitive root of unity 8 in Fym,
an integer § with 2 < § < n+1, and an integer b such that the
generator polynomial of C can be expressed as the polynomial
9(gn,sb)(x) in (1). BCH codes form a subclass of cyclic
codes, and are very attractive in both theory and practice.
Consequently, the following question is quite interesting.

Question 1: When is a cyclic code a BCH code?

By definition, if the generator polynomial of a cyclic code is
irreducible, then the cyclic code is a BCH code with designed
distance 2. However, Question 1 is hard to answer in general.
Our interest in this question comes from the fact that the
largest designed distance (called the Bose distance) of a BCH
code may be a very tight estimation of the minimum distance
of the BCH code. If we are able to prove that a cyclic code C

0018-9448 © 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Hong Kong University of Science and Technology. Downloaded on January 22,2022 at 01:51:48 UTC from IEEE Xplore. Restrictions apply.


https://orcid.org/0000-0003-0534-0314
https://orcid.org/0000-0001-9392-9860
https://orcid.org/0000-0002-2546-8641

954 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 68, NO. 2, FEBRUARY 2022

is a BCH code with designed distance §, we will know that C
has minimum distance at least . We will answer Question 1
for some subclasses of cyclic codes in Section III.

It is well-known that the dual codes of cyclic codes are also
cyclic. Then we have the following question.

Question 2: When is the dual code of a BCH code still a
BCH code?

This is a very hard question in general, although it may
be answered for some special BCH codes. If the dual of a
BCH code is still a BCH code, then the BCH bound may
be a tight lower bound on the minimum distance of the dual
code. This explains why we are interested in Question 2. Since
Question 2 is very hard to answer, we are interested in the
following question:

Question 3: When is the dual code of a BCH code over I,
with respect to an n-th primitive root of unity 3 still a BCH
code with respect to (3?

If the dual of a BCH code C over F, with respect to an n-th
primitive root of unity [ is still a BCH code with respect to /3,
we call C a dually-BCH code. If a cyclic code C is a dually-
BCH code, by definition C*+ must be a BCH code. If a cyclic
code C is not a dually-BCH code, Ct could still be a BCH
code. Hence, Question 3 is in general easier than Question 2.

We are very much interested in dually-BCH codes, as
the BCH bound may give a very tight lower bound on the
minimum distance of their dual codes and binary BCH codes
of length between 7 and 125 are always the best cyclic codes
except two special cases [8, Appendix A]. This is the main
motivation of this paper. In the past 55 years, a lot of progress
on the study of BCH cyclic codes has been made, but little
is known about the minimum distances of the duals of BCH
codes. We refer the reader to [2]-[4], [6], [7], [9], [10], [13],
[15]-[18], [20], [21], [23], [24] and references therein for
known results on BCH codes.

In this paper, we will answer Question 1 for some subclasses
of cyclic codes. In addition, we will answer Question 3 for
the codes C(q7q7n_176) and C(37$76), where 2 < § < n.
Sufficient and necessary conditions in terms of the designed
distance 0 are given to ensure that these codes are dually-BCH
codes. In addition, we will investigate the parameters of these
narrow-sense dually-BCH codes and their dual codes. Some

lower bounds on the minimum distances of C(J;I gm—1,6) and

C(J(-L( gm—1)/(g—1),5) e developed. Especially for the binary
codes C(2,2m_1,5), our new bounds on the minimum distances
of the dual codes improve the classical Sidel’nikov bound, and
are also better than the Carlitz and Uchiyama bound for large
designed distances 6.

In this paper, the tables of best known linear codes, main-
tained at http://www.codetables.de/, are referred to as the
Database. All examples of codes presented in this paper are
computed by Magma.

II. PRELIMINARIES

In this section, we introduce some results on coset lead-
ers and BCH codes, which will be employed later. For
more information on BCH codes, we refer the reader
to [22] and [5].

A. Coset Leaders

Let Z, = {0,1,2,...,n—1} be the ring of integers modulo
n. For any s € Z,, the g-cyclotomic coset of s modulo 7 is
defined by

Cs = {s,5¢,5¢°,...,5¢ Y mod n C Z,,

where [, is the smallest positive integer such that s = sq's
(mod n), and is the size of the g-cyclotomic coset. The
smallest integer in C is called the coset leader of Cs. Let
[(n,q be the set of all the coset leaders. We have then
Cs N Cy = ¢ for any two distinct elements s and ¢ in ', 4,

and
U ¢ =z.

$€L(n,q)

Hence, the distinct g-cyclotomic cosets modulo n partition
/e
For an integer ¢ with 0 <7 < ¢™ — 1, let

i = de1q™ T Fim—2q™ 2+ i1g g

be the g-adic expansion of 4, where 0 < i; < ¢ —1 for 0 <
Jj < m—1. We will also write i = (iy—1,%m—2,.-.,%1,%0)q
and call it the g-adic expansion of 7 in the sequel. It is
easy to obtain the g-cyclotomic coset leaders from the g-adic
expansion when n = ¢™ — 1. The following two lemmas on
coset leaders modulo n =¢™ — 1l and n = (¢™ —1)/(qg— 1)
will play an important role in the sequel.

Lemma 1: [11] The first three largest g-cyclotomic coset
leaders modulo n = ¢ — 1 are give as follows:

m—1
S=(-1)g" =18 =(g—1)g" —1—qgl"= ]
m,+1j

(532((]—1)(]’”_1—1—qL 2 1,

Lemma 2: [18] Let ¢ = 3 and m > 2. The first largest
coset leader modulo n = (¢™ —1)/(¢ — 1) is

qt(mfl)/2J -1
l1-—
qg—1

m—1

01 =q

B. Some Lemmas on BCH Codes

Charpin pointed out in [5] that it is a well-known hard
problem to determine the minimum distance of BCH codes.
So far, we have very limited knowledge of BCH codes,
as the dimension and minimum distance of BCH codes are
in general open. The following lemmas about the dimensions
and minimum distances of primitive BCH codes and their dual
codes will be employed later.

Lemma 3: [21] The dimension k of C(q7qm_17qt) is equal
to

L=t

" 1) (g = 1) (m—ir —1\ i
q _1_2( ) i( )( )q (+1)7

, 1 —1
=1

where r = m — t.

Lemma 4: [22] For any t with 1 <t < m — 1, a primitive
narrow-sense BCH code of length n = ¢™ — 1 and design
distance § = ¢* — 1 has minimum distance d = ¢' — 1.
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Lemma 5 (Carlitz-Uchiyama Bound, See [22]): Let C be
a binary BCH code of length 2 — 1 and designed distance
2s + 1. Then C* has minimum distance

dt>2m71 (s —1)2%.

Lemma 6 (Sidel’nikov Bound, See [22]): Let C be a binary
BCH code of length 2™ — 1 and designed distance 2s + 1.
Then C* has minimum distance

dl > 2m—1—|_log2(25—1)j )

III. WHEN IS A CycLIic CODE A BCH CODE?

We follow the notation introduced in Section I, and will
give an answer to Question 1 for some special cyclic codes.
Recall that ged(n,q) = 1, m = ord,(q), f = ald"—1/n
and « is a primitive element of F,n. The following result is
straightforward.

Theorem 7: Let C be a cyclic code over F, with length n
and generator polynomial g(x). If g(x) is irreducible over Fy,
then C is a BCH code with designed distance 2.

Theorem 8: Let C be the cyclic code over F, with length
n and generator polynomial g(x) = Mpg: (x)Mpg; (x), where i
and j are not in the same ¢-cyclotomic coset modulo n. Then
C is a BCH code if and only if there exists an integer ¢ with
0 < ¢ <m — 1 such that ged(i — j¢*,n) = 1.

Proof: Note that every n-th primitive root of unity 3’ must
be of the form 5’ = * with ged(u,n) = 1. By definition,
C is a BCH code with designed distance 3 with respect to 5’
if and only if ui — ujq’ = +1 (mod n) for an integer ¢ with
0 < ¢ < m — 1, which holds if and only if i — j¢* = +u~!
(mod n) for an integer ¢ with 0 < ¢ < m — 1. The desired
conclusions then follow. [ ]

As a corollary of Theorem 8, we have the following.

Corollary 9: Let C be the cyclic code over F, with length
n and generator polynomial g(x) = Mpg: (x)Mpg; (x), where ¢
and j are not in the same g-cyclotomic coset modulo n. If n
is a prime, then C is a BCH code.

Corollary 9 shows that cyclic codes of prime lengths
are very interesting. The following is also a corollary of
Theorem 8.

Corollary 10: Let C(j) be the cyclic code over F, with
length n and generator polynomial g;(z) = (x — 1)Mg; (),
where 1 < j < n. Then C(j) is a BCH code with designed
distance 3 if and only if ged(j,n) = 1.

If ged(j,n) = 1, then C(j) has parameters [n,n —m —1,d]
with d > 3, and is permutation-equivalent to C'(1).

Proof: The conclusion of the first part follows from
Theorem 8. We now prove the second conclusion. Since
ged(j,n) = 1, j(¢° —1) = 0 (mod n) for some ¢ with
1 < ¢ < m if and only if { = m. Hence, the g-cyclotomic
class C; modulo n has size m. Consequently, the dimension
of C(j) equals n—(m+-1). The conclusion of the first part and
the BCH bound show that the minimum distance d(C(j)) > 3.
By Delsarte’s theorem,

C(J) = {(Trgmjq(aB~) + D) 1 a € By, bEF,),

where Trgm/,(z) denotes the trace function from Fgm to
F,. Clearly, mj(z) := zj modn is a permutation of Z,,

955

TABLE I
C(1) aAND C(1)*

q C(1) Record code c(1)* Record code
2 | [15,10,4] | [i5,10,4] 15,5,7 15,5,7

2 [ 17,8, 6] [17,8, 6] 17,9,5 17,9,5

2 | [31,25,4 31, 25,4 [31,6, 15] [31, 6, 15]
2 | [33,22,6 33,22,6 [33,11,11] | [33,11,11]
3 | [26,22,3 26,22,3 26,4, 17 26,4, 17
3 28,21,4 28,21,4 28,7,12 28,7,12
3 80, 75,3 80, 75,3 80, 5,53 80, 5,53
3 82,73,4 82,73,5 82,9,44 82,9,48

TABLE II

C'((n—2)/2) ANDC'((n — 2)/2)*

q | C'((n—2)/2) | Record code | C’((n —2)/2)+ | Record code
3 26,22, 3 26,22,3 26,4, 17 26,4, 17
3 28,21,4 28,21,4 28,7,12 28,7,12
3 80,75,3 80,75,3 80,5, 53 80, 5,53
3 82,73,4 82,73,5 82,9,44 82,9,48
5 24,21,3 24,21,3 24,3,10 24,3,19
5 26,21,4 26,21,4 26,5,16 26,5, 17

as ged(j,n) = 1. It is easily seen that 7;(C(1)) = C(j). This
completes the proof. [ ]

We remark that the lower bound that d(C(j)) > 3 given
in Corollary 10 is very general and is tight in certain cases.
Such cyclic codes C(j) with generator polynomial g;(z) =
(x — 1)Mg, () have very good parameters in general, where
1 < j < n and ged(j,n) = 1, as they are BCH codes.
Table I documents examples of C(1) and C(1)*, where the
record linear code with same length and dimension is from
the Database.

Similarly, we can prove the following.

Corollary 11: Let ¢ be odd and let n be even. Let C'(5)
be the cyclic code over F, with length n and generator
polynomial g}(z) = (z + 1)Mpg; (x), where 1 < j < n and
j #n/2. Then C'(j) is a BCH code if and only if there is an
integer u such that ged(u,n) =1 and j = u(n+2)/2 mod n.

If there is an integer w such that ged(u,n) = 1 and j =
u(n=+2)/2 mod n, then C'(j) has parameters [n,n—m—1,d]
with d > 3.

The cyclic codes C’'((n+2)/2) documented in Corollary 11
are very good in general, as they are BCH codes. Table II
documents examples of C'((n — 2)/2) and C'((n — 2)/2)",
where the record linear code with same length and dimension
is from the Database.

Theorem 12: Let C(0,i,j) denote the cyclic code over
IF, with length n and generator polynomial g, (7)) =
(x — 1)Mg:(2)Mg; (x), where i and j are not in the same
g-cyclotomic coset modulo n and {i,j} C Z, \ {0}. Then
C(0,4,j) is a BCH code if and only if one of the following
sets of conditions is satisfied:

(a) ged(i,n) =1 and j = 2i mod n;

(b) ged(j,n) =1 and i = 25 mod n;

(¢) ged(i,n) =ged(j,n) =1and i+ 5 =0 (mod n).
Proof: Let 3/ = g* with ged(u,n) = 1. Note that u x

0 = 0. Then C(0,4, ) is a BCH code with designed distance

Authorized licensed use limited to: Hong Kong University of Science and Technology. Downloaded on January 22,2022 at 01:51:48 UTC from IEEE Xplore. Restrictions apply.



956 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 68, NO. 2, FEBRUARY 2022

TABLE III
C(0,2,4) AND C(0,2,4)+

q | €(0,2,4) | Record code | C(0,2,4)T | Record code

4| [15,10,4] | [15,10,4] 15,5,7 15,5,7

1| [17,8,6] [17,8, 8] 17,9,5 17,9,5

163,564 63, 56,4 [63,7,31] | [63,7,43]

1| [65,52,6 65,52,7) | 165,13,25] | [65, 13, 33]

TABLE IV
C(0,1,n — 1) ANDC(0,1,n — 1)+

q | C(0,1,n—1) | Record code | C(0,1,n — 1)T | Record code
2 15,6,6 15,6,6 15,9,4 15,9,4
2 17,8,6 17,8,6 17,9,5 17,9,5
2 31,20,6 31, 20, 31, 11,10 31,11, 11
2 33,22,6 33,22,6 33,11, 11 33,11, 11
3 26,19,4 26,19,5 26,7,12 26,7,14
3 28,21,4 28,21,4 28,7,12 28,7,12
3 30,71,4 0,71, 5 30,9, 42 80,9, 47
3 82,73,4 82,73,5 82,9, 44 82,9,48

4 with respect to 3’ if and only if one of the following sets
of conditions is satisfied:

(1) ui =1 (mod n) and uj =2 (mod n);

(2) ui =2 (mod n) and uj =1 (mod n);

(3) ui =1 (mod n) and uj = —1 (mod n);
4) ui=-1 (mod n) and uj =1 (mod n);
(5) ui=—1 (mod n) and uj = —2 (mod n);
(6) ui=—2 (mod n) and uj = —1 (mod n).

It is easily verified that both (1) and (5) are the same as (a),
both (2) and (6) are the same as (b), and both (3) and (4) are
the same as (c). This completes the proof. [ |

As a corollary of Theorem 11, we have the following results.

Corollary 13: Let C(0,14,j) denote the cyclic code over
[F, with length n and generator polynomial g ; ;)(z) =
(x — 1)Mg: (2)Mg; (x), where i and j are not in the same
g-cyclotomic coset modulo n and {i,j} < Z, \ {0}.
If ged(i,n) = 1 and j = 2imodn, then C(0,4,5) has
parameters [n,n — (deg(Mpg;(x)) + m + 1),d] with d > 4,
where deg(Mg; (x)) = m provided that n is odd.

The cyclic codes documented in Corollary 13 have very
good parameters in general, as they are BCH codes. Table III
documents examples of C(0,2,4) and C(0,2,4)* over Fy,
where the record linear code with same length and dimension
is from the Database.

Corollary 14: Let C(0,i,n — i) denote the cyclic code over
[F, with length n and generator polynomial g(g;,—i)(x) =
(x—1)Mgi (x)Mgn-i(2), where i and n—i are not in the same
g-cyclotomic coset modulo n and 1 < i < n. If ged(i,n) = 1,
then C(0,4,n — i) has parameters [n,n — (2m + 1),d] with
d>4.

The cyclic codes documented in Corollary 14 have very
good parameters in general, as they are BCH codes. Table IV
documents examples of C(0,1,n — 1) and C(0,1,n — 1)+
over [Fy, where the record linear code with same length and
dimension is from the Database.

If the generator polynomial g(z) of a cyclic code C over F,,
is the product of more distinct irreducible polynomials over

F, in general, it is harder to answer Question 1 for C. The
reader is cordially invited to answer Question 1 for other
special subclasses of cyclic codes.

IV. DUAL CODES OF BINARY NARROW-SENSE BCH
CODES OF LENGTH 2™ — 1

In this section, we always assume that n = 2" — 1, where
m > 2. We follow the notation introduced in Section I.
In this case, § = «, which is a primitive element of Fom.
Let C(2,,,5) be the primitive narrow-sense binary BCH code
with designed distance 9, i.e., the defining set of C(5 ,, 5) with
respect to S is T=CLUCU---UCs_1, where 2 < § < n.
Denote by T the defining set of the dual code C(Jim 5 with
respect to 3. It is clear that 7+ = Z, \ T~ ! and 0 € T+.
We aim to investigate the parameters of the dual code Cé n,6)
and present a characterization of C7 2.m.5 being a dually-
BCH code. To this end, we will need the following lemma
later.

Lemma 15: For4 < § < 21215 let I(86) > 2 be the
integer such that {0,1,2,...,1(§)—1} C T+ and I(§) ¢ T+.
Then we have I(§) = 2m7t —1if 28 <§ < 2!Hl (2 <t <

—3)and I(0) =3if 2m~2 < § < 2m—1 —ol® ]

Proof: When 2t < § < 21 (2 <t <m — 3), it is easy
to see that

2m —om=t = om=t(ot _ 1) € COp_, CT.
Thus 2™t —1=n— (2" -2 e T tand 2"t -1¢
T =7, \T "

Next we need to show that {0,1,2,...,2m~t — 2} C T+,
It is clear that 0 € 7. For every integer ¢ with 1 < ¢ <

2m—t _ 9 we have i = 2™t — y, where 2 < u < 2m~t — 1.
Note that
(u—1)28 428 —1)2m P =2" -1 -2""" 4y (mod n).

Thus (u — 1)2" + 2" — 1 € Com_ 1 gm-—rtyy = Ch_i.
In addition, we have

(u—1)2" 4+ 2" =1 = (i1, im2,- - 0t,1,..., 1)a,
m—t t

where (i1, im—2,---,%) # (0,0,...,0), ie.,

Z=Wi;j=0:t<j<m-1}<m—t—1.

Note that
2t 2 =1(0,...,0,1,...,1,0),.
N—_—— N——
m—t—1 t
It then follows that
CL(2™ —1—2"""fy) > 2T —2>6 -1,

where CL(2™ — 1 — 2™~t + u) denotes the coset leader
of the 2-cyclotomic coset containing 2™ — 1 — 2™~ 4 4,
Hence 2™ — 1 — 2™t 4 o4 ¢ T and 2™ —u & T~ L
This leads to i = 2% — u € T. Consequently, we have
I(6) =2m~t —1.

When 2m72 < § < 2m!
can be similarly proved. We omit the details of the proof of
this part here. [ ]
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TABLE V
1
C(2,n,6) FOR2<m <5
m ) Is C(2,n,5) dually-BCH? m [ Is C(2,n,5) dually-BCH?
2 6=2,3 Yes 2<6<3 Yes
3 2<6<T7 Yes 4<6<5 No
2<6<3 Yes 5 6<6<T Yes
4 4<0<5 No 8<0 <11 No
6<0<15 Yes 12<06 <31 Yes

Proposition 16:

1) Let m > 4 be even. Then 27”3_1 € T is a coset leader
modulo n if 4 < § < 2m3_1 and 27 +1 € T is a coset
leader modulo n if 2”;_1 <§<omml 9%

2) Let m > 5 be odd. Then M € T is a coset leader
modulon1f4<5<2”3 and27+16TLlsa
coset leader modulo n if 2— _1 <§<oml 9"

Proof: We prove only the des1red conclusions for
the even m case, as the desired conclusions for the
odd m case can be similarly proved. It is clear that

=L = (0,1,0,1,...,0,1); is the 2-cyclotomic coset
leader of Cz@m_1). Note that n — 2m3_1 = 20 371)

3 m
(1,0,1,0,...,1,0)2. If 4 < 6 < 2=, then we have

2m —1\ 2" -1 271
CL(n-— = > ~1>4§-1
3 3 3

Thus n — 27”3_1 ¢ T and 27’;)_1 eTt.

It is also easy to see that 2% +1 = (0,...,0,1,0,...,0,1)2
——
m_q m_q
is the 2-cyclotomic coset leader of C om B - “In addi-
tion, we have n — (2% + 1) = 2m — 2% — 2 =
(1,...,1,0,1,...,1,0)5. Then
—— =
m_q m_q
CL(n— (2% —1)) =(0,1,...,1,0,1,...,1)5
—— =
%—1 m_q
=2m~t 92711,
For 27’;)_1 <§<2m 1 _92%-1 we have
CL(n—(2% —1))>2m'—22"1-2>§—1.

It then follows that n — (2% + 1) € T and 2% +1 € T+.
This completes the proof. [ ]

For 2 < m < 5, Table V documents if C(Q,m;) is a dually-
BCH code. For m > 6, the following theorem gives a sufficient
and necessary condition for C 5, 5) being a dually-BCH code,
where 2 < § < n.

Theorem 17: Let m > 6. Then C(3 , ) is a dually-BCH
code if and only if

m—1

§=2,3,0r 2" 1 -2l

I<§<n.

Proof: Let 3 be the m-th primitive root of unity for
defining C(3 ,, 5) and let T" denote the defining set of this
code with respect to . It is clear that 0 ¢ T and 1 € T,
so 0¢ T-' and n—1 € T~'. Furthermore, we have 0 € T+
and n — 1 ¢ T+, which means that C;; must be the initial

cyclotomic coset of T-+. In other words, there must be an
integer J > 1 such that T+ = CoUC1 U+ --UCy_1 if C(2,n5)
is a dually-BCH code.

When § = 2, 3, the defining set of C(3 ,, 5) is equal to T' =
Cy. In this case, T~! = Cym-1_1. Note that §; :=2""1—11is
the largest coset leader modulo n by Lemma 1. Consequently,
T+ =Z,\T ' =CoUCyU---UCym-1_5 and Cé’nyé) =
C(2,n,2m~1,0)» Which is a BCH code with the designed distance
2m=1 with respect to 3.

By Lemma 1, §y := 2™~ ! —
coset leader modulo n. When §; < (5 < n, we will show that

=Coor T+ =CoUC,. If 6, +1 < § < n, it is easy to
see that 7 = {0}. In this subcase, C(s,, 5 = C(2.n,2,0) With
respect to (. If 92 +1 < § < 41, then

= (Zn \ T)_l =

In this subcase, C(Jin@)

Tl:Zn\T_l (CoUC(sl)_l:COUCl.

= C(2,n,3,0) With respect to 3.
Finally, we need to show that C(Ji .6) is not a BCH code
with respect to 3 when 4 < § < 2m~1 — 2l"7%) for m > 6.
It suffices to show that there is no integer J > 1 such that
L=ChuCiuU---UCy_;.
When m > 6 is even, we have the following two cases.

e If4 <5 < A

, it follows from Proposition 16 that

—27”3*1 € T+ is the coset leader of Cam_.. Note that
m m 3
2 3_1 _Imax = 12 + > 0 where
2m — 1 2
Iax == max{I(6): 4 <4 < }=2 -1

by Lemma 15. As a result, there is no integer J > 1 such
that T+ = CoUC, U---UCy_q, ie., Cé,n,é) is not a
BCH code with respect to (.

o If 7L < 5 < 2m~1 — 2% 1 it follows from Propo-
sition 16 that 2% + 1 € T+ is the coset leader of
CQ% 1 Note that 2% + 1 > 3. It then follows from
Lemma 15 that there is no integer J > 1 such that

=CoUCLU---UCy_q, ie., Cé,n,a) is not a BCH
code with respect to (.

When m > 7 is odd we also have the following two cases.

o If 4 <6 < 2=, Proposition 16 tells us that 25 €
T+ is the coset leader of sz+1 Note that 27 “ >
(2m=2 — 1) = I,yax by Lemma °15. Consequently, there
is no integer J > 1 such that T+ = CoUC, U---UCy_1,
ie., Cé n,5) is not a BCH code with respect to (.

o If 2 =1 ‘1<6<2m 1
us that is the coset leader of C' m—1 .
273 41
Note that . It then follows from
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TABLE VI
THE CODES OF C(2,127,5) AND C(L2.,127,6)
1) k d ET [ dt | Is C(2,127,5) Optimality of | Optimality of
dually-BCH? C2,127,6) Ciz127.5)

2~3 120 3 7 64 Yes Yes Yes

4~5 113 5 14 56 No Yes Yes

6~7 106 7 21 48 No Best known Best known

8~ 9 99 9 28 44 No Best known Best known
10 ~ 11 92 11 35 32 No Best known No
12~ 13 85 13 42 32 No Best known Best known
14 ~ 15 78 15 49 28 No Best known Best known
16 ~ 19 71 19 56 22 No Best known No
20 ~ 21 64 21 63 22 No Best known Best known
22 ~ 23 57 23 70 16 No No No
24 ~ 27 50 27 77 16 No Best known Best known
28 ~ 29 43 31 84 14 No Best known Best known
30 ~ 31 36 31 91 12 No No Best known
32 ~ 43 29 43 98 10 No Best known Best known
44 ~ 47 22 47 105 8 No Best known Yes
48 ~ 55 15 55 112 6 No Best known Yes
56 ~ 63 8 63 119 4 Yes Yes Yes
64 ~ 127 1 127 | 126 2 Yes Yes Yes

Lemma 15 that there is no integer J > 1 such that
T =CoUuCiU---UCy_q, ie., C(J-Qm/ﬁ) is not a BCH
code with respect to (3.
Collecting all discussions above proves the desired
conclusions. [ ]

Example 1: For m = 7, we have n = 127. The para-
meters of C(2,127,5) and C(J_2,127,5) are presented in Table VI,
where the codes are optimal or best known according to the
Database [14].

The following theorem gives the parameters or their bounds
of the codes C(2,, ) and C(L2,n,6)’ where n = 2 — 1 and
m > 6. Specially, lower bounds on minimum distances of the
dual codes C(Jin, 5) are presented.

Theorem 18: Let [n, k,d] and [n, k*, d*] be the parameters
of C(2,5,5) and C(Ji,n,é)’ respectively, where n = 2" — 1 and
m > 6. Denote

gacs m(m—ir—1
ke —9mM 1 — E 1)t - - 277L—1',(r+1)

i=1
where r = m — t.

1) For 6 = 2,3, we have
k=2"—1-m,d=3, and kt=m, dt=2m"1

2) Assume that 4 < § < 2m—1 — 2% 1-1,
o For 2t < § < 2t+! with 2 <t < m — 3, we have

kt+1 <k§kt, dZ(S, and
¢ —1—k <kt <qm—1—Fkyq, d->2mt

o For 22 < § < 2m=1 _92l%1-1 e have

km,—l <k S km,—Q; d Z 6; and
¢ =1 —kpo <kt <q™—1—kp_y, d- > 4.

3) For 21 —2[%1-1 < § < 9m~1 e have

k=m+1, d=2""1—-1 and
kt=2m—m—2, dt>4.

Proof: For § = 2,3, it follows from the proof of
Theorem 17 that the defining sets of C(3 ,, 5) and C(J-2 n,5) are

T = Cl and TL = COUCl U"'UCgmfl_g,

respectively. Then we have k = 2™ —1—m and k+ = m. It is
easy to see from Lemma 4 that d = 3. Note that C,,_; = Cs,.
Then Cé’n’ 5) is an irreducible primitive cyclic code with check
polynomial M, (), where M, () is the minimal polynomial
of a® over [F. Then the minimum distance of C(J-Qm/_ 5 is equal
to d+ = 2m~1, which is also documented in [11] and [12].

For every fixed ¢ in the range 4 < § < 2~ 1 — 2[%1-1
there is an integer o such that 2 < tg < m—2 and 2% < § <
2tot+1which means that

Cizn,2t0+1) € C2n,5) € Ciayn,2t0)-

The desired conclusion on the dimensions of C(5,, s5) and
C(Jin, 5) then follows from Lemma 3. Moreover, the lower
bound on the minimum distance d comes from the BCH
bound. It is clear that C(JQ;W;) is a subcode of Cé;n’l(d)),
where () is given in Lemma 15. We then obtain the desired
conclusion on d*.

When 271 — 2[%1-1 < § < 21 from the proof of
Theorem 17 we have T+ = Cy U C;. Then k = m + 1 and
k+ =2™ —m — 2. In addition, d = 2™~ — 1 is documented
in [11]. Note that C; = Cy and T+ = Cy U C; U Cs. Then
d+ > 4. [ |

It should be remarked that Theorem 18 improves the
classical Sidel’nikov bound documented in Lemma 6. For
d = 25+ 1, there is an integer ¢ such that 2! < 2s+1 < 2¢+!

Authorized licensed use limited to: Hong Kong University of Science and Technology. Downloaded on January 22,2022 at 01:51:48 UTC from IEEE Xplore. Restrictions apply.



GONG et al.: DUAL CODES OF SEVERAL CLASSES OF BCH CODES

959

TABLE VII

LOWER BOUNDS ON MINIMUM DISTANCES OF C 5

(2,63,5)

dt >

L
9(odd) Sidel’'nikov bound | Carlitz-Uchiyama bound | Theorem 18 d
5 16 24 16 24
7 8 16 16 16
9 3 ] 8 14
11 1 0 8 14
13 1 <0 8 12
19 ~ 21 2 <0 4 8
25 ~ 31 2 <0 4 4

and 2t — 2 < 25 — 1 < 2t*1 — 2. Moreover, we have

2m717L10g2(2571)j < 2m717L10g2(2t72)J — gm—t

It then follows that the lower bound on d* given in The-
orem 18 is tighter than the Sidel’nikov bound (see Table VII
for comparison). It is clear that Carlitz-Uchiyama bound given
in Lemma 5 is useless when § > 2% + 3 since the bound is
negative. Therefore, the bound on d* given in Theorem 18 is
larger than the Carlitz-Uchiyama bound when 6 > 2% + 3.

Corollary 19: For § =2 —1 (2 <t <m — 1), we have

k:kt+m, d:2t_].,
kl —9om _1_ kt —m, dL Z 2m,—t+1,

and

where k; was given in Theorem 18.

Proof: For§ = 2! —1, we have T' = C;UCoU- - -UCyt _s.
It is clear that 2° — 1 is a coset leader and |Cy¢ 1| = m. It then
follows from Lemmas 3 and 4 that k = k;+m and d = 2! —1.
Thus &+ = 2™ — 1 —k, —m. Moreover, d+ > 2"+ follows
from the proof of Theorem 18. [ ]

V. DUAL CODES OF BCH CODES OF LENGTH ¢™ — 1

In this section, we always assume that n = ¢ — 1, where
g > 3 and m > 2. We follow the notation introduced in
Section I. In this case, § = «, which is a primitive element of
Fym. Let C(4n,s5) be the primitive narrow-sense BCH code over
F, with designed distance 6, i.e., the defining set of C(qm,é)
with respect to the n-th primitive root 3 is T' = C1 U Cy U
.- UCs_1, where 2 < § < n. Denote by T the defining
set of the dual code C(Lqm? 5) With respect to 3. It is clear that
T+ =7, \T7" and 0 € T*. Our task in this section is to
investigate the parameters of the dual code C(J;Ln 5) and present
a characterization of C(J;Ln ) being a dually-BCH code. As will
be seen later, the case ¢ > 3 is more complicated than the case
q = 2, and should be treated separately.

The following lemma will be employed later.

Lemma 20: For 3< 6 < (q—1)g™ ' —ql™= ), let 1(6) >
2 be the integer such that {0,1,2,...,1(§) — 1} € T+ and

I(6) ¢ T+. Then we have

m—t __

q a, ifag' <6< (a+1)¢" -1
1<t<m-2,1<a<q-—1);

¢" =g+l if(g-1)¢' <I<qT —q+1
(1<t<m-—2);

q—a, if ag™ ' <5<(a+1)¢"™ -1

1(0)= (1<a<q-—2)

2, if (q—2)¢g" ' <5<
(q— 1™t —gl™

(b+1)gm'—1 ifd=q"—b
(1<t<m—-1,1<b<q-2,
g —b>3).

Proof: Whenaq! <6 < (a+1)¢g'—1 (1 <t <m—-2,1<
a < q—1), it is easy to see that

" ="t ta—1=q¢"""ag" —1) € Cppe_, CT.

Thus ¢™™ ! —a = n — (¢™
"t —agT+H=7,\T""

Now we are going to show that {0,1,2,...,¢™" " —a —
1} € T+. It is clear that 0 € T, For every integer i with
1<i< g™ t—a—1, we have i = ¢™ ! — a — u, where
1<u<q¢™t—a—1. Note that

—q¢"t+a—-1)e T ! and

" ag" —1+ug")=q¢" —q¢" "+a+u—1 (modn).

Thus ag’ — 1+ uq" € Cym _gm—t4a4u—1 = Cn—i. In addi-
tion, we have
ag" —1+u¢' = (a+u—1)¢" +q¢" -1
'ait+17itaq_ 1)"'7q_ 1)(]

m—t—1 t

- (im—h im—27 .-

Note that

(a+1)¢" —2=1(0,...,0,a,g—1,...,g—1,g— 2),.
m—t—1 t

Denote

Z=Hij=0:t4+1<j<m—1}.
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If Z <m —1t —1, then there is some integer t + 1 < jo <
m — 1 such that 7;, # 0. It is clear that

CL(qm—qm_t—i—a+u—1)>(a+1)qt—225_1' 2)

fZ=m-t—1,thena <a+u—-—1<¢g—1 and
Equation (2) also holds. Hence ¢™ — ¢™ t4+a+u—1¢T
and ¢ t'—a—u & T~ Thisleadstoi = ¢ ' —a—u € T+,
Thus we have I(6) = ¢™ ! — a.

For the following four cases of 9,

e (-1 <o<gt —g+1 (1<t <m—2),

e ag™ 1 << (a+ )" -1 (1<a<qg—2),

e (q-2)g" T <I< (g 1)gm T —gl"T,

¢ d=¢" -b(1<t<m-1,1<b<q—-2,¢"-b>3),
we can similarly prove the desired results and omit the details
here. [ |

Proposition 21: Let n = ¢ — 1, where ¢ > 3 and m > 2.
Then the following hold:

1) % € T is a coset leader modulo n if 3 <

5oL
<t
2) ¢l%) +1 e T+ is a coset leader modulo n if qull <
< (g—1)gm "t —ql®T ),
. —2)(¢" 1
Proof: Obviously, (‘131(_7‘11) (q—2,...,4—2),
—_—

m
Hence, 7(‘172)(_(11/71) is the g-cyclotomic coset leader of
Cw. Note that
q—1

) m _ 1 mo_ 1
pol4=2@" =1 g = (1,....1),
q—1 q—1
If3<6< q;n:ll, then we have
—N(g™ =1 m_ 1 m _ 1
cL(n_ =2 AR’ .4 1>6-1
q—1 q—1 qg—1

m m

Consequently, n — % ¢ T and % ¢
T—!. This leads to % eT+.

When q;":11 <§ < (g—1)g™ " —ql"7), we prove the
desired conclusion only for the even m case, as the desired

conclusion for the odd m case can be similarly proved. It is
straightforward that

¢ 3l 4+1=¢% +1e7t=(0,...,0,1,0,...,0,1),.
N—— N—_——

mo_ mo_
51 71

Hence, ¢% +1 is the g-cyclotomic coset leader of Cq%
Note that

+1°

n—(¢% +1)=q¢" —q% -2
:(q_la7q_17q_27q_175q_15q_2)q (3)

m m
m_ ] m_ 1

IFL=t << (g—1)g™ - g1, then by (3) we have

mo_q

CL(n—(¢% +1)) =(¢g—1)¢" ' —¢% " -1
> (q—1)g™ " —q? 7 =2
>0 —1.

Thus n — (¢% +1) ¢ T and (¢% + 1) ¢ T~. This leads
to ¢2 + 1 € T, The proof is then completed. [

The following theorem gives a sufficient and necessary
condition for C(q,mé) being a dually-BCH code, where 2 <
0 <n.

Theorem 22: Let ¢ > 3 and m > 2. Then C(g . 5) is a
dually-BCH code if and only if

m—1

§=2 or (q—1)¢™t —ql7z

I<§<n.

Proof: Tt is clear that 0 ¢ T and 1 € T, s0 0 ¢ T~ ! and
n—1 ¢ T~ Furthermore, we have 0 € T and n — 1 ¢ T+,
As a result, Cy must be the initial cyclotomic coset of T+,
Consequently, there must be an integer J > 1 such that 7+ =
CoUCLU---UCy_4 if C(Lq’n’é) is a BCH code with respect
to .

When § = 2, the defining set of C(g,, 5) With respect to 3
is equal to 7' = Cy. Then it is clear that T~ = Clg—1)gm—1-
Recall that 6; := (¢ — 1)¢™ — 1 is the largest coset leader
modulo n. Thus T+ = Z, \T~! = CoUCLU- - -UC(y_1)gm 2
and C(lq’n’&) is a BCH code with respect to (.

Recall that d, = g™~ 1 — gL™" ], When ¢! — gl ™=
§ < n, we will show that T+ = Cy or T+ = Cy U C}.
51 +1 <6 < n,itis easy to see that T+ = {0}. If §5 + 1

6 < 41, then

IA = IA

T+ =Z, \T ' = (2, \T) ' = (CoUCs)"L = CoUCL.

Hence, C(Lq_n 5) is a BCH code with respect to .

Finally, we will show that C(J(-I_ .6) is not a BCH code with
respect to 3 when 3 < § < (¢ —1)¢g™ ! — quT_lJ. It suffices
to prove that there is no integer J > 1 such that T = Cy U
CiuU---uUCy_q.

When 3 < § < q;”__ll, it follows from Proposition 21 that

is a coset leader modulo n. Write [ .x =
max{I(§):3 <6 < q;";—11 }. Tt then follows from Lemma 20
that Iyax = 1(3) = (¢ — 2)¢™ — 1. It is clear that
(¢—2)(¢"—1)
qg—1

m

(g=2)(¢™~-1) 1
4 qj’l eT

> Ihax-

Consequently, there is no integer J > 1 such that T+ =
CoUuCiU---UCy_, ie., C(J(}.n 5) is not a BCH code with
respect to 3. /

When q;"':11 < 4§ < (qg—1)gmt— quT_lJ, it follows
from Proposition 21 that %) + 1 € T is the coset leader
of C gy . Write Il .. = max{I(0) qu_ll < 6 <

(q—1)g™ ! — gl™==1}. It then follows from Lemma 20 that
I'...=q— 1. Note that gl#) 41 > I’ . . Therefore, there is
no integer J > 1 such that 7+ = CoUC, U ---UCy_4, ie.,
C(J;Ln’ 5) is not a BCH code with respect to . Summarising all
discussions above, we obtain the desired conclusion. |

The following theorem gives information on the codes
Cgn,s) and C(Jé7n76), where n = ¢™ — 1 and m > 2. In fact,
the dimensions of the codes C, ,, 5y were determined explicitly
in [1] and [19] when 2 < § < ¢/ =1+,

Theorem 23: Let [n,k,d] and [n,k*,d*] denote the
parameters of C(,; .5 and C(an 5)» respectively, where

Authorized licensed use limited to: Hong Kong University of Science and Technology. Downloaded on January 22,2022 at 01:51:48 UTC from IEEE Xplore. Restrictions apply.



GONG et al.: DUAL CODES OF SEVERAL CLASSES OF BCH CODES

961

TABLE VIII

THE CODES C(3,26,5) AND C7y

(3,26,5)

B k[ d | kT | dt | Is C dually-BCH? | Optimality of C | Optimality of C*
2 23 2 3 18 Yes Yes Yes
3~4 20 4 6 15 No Yes Yes
5 17 | 5 9 9 No No No
6~7 14 7 12 9 No Best known Best known
8 11 8 15 6 No No No
9~ 13 8 13 | 18 6 No Yes Yes
14 7 14 | 19 5 No Yes Yes
15~ 17 4 17 | 22 3 Yes Yes Yes
18 ~ 26 1 26 | 25 2 Yes Yes Yes

n=q" —1and ¢ > 3. Letr =m — s and

ks =
(m — i — 1) qwn—?’,(r—}—l).
1—1

k=¢"—1-m,d=2, and kT =m, d =¢™—¢™ L.

qwl _ 1 _
m

er~+1

Z (_1)1‘—1?((] - 1)

i=1

1) When § = 2, we have

2) When3 <4 < (q—l)qm’l—qL%J, there is an integer
s > 0 such that ¢°* < § < qSH, and we have
ksy1 <k <ks, d>9, and
q" =1 —ky <kt <q™—1—kep, dF>1(6) +1,
where () is given in Lemma 20.
m—1
3) When (¢ — 1)¢™ ' — g™ < § < (¢ — 1)g™ !,
we have
E=m+1, d=(¢g—1)¢™ " —1, and

kt=q¢m—m—2, d+ > 3.

Proof: For 6 = 2, it follows from the proof of Theorem 22
that the defining sets of C(,,,,,5) and C(J;I .6) with respect to 3
are

T = Cl and T’l = C() @] Cl U---uy C(qfl)qug,

respectively. Then we have k = ¢ — 1 —m and k't = m.
In this case, C- .oy 18 an irreducible primitive cyclic code with
check polynomial Migs (z) as Cp—1 = Cs,, where Mgs () is
the minimal polynomial of 3% over F,. Then the minimum
distance of Cf, 5 is equal to d- = ¢™ —¢™"! and its

weight enumerator is 1 + (¢™ — 1)z¢" =", which are
also documented in [11] and [12]. It then follows from the
MacWilliams identity that d = 2.

For every fixed § in the range 3 < § < (¢ — 1)¢™ ' —
quf;lJ, there is an integer s > 0 such that ¢° < § < ¢°*1,
which leads to

C(qﬂuqs“) < C(q,nﬁ) < C(q,n,qs)'

The desired conclusion on the dimensions of C(,, s) and
C(Lq,m s) then follows from Lemma 3. Moreover, the lower
bound on the minimum distance d comes from the BCH
bound and Theorem 22. It is clear that C(J(-I% 5) is a subcode of

Céml(é)), where I(J) is given in Lemma 20. We then obtain
the desired conclusion on d-=.

When (q—1)¢m ' —gl™=) <5 < (¢— 1)g™~1, we have
Tt =CyUC;. Thenk =m+1and k+ = ¢ —m — 2.
In addition, d = (¢ — 1)¢™ ! — 1 is documented in [11], and
d+ > 3. [

Example 2: For ¢ = 3,m = 3, we have n = 26.
The parameters of C(326,5) and C(l&%’ 5) are presented in
Table VIII, where the codes are optimal or the best known
according to the Database [14].

Corollary 24: For§ = ¢*—1 (1 <s<m—1and ¢° > 4),
we have

k=ks+m, d=¢q°—1, and

Er=q¢m —1—ks—m, d >2¢™",

where k; is given in Theorem 23.

Proof: For § = ¢q°—1,wehave T = C1UCU- - -UCys _o.
It is clear that ¢° —1 is a coset leader and |Cy« _1| = m. It then
follows from Lemmas 3 and 4 that k = ks+m and d = ¢° — 1.
Thus k+ = ¢™ — 1 — ks — m. Moreover, d~ > 2¢"~* follows
from Theorem 23. u

VI. DuAL CoODES OF BCH CODES OF LENGTH qu‘f

In this section, we always assume that ¢ > 3 and n =
q;":117 where m > 3 is an integer. We follow the notation
specified in Section I, where « is a primitive element of Fym
and = a9 . Consider the projective narrow-sense BCH
code C4n,5) Whose defining set with respect to 3 is T' =
CirUCyU---UCs5_1, where 2 < § < n. As before, denote
by T the defining set of the dual code C(, ,, 5 With respect
to 3. It is clear that T+ = 7, \T~! and 0 € T-.

The dimension of the dual code C(lq;n’ 5) Was known in many
cases and is documented in the next few theorems.

Theorem 25: [16, Theorem 27] Let m > 4 be even and

2 < § < ¢™/2. Define

el

Then C(J;Ln 5) has dimension

L {m G = (2e— (g - 27,
m (6~ 1)a~1)/a].

if e >[4 ];
if e <[5
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Theorem 26: [19] Let m > 5 be an odd integer. Set h =
(m—1)/2. For § = £g"+1 with 1 < ¢ < g— 1, the dimension
of C(J;I .6) is given by

m(Ong — L0 —1)) if £ < [4];
m(Ong — Ll —1)+20—q) if [ +1 <0< g—1;
m(Ong — (0 —1)+20—-2) if L =gq,

where dyg =0 — 1 — L‘S_le.

Although the dimension of C(J(-b .6) is known in many cases,
little is known about the minimum distance of this code. One
of our tasks in this section is to develop lower bounds on
the minimum distance of Cl ,6)" Another task is to present a
characterization of the ternary code C(3,n,5) being dually-BCH.
To this end, we need the lemma below.

Lemma 27: For 2 < 6 < n, let I(d) > 2 be the integer such

k=

that {0, 1,2,. I()—l}CTL andI()géTL Then we
haveI(cS)—q"; il << (1<t <m-2)
andI(&):llqujl <6<n.

Proof: When % < 0 < qt;ifl, it is easy to see

that ¢* — 1 is a coset leader modulo ¢"* — 1. We then assert that

t
21 i5 a coset leader modulo n. On the contrary, suppose that

qg—1
q'—1

T is not a coset leader modulo n, then there would be an

integer ¢ with 1 < ¢ < m such that

t_l t_l
q—qzmodn < e

—1 qg—1

(¢ =1g¢'mod (g—1)n < ¢ —1. (4

This means that ¢! — 1 is not a coset leader modulo ¢™ —
1 and leads to a contradiction.
It is straightforward to see that

m __ ,m—t _ ]_
qq—ql qq—1qmt6C“"1*T'
Therefore, q";i_tl_ L—pn— % e 77! and ©— tl_ L ¢
TJ‘ = Zn \ Tﬁl'

We are ready to show that {0,1,2,...,—1—1} C T
It is clear that 0 € T, For every integer ¢ with 1 < ¢ <

qmé:tfl — 1, we have i = qmq—l L —u, where 1 < u <
m—t

4 q71—1 — 1. Note that

((g—1)q'utqg' —1)g™ " = ¢™—¢™ "Hg—1)u (mod ¢"1)

and

(q_l)qtu+qf_1 - (imflvimf%' "aitvq_ 17" - q — 1)117

m—t t

where iy = g¢—1ifu=1andi; #O0fort+1<j<m—1if
u > 1. It follows that the coset leader of the cyclotomic coset
of (¢ —1)q¢'u+ ¢* — 1 modulo ¢"™ — 1 is larger than or equal

to ¢*T' — 1. Then we obtain from (4) that
t—1 —1)gt t+1 _ g
cL (4 la Do > 1 >0 —1.
qg—1 g—1
Consequently, W ¢ T and qm i S ¢

T—!. This leads to i = 2 qul —ueTt It then follows that

TABLE IX
LOWER BOUNDS ON MINIMUM DISTANCES OF C(3 140,8)
5 [df [df>
1 | 18 14
9 8 5
13 6 5
| 4 2
10 | 2 2
—t_
I(5)—qq forany5w1th—<6<q —l(1<t<
m— 2).
m,—171 m__q . .
When < 1 <0< qqﬂ , we can similarly prove the

desired result and hence omit the details. The proof is then
completed. |

Although the dimension of C .6) is known in many cases,
little is known about the mmlmum distance of this code.
One of the main contributions of this paper is the following
theorem, which documents very good lower bounds on the
minimum distance of the code C(J(-I ,6)"

Theorem 28: Let d*(§) be the minimum distance of

Clym.5)- Then we have
g™t q _1 < qt+1_1 <i<
it (6)> o +1 if <5 (I1<t<m—2);
2, if q L<s < n.
Proof: The desired conclusions then follow from
Lemma 27 and the BCH bound for cyclic codes. [ ]

Theorems 25, 26 and 28 give a lot of information on the
parameters of the code CL ) It would be very hard to
determine the minimum dlstance of C( n,5)" However, the
following example shows that the lower bounds in Theorem 28
are very good.

Example 3: When ¢ = 3 and m = 4, we have
n = 40. The minimum distances and their lower bounds
of the dual codes Cé’ 10,5) are listed in Table IX, where
d € {4,9,13,14,40}.

Proposition 29: Let ¢ = 3. Then the following hold.

1) When m is even, 37”_1 € T+ is a coset leader modulo

nif 2 <4 < 3m4’ and 3% “ e Tt is a coset leader
modulo n if 371’1 <6< 3’” 1_ 3%

2
2) When m is odd, we have the following.

. % € T+ is a coset leader modulo n if 2 < § <
gm—1_q

k)

1
m—1 . .
3% -1 ¢ 7L is a coset leader modulo n if

4
m—1_ m
3 1 < 6 S 3 4+1’

m—1

32 41
2

e T+ is a coset leader modulo n if

—1
3 Zrl < § S 3m,—1 372 2 +1

Proof: We prove the desired conclusmn only for the even
m case, as the conclusion for the odd m case can be similarly
proved. It is clear that =1 = (1,...,1)3 is a coset leader
modulo 3" — 1. It then follows from the proof of Lemma 27

that 372’1 is a coset leader modulo n. If 2 < § < 3m471, then
we have
3m—1 3m -1 3m -1
CL _ = —1>6-1.
<” 1 ) i~ T4 =
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TABLE X

THE DuAL CODE CL

(3,n,6)

m [ Is C(3,n,5) dually-BCH? m 0 Is C(3,n,s) dually-BCH?
4 2<6<25 No 6 2 <6 <238 No

26 <6 <40 Yes 239 < < 364 Yes
s 2<3<76 No . 2<6< 715 No

77 <d <121 Yes 716 < 6 < 1093 Yes

Consequently, n — 3m4—71 ¢ T and &4’1 € T+, It is easy
to see that

m

32 +1=1(0,...,0,1,0,...,0,1)3
%;1 me |
is a coset leader modulo 3™ — 1, so 372“ is a coset leader

modulo n. Note that

m

3m—32

m

It is clear that the 3-cyclomotic coset leader of 3™ — 32 —
2 modulo 3™ — 1 is

m

(172;---72,1,2,...,2)3:2.3"’/‘1_37—1_1.
N——

N——
o1 3o
Then
m 1 mo__ ﬂ—Q
o (i 35 +1N o (3 =3% -2
) 2
:3m71_&
5 .
For 37,:17_711 < 6 < gm1 _ @, we have

82 411 > §— 1. 1Tt then

CL (n—254) > gmt -

follows that n — 2241 & T and 32+ € T, This completes
the proof. [ ]
The following theorem gives a sufficient and necessary
condition for C(3, 5 being a dually-BCH code, where
2 << n.
Theorem 30: Let n = 37”2’1 and m > 4. Then C(3,, 5) is a
dually-BCH code if and only if

|m=1)
3m,—1 _ 3 22 1 < § <n.

Proof: Ttis clear that 0 ¢ T'and 1 € T, so 0 ¢ T~ and
n—1 ¢ T~ Furthermore, we have 0 € T and n — 1 ¢ T+,
which means that Cy must be the initial cyclotomic coset of
T In other words, there must be an integer J > 1 such that
T+ =CoUC1U---UC _1if C3,n4) is a dually-BCH code.

m—1
When 31 — @ < § < n, we will show that T+ =

'mflj

L
Cp. Note that §; = 3™~ ! — 32#

=1 _ 1, where §; is the
largest coset leader modulo n and was given by Lemma 2.
Then it is easy to see that T = {0} and Cf3,, 5 is a BCH
code with respect to [3.

It remains to show that C(Jé’n? 5 is not a BCH code with

—1
7712 ]

L
respect to 3 when 2 < § < 3™~ 1 — 3 =L for m > 4.
To this end, we show that there is no integer J > 1 such that

T+ =CouUCyU---UC _1. We prove the conclusion only
for the even m case, as the conclusion for the odd m case can
be similarly proved. For even m, we have the following two
subcases.

o If2< < 3”:1_1, it is easy to see from Proposition 29
that 3,”4_1 € T+ is the coset leader of Czm_i . It follows
4
from Lemma 27 that

3m -1
Inpax == maX{I((S) :2<6< }
3m,—1 -1
—I2) =2 %
2=
Note that 371_1 — I(2) > 0. It then follows that there is

no integer J > 1 such that T+ = CoUC, U---UCy_q,
i.e., C(Jé_n 5) is not a BCH code with respect to 3.

m L) .
o If 3 4’1 <§< 3l %, it then follows from
Proposition 29 that 33“ € T+ is the coset leader of
C,= ., . Note that 372“ > 1. It then follows from

Lemma 27 that there is no integer J > 1 such that
T-=CoUuCiU---UCy_q, ie., C(Jin,é) is not a BCH
code with respect to (3.

This completes the proof. [ ]

By Theorem 30, the dual code C(Jin,é) is not a BCH code
with respect to 3 in most cases. When m = 4,5,6,7, we give
some examples of the dual code Cé’n’ 5) in Table X.

Since Proposition 29 works only for the ternary case,
Theorem 30 is restricted to the ternary code C(3 ,, s). It looks
much harder to give a characterisation of C(, ,, 5) being dually-
BCH for ¢ > 4. The reader is cordially invited to solve this
problem.

VII. SUMMARY AND CONCLUDING REMARKS

The main contributions of this paper are the following:

o The question as to what cyclic codes are BCH codes
was answered for several subclasses of cyclic codes in
Theorems 7, 8, and 12. The parameters of several classes
of cyclic codes were studied in Corollaries 10, 11, 13,
and 14.

o Sufficient and necessary conditions for C(g 4m_1,5) and
C(37 LS being dually-BCH were developed (see

Theorems 17, 22 and 30).

o The parameters of the primitive narrow-sense BCH codes
and their duals were investigated in Theorems 18 and 23,
Corollaries 19 and 24. Some lower bounds on the
minimum distances of the dual codes of primitive and
projective narrow-sense BCH codes were developed (see
Theorems 18, 23, and 28). Especially for binary primitive
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narrow-sense BCH codes, the bounds on minimum dis-
tances of the dual codes improve the classical Sidel’nikov
bound, and are also better than the Carlitz-Uchiyama
bound for large designed distances .

The question as to what cyclic codes are BCH codes is
extremely hard to answer in general. It would be good if
further progress regarding this question can be made. Little
is known about the duals of BCH cyclic codes. The reader is
cordially invited to study the duals of BCH codes.
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