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AbstractThis thesis contains several essays on nonmonotonic reasoning, which touch on anumber of key issues in that area. It begins with the introduction of the logic GKof Grounded Knowledge as a uniform semantic basis for �xed-point nonmonotoniclogics. These logics include Reiter's default logic and Moore's autoepistemic logic,and to our knowledge GK is the �rst semantic uni�cation of the two. Similarlyto circumscription, GK is based on the notion of logical minimization, and thusprovides a bridge between circumscription and �xed-point nonmonotonic logics, anoutstanding problem in nonmonotonic logics. As an application of this bridge, wepropose a formalization of logic programs with negation-as-failure in circumscription.Together with the unique names assumption, the formalization provides a conciserepresentation for the facts that are true in every answer set of a logic program.We then introduce the notion of argument systems as a proof theory for non-monotonic reasoning. By reformulating some major existing nonmonotonic logics asargument systems, we show that most nonmonotonic reasoning can be captured withthe aid of a generalized negation-as-failure rule. We describe an implemented systemfor default logic based on this idea.Finally, we apply nonmonotonic logic to the formalization of inheritance and oftheories of action, the two areas that have to a large degree motivated research innonmonotonic reasoning. We show that various intuitions about nonmonotonic in-heritance hierarchies can be conveniently formalized in logic programs with negation-as-failure. For reasoning about action, we �rst propose a formal yet intuitive criterionby which to evaluate the adequacy of theories of action. We then formulate a classiv



of monotonic theories that satisfy the criterion by using explicit frame axioms. Fi-nally for a signi�cant subclass of the monotonic theories, we provide provably-correctnonmonotonic counterparts which avoid explicit frame axioms.
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Chapter 1IntroductionIt is well recognized today that it is much harder to program a computer to understandhuman commonsense than to perform arithmetic operations1. The logic approachto Arti�cial Intelligence (AI), pioneered by John McCarthy, attempts to capturecommonsense knowledge and reasoning in formal logic.There are many di�culties in using classical logic to formalize commonsense rea-soning. One of them is that classical logic is monotonic, while commonsense reasoningis nonmonotonic. Intuitively, in monotonic reasoning, the more assumptions we have,the more conclusions we are able to draw. This in turn implies that monotonicreasoning is deductive, and deductive conclusions never have to be withdrawn. Incomparison, in nonmonotonic reasoning, conclusions we drew earlier may have to bewithdrawn in the face of new evidence. For example, if we are told that Tweety is abird, then since typical birds we see every day 
y, and we have no further informationto the contrary, we would like to say that Tweety 
ies. However, if later we learnthat Tweety is a dead bird, then since dead birds never 
y, we will have to withdrawour earlier conclusion.In response to this nonmonotonic aspect of commonsense reasoning, a class ofso-called nonmonotonic logics have been proposed. They formalize nonmonotonicreasoning from various di�erent, but closely related, angles.There are three directions one can take in studying nonmonotonic logics. First,1Computer commonsense? 1



CHAPTER 1. INTRODUCTION 2there are foundational issues such as the semantics of the logics and the relationshipsamong the logics. Second, there are questions of how the logics can be implemented.Finally, there are questions of how the logics can best be applied to formalizingcommonsense reasoning.This dissertation reports our work in all of the three directions. It begins with theintroduction of the logic GK of Grounded Knowledge as a uniform semantic basis for�xed-point nonmonotonic logics such as Reiter's default logic and Moore's autoepis-temic logic. To our knowledge, GK for the �rst time uni�es the two logics semanti-cally. As with circumscription, GK is based on the notion of logical minimization, andthus provides a bridge between circumscription and �xed-point nonmonotonic logics.As an application of this bridge, we propose a formalization of logic programs withnegation-as-failure in circumscription. Together with the unique names assumption,the formalization provides a concise representation for the facts that are true in everyanswer set of a logic program.We then introduce the notion of argument systems as a proof theory for non-monotonic reasoning. By reformulating some major existing nonmonotonic logics asargument systems, we show that most nonmonotonic reasoning can be captured withthe aid of a generalized negation-as-failure rule. We describe an implemented systemfor default logic based on this idea.Finally, we apply nonmonotonic logic to the formalization of inheritance and oftheories of action, the two areas that have to a large degree motivated research innonmonotonic reasoning. We show that various intuitions about nonmonotonic in-heritance hierarchies can be conveniently formalized in logic programs with negation-as-failure. For reasoning about action, we �rst propose a formal yet intuitive criterionby which to evaluate the adequacy of theories of action. We then formulate a classof monotonic theories that satisfy this criterion by using explicit frame axioms. Fi-nally for a signi�cant subclass of the monotonic theories, we provide provably-correctnonmonotonic counterparts which avoid explicit frame axioms.



Chapter 2A Brief Review of ExistingNonmonotonic LogicsIn this chapter, we brie
y review major existing nonmonotonic logics. In the laterchapters, we shall study the relationships among them, their semantics, and theirapplications. We shall begin with Shoham's general preferential semantics for non-monotonic logics [Shoham 1987], then move on to circumscription [McCarthy 1980,1986, Lifschitz 1985], default logic [Reiter 1980], autoepistemic logic [Moore 1983,Konolige 1988], and negation-as-failure [Clark 1978, Gelfond and Lifschitz 1988, andothers]. We shall only give basic de�nitions. The reader is referred to the originalpublications for more details.2.1 Preferential semanticsPreferential semantics was proposed by Shoham [1987] as a general semantic frame-work for nonmonotonic logic. Beginning with any given logic L, and a strict partialorder < (called a preference order) over the set of the interpretations of L, Shohamconstructs a nonmonotonic logic L< (called a preference logic) as follows.The syntax of L< is the same as that of L. The semantical entailment of L< isde�ned as follows. An interpretationM preferentially satis�es a set of sentences � if:1. M satis�es � in L. 3



CHAPTER 2. EXISTING NONMONOTONIC LOGICS 42. There is no M 0 such that M 0 satis�es � in L, and M 0 <M .A set of sentences � preferentially entails a sentence ', written � j=< ', if for anyinterpretation M , M satis�es ' in L whenever M preferentially satis�es �.We say that an interpretation M is a preferred model of a sentence A if M pref-erentially satis�es fAg. Thus M is a preferred model of A if it is a model of A, andis minimal according to <.2.2 CircumscriptionCircumscription [McCarthy 1980] is one of the oldest and best-known general for-malisms for nonmonotonic reasoning. Viewed syntactically, it is a second-order sen-tence. Viewed semantically, it is a kind of minimization.Let P be a tuple of predicate symbols, and x a tuple of object variables. Let A(P )and E(P; x) be formulas of second-order logic such that if a predicate in P appearsin A or E, then it appears there free, and if a variable in x appears in E, then itappears there free. The circumscription of E(P; x) in A(P ) with P allowed to varyis the following formula, written Circum(A(P );E(P; x)):A(P ) ^ 8P 0(A(P 0) � :(E(P 0; x) < E(P; x)); (2.1)where P 0 is a tuple of predicate symbols, and similar to P , E(P 0; x) < E(P; x) is theformula: 8x(E(P 0; x) � E(P; x)) ^ :8x(E(P; x) � E(P 0; x)):For brevity we are writing 8x instead of 8x1:::xn, where x = (x1; :::; xn). We noticehere that A(P ) may contain predicate symbols that are not in P . A(P ) may alsocontain free variables. Similarly, E(P; x) may contain free predicate symbols not inP , and free variables not in x. Notice that predicate symbols not in P are not allowedto vary.The semantics of Circum(A(P );E(P; x)) can be de�ned in terms of preferentialsemantics as follows. Let P , x, and E(P; x) are as those in the above de�nition ofcircumscription. For any structuresM1,M2, and any variable assignment �, we de�neM1; � vE(P;x) M2; � if:



CHAPTER 2. EXISTING NONMONOTONIC LOGICS 51. M1 and M2 have the same domain, and they interpret everything the sameexcept for the predicate symbols in P .2. For any variable assignment �0 that agrees with � on every variable except thosein x, if M1; �0 j= E(P; x), then M2; �0 j= E(P; x).We write M1; � <E(P;x) M2; � if M1; � vE(P;x) M2; �, but M2; � 6vE(P;x) M2; �.Proposition 2.1 A structure M and a variable assignment � satisfyCircum(A(P );E(P; x))i� M;� is a preferred (minimal) model of A according to <E(P;x).Our de�nition of circumscription is basically adopted from [McCarthy 1986] and[Lifschitz 1985]. Our de�nition is more general in the sense that it allows A(P )to contain free variables, and E(P; x) to contain free variables other than those in x.When P is the tuple of the free predicates in E, and x is the tuple of the free individualvariables in E, then we shall abbreviate Circum(A(P );E(P; x)) as Circum(A;E).2.3 Default logicDefault logic [Reiter 1980] enjoys the same popularity as circumscription. In someapplications such as logic programs, default logic has been shown to be more successful[Gelfond and Lifschitz 1990].A default is an expression of the form:� : �1; :::; �n=
; (2.2)where �; �1; :::; �n; 
 are �rst-order formulas. � is called the prerequisite, 
 the conse-quence, and �1; :::; �n the assumptions of the default. A default is closed if none of theformulas in it contain a free variable. Otherwise, it is called open. An open default isusually equated with the set of closed defaults obtained by replacing the free variableswith ground terms.1 In the following, we shall consider only closed defaults.1Lifschitz [1990a] recently proposed a theory in which variables in open defaults are consideredto be genuine variables.



CHAPTER 2. EXISTING NONMONOTONIC LOGICS 6A default theory is a pair (W;D), where W is a set of sentences, and D a set ofdefaults. A default theory (W;D) is closed if every default in D is closed.Let � = (W;D) be a closed default theory. A set of sentences E is a defaultextension of � if E = �(E), where � is the following operator. For any set ofsentences S, �(S) is the smallest set satisfying the following three properties:1. W � �(S).2. �(S) is closed under classical �rst-order deduction.3. If (� : �1; :::; �n=
) 2 D, � 2 �(S), and :�1; :::;:�n 62 S, then 
 2 �(S).The following proposition seems central for default logic:Proposition 2.2 (Reiter 1980) A set of sentences E is a default extension of theclosed default theory � = (W;D) i� E = 1[i=0Ei;where the Ei's are de�ned as follows: E0 = W , and for any i � 0,2Ei+1 = Th(Ei) [ f
 j (� : �1; :::; �n=
) 2 D;� 2 Ei;:�1; :::;:�n 62 Eg;where for any set S, Th(S) is the logical closure of S under classical �rst-orderdeduction.2.4 Autoepistemic logicAutoepistemic logic was proposed by Moore [1983] as a logic for reasoning about one'sown beliefs. Unlike circumscription and default logic, it uses a modal language.Following Moore, we shall consider only the propositional case. The extension tothe �rst-order case without quantifying-in is straightforward [Konolige 1988]. Let Lbe a propositional language augmented with a modal operator L. Intuitively, for any2Notice the appearance of E in the de�nition of Ei+1.



CHAPTER 2. EXISTING NONMONOTONIC LOGICS 7sentence P , LP means that P is believed. An autoepistemic sentence is a sentence inL, and an autoepistemic theory is a set of autoepistemic sentences.Let W be an autoepistemic theory. A set of sentences T is a stable expansion ofW if T = Th(W [ fLP j P 2 Tg [ f:LP j P 62 Tg);where for any set of sentences S, Th(S) is the tautological closure of S.Konolige [1988] shows that autoepistemic logic satis�es weak S5 modal logic[Hughes and Cresswell 1972]. More precisely, if W1 and W2 are equivalent in weakS5, then for any set T , it is a stable expansion of W1 i� it is a stable expansion ofW2. In particular, for any autoepistemic theory W , there is an equivalent theory W 0such that every member of W 0 has the following form:(LP1 ^ :LP2 ^ ::: ^ :LPn) � P0;where n � 0, and the Pi's do not contain the epistemic operator L.Konolige [1988] also shows that the default (2.2) corresponds to the followingautoepistemic sentence: (L� ^ :L:�1 ^ :::^ :L:�n) � 
:2.5 Negation-as-failureThe negation-as-failure rule has been used in answering queries for deductive databases and logic programs for many years [Clark 1978]. Recently, it has been formallyde�ned in various ways [van Gelder 1986, Gelfond 1987, Gelfond and Lifschitz 1988,Bidoit and Froidevaux 1988, Lin and Shoham 1989, and others].A logic program is a set of rules of the form:p0  p1; :::; pm;:pm+1; :::;:pn; (2.3)where pi, 0 � i � n, is an atomic formula, and 0 � m � n. If (2.3) contains variables,then it is an open rule, otherwise, it is a closed rule. Usually, an open rule is considered



CHAPTER 2. EXISTING NONMONOTONIC LOGICS 8to be the set of closed rules obtained by replacing the variables with the closed terms.In the following, we consider only logic programs with closed rules.The following de�nition of answer sets is taken from [Gelfond and Lifschitz 1988].3Let P be a logic program in which no rules contain :. A set of ground atoms(atomic sentences) E is an answer set of P if it is the smallest set satisfying thefollowing property:For any rule p0  p1; :::; pm 2 P , if p1; :::; pm 2 E, then p0 2 E.In general, a set of atoms E is an answer set of a logic program P if E is an answerset of P (E), where P (E) is the smallest set of rules satisfying the following property:If p0  p1; :::; pm;:pm+1; :::;:pn 2 P , and pm+1; :::; pn 62 E, thenp0  p1; :::; pm 2 P (E);where p0; :::; pn are atoms.Answer sets can also be de�ned by a translation from logic programs to defaultlogic [Bidoit and Froidevaux 1988, Lin and Shoham 1989]. The rule (2.3) correspondsto the following default: (p1 ^ : : : ^ pm : :pm+1; : : : ;:pn)=p0:Thus we can characterize answer sets as follows. A set of atoms E is an answer setof a logic program P i� �(E) = E, where for any set S, �(S) is the smallest set ofatoms satisfying the following property:If p0  p1; : : : ; pm;:pm+1; : : : ;:pn 2 P , p1; :::; pm 2 �(S), and pm+1; :::; pn 62 S,then p0 2 �(S).3Actually, they are called stable sets there. In their more recent writings, the authors use theterm \answer sets," which we adopt here.



Chapter 3A Semantic Foundation: GroundedKnowledgeWe have brie
y reviewed major existing nonmonotonic logics1. We can divide themroughly into two kinds. One is based on �xed points, such as Reiter's default logicand Moore's autoepistemic logic. The other is based on minimal models, such asMcCarthy's circumscription and the logic of minimal knowledge ([Halpern and Moses1984], [Shoham 1987], and [Lin 1988]).Although Shoham [1987] shows that preferential semantics provide a natural anduniform semantic basis for minimal-model nonmonotonic logics, a similar one for�xed-point nonmonotonic logics was still missing untill recently. In this chapter,we shall propose such a basis. More speci�cally, we shall provide possible-worldepistemic semantics for default logic as well as for autoepistemic logic. Among otherthings, the semantics clearly show the relationship, both similarities and di�erences,between the two logics. Furthermore, our semantics are essentially based on thenotion of minimal models, and thus provide a bridge between minimal-model and�xed-point nonmonotonic logics. In fact, they are largely motivated by the failureof Shoham's early attempt to provide preference semantics for default logic [Shoham1988]. Shoham's key idea is to translate a closed defaultp : q=r1An extended abstract of this chapter appeared as [Lin and Shoham 1990].9



CHAPTER 3. A SEMANTIC FOUNDATION 10into something like Kp ^ :K:q � Krwith knowledge (K) minimized. Intuitively speaking, the translation fails due to itswrong interpretation of the above default as \if p is known and :q is not known tobe true, then r is also known to be true." This wrong interpretation does not meetthe requirement that knowledge be not only minimal but also grounded.For instance, consider the simple default theory � = (;; f: p=:pg), where p isa primitive proposition. It can be easily seen that � has no extensions. However,under Shoham's translation, it corresponds to the sentence :K:p � K:p, which hasa unique minimal model where K:p is true.Our new semantics can be thought of as accounting for groundedness of knowledgeby the following informal reading of the same default rule: \if p is known to be trueand :q is not assumed to be true, then r is known to be true { provided the assumptioncan eventually be justi�ed."This suggests employing two epistemic modalities, K (for knowledge) and A (forassumption), which will be related to one another. Indeed, we will translate the abovedefault rule into the sentence Kp ^ :A:q � Kr;and the process of justifying the assumption that q is consistent will correspond to�rst minimizing the knowledge K with A �xed, and then comparing the resultingknowledge and assumptions to see whether they agree.Consider again the default theory �. This time it is translated into the sentence:A:p � Kp. There are two assumptions we can make about :p: A:p or :A:p. If weassume A:p, then :A:p � K:p is automatically true. Thus we shall know nothingexcept tautologies when knowledge is minimized. In particular, :p is not known,but this violates our earlier hypothesis that A:p is true. If we assume :A:p, then:A:p � K:p implies that :p must be known, again a violation of the hypothesis.Therefore, there is no way we can justify our assumption if we minimize knowledgein :A:p � K:p. This agrees with the fact that � has no default extension.



CHAPTER 3. A SEMANTIC FOUNDATION 11Interestingly, the treatment of autoepistemic logic will be almost identical. It wasshown in [Konolige 1988] (see also Section 2.4) that any autoepistemic theory can betransformed into an equivalent one in which every sentence has the formLp ^ :L:q1 ^ : : : ^ :L:qn � r:We will translate each such sentence intoAp ^ :A:q1 ^ : : : ^ :A:qn � Kr;and keep the rest as in the default logic translation. Thus the only change requiredwhen moving from default logic to autoepistemic logic is the replacement of the �rstK by an A!In recent years, we have seen some related work. Siegel [1990] also explicitlydistinguishes between knowledge and assumption. However, Siegel de�nes assumptionin terms of knowledge, and uses a di�erent minimization strategy. As a result, Siegelis only able to account for default logic. There are a number of related papers byresearchers at the University of Kentucky [Marek and Truszczynski 1990, Marek etal. 1991, and Truszczynski 1991]. The tool used in these papers is McDermott andDoyle's �xed-point construction [McDermott and Doyle 1980]. They show how defaultlogic and autoepistemic logic, among others, can be captured by varying underlyingmonotonic logics. An interesting open question is how to capture this class of logicsin epistemic semantics like GK.This chapter is organized as follows. We �rst de�ne our basic logical language,which is simply a propositional one augmented by two epistemic modalities. Thenwe de�ne the logic GK of Grounded Knowledge, which is the result of imposing anaugmented version of preference semantics on our basic language. We then o�ertranslations of both default logic and autoepistemic logic into GK, translations thatare similar but subtly di�erent. We prove the correctness of the translations, andshow how the common framework explicates the relationship between the two log-ics. Finally, as an application of the bridge GK provides between minimal-modeland �xed-point nonmonotonic logics, we show a formalization of logic programs incircumscription.



CHAPTER 3. A SEMANTIC FOUNDATION 123.1 The basic logical languageOur language is a propositional one, augmented with two modalities K and A, whichare at this point mutually unconstrained. Well-formed formulas are de�ned as usual.Intuitively K' means that ' is known or believed (the distinctions between the twoare not important in this paper) to be true, while A' means that ' is assumed to betrue.A Kripke structure is a tuple (W;�;RK; RA), where W is a nonempty set, �(w) atruth assignment to the primitive propositions for each w 2 W , and RK; RA are binaryrelations over W (the accessibility relations for K and A, respectively). A Kripkeinterpretation M is a pair (w; (W;�;RK; RA)), where w 2 W and (W;�;RK; RA) is aKripke structure.We have not placed restrictions on the two accessibility relations so far. Indeed,our results are surprisingly insensitive to the properties of these relations.2 In partic-ular, the reader may assume any of the major systems that have been used to captureepistemic notions { S5, K45, KD45 or S4.The satisfaction relation \j=" between Kripke interpretations and formulas is de-�ned as follows:1. (w; (W;�;RK; RA)) j= p i� �(w)(p) = 1, where p is a primitive proposition.2. M j= '1 _ '2 i� M j= '1 or M j= '2.3. M j= :' i� it is not the case that M j= '.4. (w; (W;�;RK; RA)) j= K' i� (w0; (W;�;RK; RA)) j= ' for any w0 2 W suchthat (w;w0) 2 RK .5. (w; (W;�;RK; RA)) j= A' i� (w0; (W;�;RK; RA)) j= ' for any w0 2 W suchthat (w;w0) 2 RA.2Many people have commented on this fact. Joham van Benthem (private communication) notedthat our results are insensitive to the underlying modal logic because we only consider non-nestedmodal sentences on which the usual hierarchies of modal logics collape. We agree.



CHAPTER 3. A SEMANTIC FOUNDATION 13We say that a Kripke interpretationM is a model of a set of formulas S ifM satis�esevery member of S.We conclude this section with two de�nitions that will be used throughout theremainder of the chapter: For each Kripke interpretation M ,K(M) = f' j M j= K', ' is a base formulag;and A(M) = f' j M j= A', ' is a base formulag;where a base formula is one that does not contain modal operators.3.2 Preference semantics and the logic GKIn this section we modify the semantics of our basic language, de�ning the logic GK.We start by endowing our basic language with a preference semantics (see section 2.1or [Shoham 1987]).To do so we de�ne a preference relation on the Kripke interpretations de�ned in theprevious section. The following relation \<" has the e�ect of minimizing knowledgewith assumptions �xed.De�nition 3.1 Let Mi, i = 1; 2, be two Kripke interpretations. We say that M1 ispreferred over M2, written M1 <M2, if:1. A(M1) = A(M2).2. K(M1) � K(M2).M is a minimal model of S if M is a model of S and there is no other model M 0 ofS such that M 0 <M .These semantics, however, are not su�cient for our purposes, as they do notcapture the property of \groundedness" of knowledge. As was said in the introduction,the assumptions made by the agent should be justi�ed. We capture this justi�cationby an added requirement of the minimal models { that the assumptions coincide withthe knowledge. This naturally leads to the following de�nition:



CHAPTER 3. A SEMANTIC FOUNDATION 14De�nition 3.2 Let S be a set of formulas, and M a Kripke interpretation. We saythat M is a preferred model of S if:1. M is a minimal model of S.2. K(M) = A(M).De�nition 3.3 The logic GK is de�ned as follows:Syntax: The syntax of our basic language.Semantic entailment: � j=GK ' i� ' holds in all preferred models of �.Example 3.1 In the following, p; q; r are primitive propositions.S1 = fKpg has a unique preferred model in the sense that M is a preferred modelof fKpg i� K(M) is the tautological closure of p, and A(M) = K(M).S2 = f:Ap � Kpg has no preferred models. For let M be a preferred model ofS2. If Ap is true in M , then Kp must be false because of the minimality of M . Butthen K(M) 6= A(M) and M can not be a preferred model of S2. Now if Ap is false inM , then Kp must be true in M because it is a model of S2, and this again will makeK(M) 6= A(M).As we will see in the next section, S1 corresponds to the default theory (fpg; ;),and S2 to (;; f: :p=pg).S3 = fKp _Kq;Kp ^ :A:r � Kr;Kq ^ :A:r � Krg. We can distinguish twokinds of preferred models of S3: One in which Kp ^ :Kq and Kr are true; and theother in which Kq ^ :Kp and Kr are true. Notice that Kr is true in all preferredmodels.There is no default theory that corresponds to S3. In fact, S3 is an instance of adisjunctive default theory [Gelfond et al. 1991]. For instance, we can interpret p as\Tweety is a penguin", q as \Tweety has a broken wing", and r as \Tweety does not
y".We conclude this section by proving a generalization of Reiter's Theorem 2.1 in[Reiter, 1980] (Proposition 2.2 in Section 2.3).



CHAPTER 3. A SEMANTIC FOUNDATION 15Theorem 1 Let S = S1 [ S2 (either S1 or S2 may be empty) be a set of formulassuch that every member of S1 has the form Kp and every member of S2 the formKp ^Aq ^ :Ar1 ^ : : : ^ :Arn � Ks;where p, q, r1, ..., rn, s are base formulas, n � 0, and both Kp and Aq may be absent.Then a Kripke interpretation M is a preferred model of S i�:1. K(M) = A(M).2. K(M) = E1 [ E2 [ :::, where Ei, i = 1; 2; :::, are de�ned inductively as follows:(a) E1 = fp j Kp 2 S1g.(b) Ei+1 = Th(Ei) [ fs j Kp ^ Aq ^ :Ar1 ^ : : : ^ :Arn � Ks 2 S2, wherep 2 Ei; q 2 A(M) and r1; r2; :::; rn 62 A(M)g, where i > 0 and Th(Ei) isthe tautological closure of Ei.Proof: In the following, let E = E1 [ E2 [ :::.((): By the de�nition of Ei, i = 1; 2; :::, it is easy to see that M is a model of S.M must be minimal for ifM 0 is a model of S such that A(M) = A(M 0), then it is easyto prove by induction on i that Ei � K(M 0) for i > 0; thus K(M) = E � K(M 0).Thus M is a preferred model of S.()): Since M is a model of S, as we have proved in the (() part, we haveE � K(M). Thus E is a tautologically consistent set of sentences. Therefore we canconstruct a Kripke interpretation M 0 such that A(M 0) = A(M) and K(M 0) = E. Bythe de�nition of the Ei's, M 0 must be a model of S. Thus by the minimality of M ,we must have K(M) = K(M 0) = E.3.3 Fixed-point nonmonotonic logicsThe two major �xed-point nonmonotonic logics in the AI literature are Reiter's defaultlogic [Reiter, 1980] and Moore's autoepistemic logic [Moore, 1985]. By the above



CHAPTER 3. A SEMANTIC FOUNDATION 16Theorem 1 and Theorem 2.1 in [Reiter, 1980] (also Proposition 2.2 in Section 2.3), itis straightforward to translate default theories into sets of formulas in our logic GK.As we shall show in this section, a closely related but subtly di�erent translation alsoexists for autoepistemic theories.3.3.1 Default logicRecall from section 2.3 that default logic was originally de�ned with respect to a�rst-order language. For the sake of consistency with autoepistemic logic, the defaultlogic used here is with respect to a propositional language. It is straightforward toextend the results to the �rst-order case (this is true because open defaults are de�nedas shorthands for sets of closed defaults). In this subsection, we de�ne sentences asbase formulas.Recall that a default theory, adapted to a propositional language, is a pair (W;D),where W is a set of sentences and D a set of defaults, which are expressions of theform p : q1; : : : ; qn=r;where p; q1; : : : ; qn; r are sentences.A default theory � = (W;D) is translated into the following set of formulas �GKin GK:1. If p 2 W , then Kp 2 �GK .2. If (p : q1; : : : ; qn=r) 2 D, thenKp ^ :A:q1 ^ : : : ^ :A:qn � Kr 2 �GK:Theorem 2 A consistent set of sentences E is a default extension of � i� there isa preferred model M of �GK such that E = K(M).Proof: By Theorem 1 and Theorem 2.1 in [Reiter, 1980], and the fact that if E isconsistent, then there is a Kripke interpretationM such that K(M) = A(M) = E.



CHAPTER 3. A SEMANTIC FOUNDATION 173.3.2 Autoepistemic logicRecall from section 2.4 that the language of autoepistemic logic is a propositional oneaugmented by a modal operator L for belief. In the following, by a L-sentence wemean one that may contain the modal operator L but not K nor A.Without loss of generality, let S be a set of L-sentences of the form (see section 2.4):Lp ^ :Lq1 ^ : : : ^ :Lqn � r;where p; q1; :::; qn; r are base formulas, n � 0, and Lp may be absent.3For any such S, we de�ne SGK by the following equation:SGK = fAp ^ :Aq1 ^ : : : ^ :Aqn � Kr j Lp ^ :Lq1 ^ : : : ^ :Lqn � r 2 Sg:Parallel to Theorem 2, we have the following result:Theorem 3 A consistent stable set of L-sentences E is a stable expansion of S i�there is a preferred model M of SGK such that K(M) = Base(E), where Base(E) isthe set of base formulas in E.By Theorem 1, the theorem is equivalent to the following proposition whichwas announced in [Lin and Shoham 1989] and independently proved in [Marek andTruszczynski 1989]:Proposition 3.1 A stable set E is a stable expansion of S i� Base(E) = E2 where1. E1 = fp j p 2 S is a base formulag.2. E2 = Th(E1 [ fr j Lp ^ :Lq1 ^ : : : ^ :Lqn � r 2 S, where p 2 Base(E) andq1; :::; qn 62 Base(E)g).3Theoretically, it is not necessary to use the normal form. Under the assumption that K and Asatisfy the weak S5 system, an arbitrary L-sentence can be translated into a sentence in our languageby inserting K in front of the L-sentence and replacing every L by A. The following Theorem 3 willalso be true for this transformation.



CHAPTER 3. A SEMANTIC FOUNDATION 18Proof:()): First it is easy to see that Ei � E, i = 1; 2. Thus E2 � Base(E). On theother hand, if A 2 Base(E), then A is a tautological consequence ofS [ fL' j ' 2 Eg [ f:L' j ' 62 Eg:Because of the normal form of S, A must be a tautological consequence ofS [ fL' j ' 2 Base(E)g [ f:L' j ' 62 Base(E)g;thus a tautological consequence offr j Lp ^ :Lq1 ^ : : :^ :Lqn � r 2 S; where p 2 Base(E) and q1; :::; qn 62 Base(E)g:Hence A must be in E2. Therefore Base(E) = E2.((): Without loss of generality, we can assume that E is tautologically consistent.First we prove that S � E. Let' = Lp ^ :Lq1 ^ : : : ^ :Lqn � r 2 S:There are two cases:1. p 2 E and q1; : : : ; qn 62 E: Since E is a stable set and Base(E) = E2, we haver 2 E and ' 2 E.2. Otherwise, for instance, p 62 E, then :Lp 2 E. But :Lp ` ', thus ' 2 E.Other cases are similar.Let E 0 = Th(S [ fL' j ' 2 Eg [ f:L' j ' 62 Eg):We have that E 0 � E. Suppose ' 2 E, there are several cases:1. ' is a base sentence. Then we have ' 2 Base(E) = E2 � E0.2. ' has the form L�. Since E is a stable set, thus � 2 E. Therefore L� 2 E0.3. ' has the form :L�. Since E is consistent, we have � 62 E. Thus :L� 2 E0.



CHAPTER 3. A SEMANTIC FOUNDATION 194. ' is a disjunction of sentences of the forms in the above three cases. Then oneof the disjuncts must be in E, and thus in E0. Therefore ' 2 E 0.5. Finally for arbitrary ', it is tautologically equivalent to a conjunction of sen-tences of the form in the above case. Thus all of the conjuncts must be in E,and hence in E0. Therefore ' must be in E 0.Therefore E � E 0. Thus E = E 0 and E is a stable expansion of S.In summary, by Theorem 2, we have the following correspondence between GKand default logic:p : q1; : : : ; qn=r, Kp ^ :A:q1 ^ : : : ^ :A:qn � Kr;and by Theorem 3, we have the following correspondence between GK and autoepis-temic logic:Lp ^ :L:q1 ^ : : : ^ :L:qn � r , Ap ^ :A:q1 ^ : : : ^ :A:qn � Kr:Thus the di�erence between default and autoepistemic logics lies in their di�erentinterpretations of the premise p. While default logic treats the premise p and theconclusion r in the same way (as knowledge, in our terminology), autoepistemic logictreats the premise p and the consistency assumptions q's in the same way (as assump-tions, in our terminology). The e�ect of this di�erence is that the notion of defaultextensions is stronger than that of stable expansions, that is, under Konolige's trans-formation [Konolige 1988]p : q1; : : : ; qn=r , Lp ^ :L:q1 ^ : : : ^ :L:qn � r;if E is a default extension of a default theory and T is a stable set such that Base(T ) =E, then T is also a stable expansions of the corresponding autoepistemic theory, butthe converse is not true in general [Konolige 1988]. There is, however, a special casein which the converse is also true. If � is a default theory without premises, that is,if every default in � has the form : q1; : : : ; qn=r;



CHAPTER 3. A SEMANTIC FOUNDATION 20then Konolige's transformation is exact, that is, a set of base sentence E is a defaultextension of � i� there is a stable set T such that Base(T ) = E and T is a stableexpansion of the corresponding autoepistemic theory. This result is also proved in[Lin and Shoham 1989], and now follows trivially from Theorem 2 and Theorem 3.



CHAPTER 3. A SEMANTIC FOUNDATION 213.4 Negation-as-failure as circumscriptionWe now consider an application of the logic GK. As with circumscription, our logic GKis based on minimization. In fact, if we reify propositions, then GK can be capturedby the following conjunction of a circumscription with a �rst-order sentence:Circum(S;Known) ^ 8x(Known(x) � Assumed(x)):In the general case, the price of rei�cation seems too high4. However, in logic pro-grams, where the sentences in a rule are literals, rei�cation is easy. In this case,the above connection between GK and circumscription yields an interesting relation-ship between logic programs and circumscription. In this section, we shall explorethis relationship. Our work can be considered an extension of [Lifschitz 1987a] and[Przymusinski 1989], which provide semantics for strati�ed logic programs in circum-scription.3.4.1 From logic programs to circumscriptionRecall that logic programs consist of rules of the following form:p0  p1; :::; pm;:pm+1; :::;:pn; (3.1)where p0; :::; pn are atoms. The rule corresponds to the following default (see Sec-tion 2.5): (p1 ^ : : : ^ pm : :pm+1; : : : ;:pn)=p0;which is translated into the following sentence in GK (see Section 3.3.1):(Kp1 ^ :::^Kpm ^ :Apm+1 ^ ::: ^ :Apn) � Kp0;which is \rei�ed" into the following �rst-order sentence:p1 ^ ::: ^ pm ^ :p0m+1 ^ ::: ^ :p0n � p0; (3.2)4John McCarthy pointed out that for propositional logic, we only need about �ve axioms. Butthe e�ects of circumscribing predicates in the axioms seem hard to capture, witness the mechanismsneeded in [Lin 1988]. In any event, the advantages that circumscription can bring us in the generalcase by rei�cation are less clear than in the special case of logic programs.



CHAPTER 3. A SEMANTIC FOUNDATION 22where for any �rst-order formula F , F 0 is the result of replacing every predicate P inF by a corresponding new predicate P 0 of the same arity. Instead of minimizing theoperator K with A �xed, we minimize all predicates in the original language with thenew predicates �xed, and instead of equating K and A after minimization, for everypredicate P , we equate it with the corresponding P 0. Let us see a simple example.Example 3.2 Let P be a logic program with the following rules:Q(b);Q(a) Q(b);:Q(c):E = fQ(b); Q(a)g is the unique answer set of P. Now let F be the conjunction of thefollowing sentences: a 6= b 6= c;Q(b) ^ (Q(b) ^ :Q0(c) � Q(a)):It can be shown that Circum(F ;Q(x)) is equivalent toF ^ [Q0(c) � 8x(Q(x)� x = b)] ^ [:Q0(c) � 8x(Q(x) � x = b _ x = a)]:Thus the sentence 8x(Q(x)� Q0(x))^Circum(F ;Q(x)) is equivalent to the followingone: F ^ 8x(Q(x) � Q0(x)) ^ 8x(Q(x)� x = b _ x = a);which implies the set of ground atoms given by E.In general, for any given �nite logic program P, let C(P) be the conjunction of thesentences obtained by translating every rule (3.1) in P into the universal closure of(3.2). If P contains only closed rules, then let EQ(P) be the unique names assumptionfor the closed terms in P.Theorem 4 Let P be a �nite logic program with only closed rules. For any set Eof ground atoms, E is an answer set of P i� there is a model M of the followingsentence P̂2P 8x(P (x) � P 0(x)) ^ Circum(EQ(P)^ C(P); P̂2P P (x)) (3.3)such that E is the set of the ground atoms in P satis�ed in M .



CHAPTER 3. A SEMANTIC FOUNDATION 23Proof: Suppose E is an answer set of P. Then E will contain only ground atomsthat appear in P. Construct an Herbrand modelM satisfying the following propertyFor any predicate P 2 P, any tuple of closed terms t, M j= P (t) i� M j= P 0(t)i� P (t) 2 E.We show that M satis�es (3.3). Since M is an Herbrand model, thus it satis�esEQ(P). M j= C(P) follows easily from the construction of M , and the assumptionthat E is an answer set. We now show that M is minimal. If not, suppose there is aM 0 such that M 0 j= C(P), and M 0 <VP2P P (x) M . Let E0 be the set of ground atomsthat are true in M 0 and appear in P. It can be seen that E0 satis�es the property for�(E) in section 2.5. Thus �(E) � E0 � E = �(E), a contradiction. Therefore, Mmust be minimal, and satisfy (3.3).Suppose M is a model of (3.3). Let E be the set of the ground atoms that aretrue in M and appear in P. We show that E is an answer set of P, i.e. E = �(E).It is easy to see that E satis�es the property for �(E). Thus �(E) � E. Now let M 0be just like M except that for any ground atoms p in P, M 0 j= p i� p 2 �(E). Thisis a sound de�nition since M is a model of EQ(P). It is easy to check that M 0 is amodel of C(P), and M 0 vVP2P P (x) M . Thus M =M 0, and E = �(E).Corollary 4.1 Under the assumptions of the theorem, a ground atom in P is inevery answer set of P i� it is a logical consequence of (3.3).The proof of Theorem 4 also gives the following result:Theorem 5 Let P be a �nite logic program. A set E is an answer set of P i� thereis an Herbrand model M such that (1) for any ground atom p in the language of P,p 2 E i� M j= p, and (2) M is a model of the following sentence:P̂2P 8x(P (x) � P 0(x)) ^ Circum(C(P); P̂2P P (x)):For �nite logic programs with free variables, we may still have the correspondingunique names assumption for them. In this case, Theorem 4 will be applicable.



CHAPTER 3. A SEMANTIC FOUNDATION 24Example 3.3 [Gelfond and Lifschitz 1988] Consider the following program P:P (1; 2);Q(x)  P (x; y);:Q(y):The unique names assumption for P is 1 6= 2. Let A be the following sentence1 6= 2 ^ P (1; 2) ^ 8xy(P (x; y)^ :Q0(y) � Q(x)):Then Circum(A;P (x; y)^Q(z)) is equivalent toA ^ 8xy[P (x; y)� (x = 1 ^ y = 2)] ^ 8x[Q(x)� (x = 1 ^ :Q0(2))]Thus P is captured by the following sentence:8xy(P (x; y)� P 0(x; y)) ^ 8x(Q(x)� Q0(x)) ^ Circum(A;P (x; y)^Q(z));which is equivalent to the following sentence as far as P and Q are concerned:8xy(P (x; y)� x = 1 ^ y = 2) ^ 8x(Q(x)� x = 1) ^ 1 6= 2;which concisely summarize the unique answer set of P: fP (1; 2); Q(1)g.It is particularly interesting to note that if a logic program has more than oneanswer set, then the circumscription of the program gives us the intersection of theanswer sets.Example 3.4 Consider the following logic program P:P (a) :P (b);P (b) :P (a):The circumscription of P in(:P 0(a) � P (b)) ^ (:P 0(b) � P (a)) ^ a 6= bis 8x(x 6= a ^ x 6= b � :P (x)) ^ (:P 0(a) � P (b)) ^ (:P 0(b) � P (a)) ^ a 6= b:Together with 8x(P (x) � P 0(x)), it givesP (a) � :P (b) ^ 8x(x 6= a ^ x 6= b � :P (x)):



CHAPTER 3. A SEMANTIC FOUNDATION 253.4.2 Disjunctive data basesIn this subsection, we show that our formalization of logic programs in circumscrip-tion can be generalized to logic programs with disjunctive heads (see, for example,[Przymusinski 1990] and [Gelfond and Lifschitz 1991]).A disjunctive data base is a set of rules of the following form:p0jp1j:::jpl pl+1; :::; pm;:pm+1; :::;:pn; (3.4)where p0; :::; pn are atoms, and 0 � l � m � n. Intuitively, p0jp1j:::jpl is p0_p1_:::_pl,i.e., one of pi, 0 � i � l, must be true.The notion of answer sets can be extended to disjunctive data bases [Przymusinski1990] and [Gelfond and Lifschitz 1991]. Let P be a disjunctive data base with onlyclosed rules.5 A set of atoms E is an answer set of P if E = �(E), where for any setof atoms S, �(S) is the smallest set satisfying the following condition:For any rule (3.4) in P, if pl+1; :::; pm 2 �(S), and pm+1; :::; pn 62 S, then one ofp0; :::; pl must be in �(S).Again, for any �nite disjunctive data base P, let C(P) be the disjunction of thesentences obtained by translating every rule (3.4) in P into the universal closure ofthe following sentence:pl+1 ^ :::^ pm ^ :p0m+1 ^ ::: ^ :p0n � p0 _ ::: _ pl; (3.5)where for any �rst-order formula F , F 0 is the result of replacing every predicate P inF by a corresponding new predicate P 0 of the same arity. If P contains only closedrules, then let EQ(P) be the unique names assumption for closed terms in P.Theorem 4, Corollary 4.1, and Theorem 5 can be extended straightforwardly todisjunctive data bases.Example 3.5 Consider P1 = fP (a)jP (b)  g. There are two answer sets, E1 =fP (a)g, and E2 = fP (b)g.5Again, an open rule is considered to be a shorthand for the set of the closed rules obtained byreplacing the variables by the closed terms.



CHAPTER 3. A SEMANTIC FOUNDATION 26C(P1) is P (a)_ P (b), and EQ(P1) is a 6= b. The circumscription of P in C ^EQis a 6= b ^ [8x(P (x)� x = a) _ 8x(P (x) � x = b)];which summarizes E1 and E2.Let P2 = fP (a); P (x)jQ(x) g. fP (a)g is the unique answer set of P2. C(P2) isP (a) ^ 8x(P (x) _Q(x)):The circumscription of P and Q in C(P2) isP (a) ^ 8x(P (x) � :Q(x)):3.5 SummaryWe have de�ned the logic GK, of Grounded Knowledge, and provided two very similartransformations from default logic and autoepistemic logic into GK. The transforma-tions provide for the �rst time a uniform epistemic semantics for the two logics, andthus a common semantic background against which they can be clearly compared.Using a relationship between GK and circumscription, we have shown that logicprograms and disjunctive data bases can be formalized in circumscription by intro-ducing, for each predicate, a new one with the same arity.Recently, Lifschitz [1991] has extended a version of GK to �rst-order case, andshown that it can be used to formalize disjunctive data bases with classical negation,and to de�ne epistemic queries to logic programs. We are sure that many otherapplications of GK will come in the days ahead.



Chapter 4A Proof-Theoretic Foundation:Argument SystemsIn this chapter1, we study nonmonotonic reasoning from a proof-theoretic point ofview. Our study will shed some new light on the way in which nonmonotonic logicmay be implemented.A way of classifying formal theories of nonmonotonic reasoning is to see whetherthey are sentence-based or argument-based. Sentence-based nonmonotonic logics in-clude various forms of circumscription [McCarthy 1986, Lifschitz 1987], McDermottand Doyle's nonmonotonic logic [McDermott and Doyle 1980], Reiter's default logic[Reiter 1980],2 Moore's autoepistemic logic [Moore 1983], Shoham's chronological ig-norance [Shoham 1986], and our logic GK in Chapter 3. Argument-based systems in-cludes logic programs with negation-as-failure, nonmonotonic inheritance hierarchies[Touretzky 1986, Horty et al. 1987, and others], and defeasible reasoning [Pollock1987, Loui 1987a, and others]. Argument-based systems focus most of their attentionon the structure of arguments (proofs) and on accounting for choices between con-
icting arguments, while these notions are often implicit, if they exist at all, in mostsentence-based systems. As a result, most of the reasoning in argument-based sys-tems tends to be closer to human commonsense reasoning, and most sentence-based1Part of this chapter appeared as [Lin and Shoham 1989].2Perhaps it is more reasonable to classify default logic in both categories.27



CHAPTER 4. A PROOF-THEORETIC FOUNDATION 28systems are mathematically simpler, and closer to classical logic.In this chapter, we propose the notion of argument systems as a general prooftheory for nonmonotonic logic. Compared with other argument-based systems, ourframework has the following features. Although we explicitly introduce the notion ofarguments (thus diverging from sentence-based systems), we do not explicitly statewhen an argument is better than (or overrides) another. This is motivated by ourdesire to have a system that is close to human commonsense reasoning, and which atthe same time has a simple and intuitive de�nition. Our early e�orts showed that thede�nitions of when an argument is better than another are not only mathematicallycomplicated, but clearly not unique, and it is not clear how to make a choice amongthe alternatives.3 Our results show that the notion of when an argument is better thananother one may be both theoretically and practically unnecessary. For example, wehave shown that default logic can be naturally considered to be a special case of ourframework, and that various intuitions about nonmonotonic inheritance hierarchiescan be conveniently formalized in logic programs with negation-as-failure, which arespecial argument systems. Of course this does not mean that the notion of when anargument overrides another is worthless. On the contrary, we do �nd that it is oftenintuitively very plausible to talk about priorities among con
icting arguments.4.1 Basic de�nitionsThroughout this section we �x a language L so that in the following when we say, forexample, that ' is a sentence, we mean that ' is a sentence in L. The only requirementwe have of L is that it has a special operator \:" so that if ' is a sentence, then :'is also a sentence. At the moment no logical properties are assigned to the operator:. In particular, no inherent connection between ' and ::' is assumed. The solefunction of L is to provide us with a set of sentences.We �rst introduce the notion of inference rules. There are three kinds of them:De�nition 4.1 An (inference) rule is an expression of one of the following forms:3This point is well manisfested in the \clash of intuition" paper by Touretzky et al. [1987].



CHAPTER 4. A PROOF-THEORETIC FOUNDATION 291. A, where A is a sentence. A rule of this form will be called a base fact.2. A1; : : : ; An! B, where n > 0, and the A's and B are sentences. A rule of thisform will be called monotonic.3. A1; : : : ; An) B, where n > 0, and the A's and B are sentences. A rule of thisform will be called nonmonotonic.Intuitively, a base fact represents our explicit knowledge about a speci�c do-main. For example, the fact that Tweety is a bird can be represented as a base factbird(Tweety). A monotonic rule A1; : : : ; An ! B represents our deductive knowledgeabout the domain. It always enables us to conclude the B from the A's. For example,the knowledge \if a is a penguin, then it is also a bird" can be represented as the mono-tonic rule penguin(a) ! bird(a). A nonmonotonic rule A1; : : : ; An ) B representsour commonsense knowledge about the domain. It usually enables us to conclude theB from the A's, but there may be exceptions. For example, the statement \if a is abird, then it 
ies" can be represented as the nonmonotonic rule bird(a)) fly(a).In the following, we assume that for any sentencesA1; :::; An; A01; :::; A0n, if (A1; :::; An)is a permutation of (A01; :::; A0n), then A1; :::; An! B is the same as A01; :::; A0n ! B,and A1; :::; An) B is the same as A01; :::; A0n) B.De�nition 4.2 An argument system is a pair (R;C), where R is a set of rules, andC a set of sentences called completeness conditions.Intuitively,C is the set of sentences about which our knowledge has to be complete,i.e. for every member of C, either it or its negation has to be known. Typically, Cwill be a set of instances of McCarthy's abnormality (ab) predicate.Next we de�ne argument structures, which are to argument systems as extensionsare to default theories. To this end, we �rst de�ne arguments,4 which are treesconstructed from rules, and are used to establish propositions.De�nition 4.3 Let A = (R;C) be an argument system. An argument in A is a tree,and is de�ned inductively as follows:4We remark here that we only consider what Pollock calls linear arguments [Pollock 1987].



CHAPTER 4. A PROOF-THEORETIC FOUNDATION 301. If A 2 R is a base fact, then the tree consisting of A as the only node is anargument.2. If p1; : : : ; pn are arguments whose roots are A1; : : : ; An, respectively, andA1; : : : ; An! B (or A1; : : : ; An) B) is a rule in R such that B is not a node inany one of the trees p1; : : : ; pn, then the tree p with B as its root and p1; : : : ; pnas its immediate subtrees is an argument. p is said to be formed from p1; : : : ; pnby using the monotonic rule A1; : : : ; An ! B (or by using the nonmonotonicrule A1; : : : ; An) B).5An argument p is said to be for ', or ' is said to be supported by p, if ' is the rootof p. Notice that according to our de�nition of arguments, if the argument p is for ',then ' can only appear as the root of p, that is, arguments are well founded. This isin order to prevent us from generating an in�nite number of redundant arguments.For example, A is the only argument that can be constructed from the rules A andA! A. A! A, A! A! A, etc. are not arguments.Grouping arguments together we get the notion of argument structures. Thesecan be viewed as sets of logically consistent arguments held by an agent.De�nition 4.4 Let A = (R;C) be an argument system. A set T of arguments in Ais an argument structure of A if the following conditions are satis�ed:1. If p is a base fact in R, then p 2 T .2. T is structurally closed, that is, for any p 2 T if p0 is a subtree of p, then p0 2 T .3. T is monotonically closed, that is, if p is formed from p1; : : : ; pn in T by amonotonic rule, then p is also in T .4. T is consistent, that is, it does not contain arguments for both ' and :', forany sentence '.5From this de�nition we see that, actually, an argument is more than a tree. It also containsinformation about how the tree is formed. But this information can be uniquely determined fromthe set R of rules under the assumption that if A1; :::; An! B is in R, then A1; :::; An) B is notin R.



CHAPTER 4. A PROOF-THEORETIC FOUNDATION 315. T is complete, that is, for any ' 2 C, either there is an argument in T for 'or there is an argument in T for :'.Notice that the notion of completeness plays a role similar to that of minimalityin circumscription or �xed-point in default logic.Another notion that will be used throughout this paper is the set of sentencessupported by an argument structure.De�nition 4.5 Let T be an argument structure. The set of sentences supported byT , written Sup(T ), is de�ned as follows:Sup(T ) = f' j there is a p 2 T such that ' is supported by p.g:Example 4.1 [Penguins do not 
y] Let R be the set of following 8 rules:r1 : True;r2 : Penguin(a);r3 : Penguin(a)! Bird(a);r4 : Penguin(a);:ab(a; penguin; flyless)! :Fly(a);r5 : Bird(a);:ab(a; bird; flyness)! Fly(a);r6 : Penguin(a)! ab(a; bird; flyness);r7 : True) :ab(a; penguin; flyless);r8 : True) :ab(a; bird; flyness):Let C = fab(a; penguin; flyless); ab(a; bird; flyness)g. There are also 8 argumentsin A = (R;C): p1 : True;p2 : Penguin(a);p3 : p1 r7) :ab(a; penguin; flyless);p4 : p1 r8) :ab(a; bird; flyness);p5 : p2 r3! Bird(a);



CHAPTER 4. A PROOF-THEORETIC FOUNDATION 32p6 : p2 r6! ab(a; bird; flyness);p7 : p3; p2 r4! :Fly(a);p8 : p4; p5 r5! Fly(a):There is a unique argument structure of A:T = fp1; p2; p5; p6; p3; p7g;and Sup(T ) = fTrue; Penguin(a); Bird(a);:ab(a; penguin; flyless);ab(a; bird; flyness);:Fly(a)g:Intuitively, our intention for introducing the \arti�cial" predicate ab is that unlesswe know that ab(x; y; z) is true, we will assume by default that :ab(x; y; z) is true.Thus it is natural to expect that we shall have a complete knowledge about the abpredicate, and this is how we have de�ned the set C.Notice that in this example, the nonmonotonic rules are of the simplest form:True) B;where B is a sentence. As we shall see later on, nonmonotonic rules of this form areof particular importance to us.4.2 Default logic as argument systemsIn this section, we show that default logic can be naturally considered a special caseof argument systems. In this section, we suppose the underlying language to be theordinary �rst-order one, augmented with a second-order predicate ab, and our specialoperator \:" is the classical negation operator.Let Rd be the following set of rules:1. True is a base fact.



CHAPTER 4. A PROOF-THEORETIC FOUNDATION 332. IfA1; : : : ; An, and B are �rst-order sentences and B is a consequence ofA1; : : : ; Anin �rst-order logic, then A1; : : : ; An ! B is a monotonic rule.63. If A is a �rst-order sentence, then :A! ab(A) is a monotonic rule.4. If B is a �rst-order sentence, then True) :ab(B) is a nonmonotonic rule.Let � = (W;D) be a closed default theory. De�ne R(�) to be the set of thefollowing rules:1. If A 2 W , then A is a base fact of R(�).2. If A : B1; : : : ; Bn=C is a default in D, thenA;:ab(B1); : : : ;:ab(Bn)! Cis a monotonic rule.Let Ab = fab(A) j A is a �rst-order sentenceg.We have the following result:Theorem 6 Let E be a consistent set of �rst-order sentences. E is an extension of� i� there is an argument structure T of (Rd [ R(�); Ab) such that E is the set of�rst-order sentences supported by T .Proof: Let E be a consistent set of �rst-order sentences. According to Reiter'sresult (Proposition 2.2), E is an extension of � i� E = E0 [E1 [ : : :[En [ :::, whereEi, i � 0, is de�ned as follows:E0 = W;Ei+1 = Th(Ei) [ fC j A : B1; : : : ; Bn=C 2 Dwhere A 2 Ei and :B1; : : : ;:Bn 62 Eg;where Th(Ei) is the closure of Ei under �rst-order consequence.6Instead of using the \rule schema," we can use a set of axioms plus modus ponens to capture�rst-order deduction. We think it is conceptually simpler to use the rule schema.



CHAPTER 4. A PROOF-THEORETIC FOUNDATION 34Suppose E is an extension of �, let E 0 = E[fab(B)j:B 2 Eg[f:ab(B)j:B 62 Eg.Obviously, for any ab(B) 2 Ab, either ab(B) or :ab(B) is inE0, and E is the restrictionof E 0 to the set of �rst-order sentences. We now prove that there is an argumentstructure T of (Rd [ R(�); Ab) such that E0 = Sup(T ).First we prove that for any ' 2 E0 there is an argument for '. To this end, weinductively prove that for any i � 0, if ' 2 Ei, then there is an argument for '. Ifi = 0, then ' 2 W , thus ' is a base fact of Rd [ R(�). Inductively, suppose wehave done the proof for i. Let ' 2 Ei+1, then ' is either in Th(Ei) or there is adefault A : B1; : : : ; Bn=' in D such that A 2 Ei. The former case is obvious. Thelater case is also easy to prove by using the inductive assumption and the fact thatA;:ab(B1); : : : ;:ab(Bn) ! ' and True ! :ab(Bk), 1�k�n, are rules. Therefore byReiter's result, if ' 2 E, then there is an argument for '. From this by the de�nitionof E 0, it is easy to see that if ' 2 E0, then there is an argument for '.Now let T be the set of those arguments such that all sentences in them (asnodes) are in E 0. Obviously E0 = Sup(T ). We prove that T is an argument structureof (Rd [R(�); Ab).1. T contains all base facts: trivial.2. T is structurally closed: trivially follows from the de�nition of T .3. T is consistent: follows easily from the fact that E is consistent (in the sense of�rst-order logic).4. T is monotonically closed: this is proved by checking all monotonic rules. Forexample, if p is formed from p1; : : : ; pn 2 T by using the monotonic rule:A;:ab(B1); : : : ;:ab(Bn)! C;then A 2 E and :B1; : : : ;:Bn 62 E, therefore C 2 E, thus all sentences in pare in E 0, so p 2 T .5. T is complete: Trivial.



CHAPTER 4. A PROOF-THEORETIC FOUNDATION 35Conversely, let T be an argument structure of (Rd [ R(�); Ab) such that E isthe restriction of Sup(T ) to the set of �rst-order sentences. We prove that E is anextension of �, that is, E = [Ei. By induction on i, using the fact that for any�rst-order sentence A, ab(A) 2 Sup(T ) i� :A 2 Sup(T ), it is easy to see that Ei � Efor each i, that is, [Ei � E. Now let ' 2 E, then there is an argument p 2 Tfor '. By induction on the number of rules used in p, we prove that there is ani � 0 such that ' 2 Ei. If p is a base fact, then p 2 W , that is, p 2 E0. Induc-tively, suppose that for any proper subtree p0 of p, if p0 is for a �rst-order sentence,then the sentence is in [Ei. If p is formed by using �rst-order deduction rule, thentrivially, ' 2 [Ei. If p is formed by using the rule A;:ab(B1); : : : ;:ab(Bn) ! ',then by inductive assumption, there is an i such that A 2 Ei. But p 2 T , therefore:ab(B1); : : : ;:ab(Bn) 2 Sup(T ), so B1; : : : ; Bn 62 E, thus ' 2 Ei+1. This concludesthe induction proof, thus we have proved that E = [Ei and E is a default extensionof �.Example 4.2 Consider �1 = (W1;D1), whereD1 = f: A=A; : B=B; : C=Cg; W1 = fB � :A ^ :Cg:This is example 2.1 of Reiter [1980]. It has two extensions given by E1 = Th(W [fA;Cg), and E2 = Th(W [fBg), where Th is the closure operator given by classicaldeduction.R(�1) is the following set of rules:B � :A ^ :C;:ab(A)! A;:ab(B)! B;:ab(C)! C:Suppose an argument structure contains an argument for A, then it can not containan argument for B. But it must contain one for C, since there are no argumentsfor ab(C) when arguments for B are excluded. Similarly, if an argument structure



CHAPTER 4. A PROOF-THEORETIC FOUNDATION 36contains an argument for B, then it can not contains one for A or for C. Thus thereare two argument structures of (Rd [ R(�1); Ab). One supports A and C, the othersupports B.Now consider �2 = (f: A=:Ag; f;g). This is example 2.6 of Reiter [1980]. Ithas no extension. R(�2) = f:ab(A) ! :Ag. There is no argument structure of(Rd [ R(�2); Ab). Suppose there is a one. Then it must either support ab(A) or:ab(A). If it supports :ab(A), then it must also support :A, and thus support ab(A),a contradiction. If it supports ab(A), then there must be an argument for ab(A). Butany such argument must contain :A, and thus :ab(A), again a contradiction.4.3 Negation-as-failureIn this section,7 let our language be a �rst-order one. Let our special operator \:"be classical negation operator, which will be interpreted by negation-as-failure rule.Let P be a logic program that contains only closed rules. Let R(P) be the set ofthe following rules:1. True is a base fact.2. For any clause p0  p1; : : : ; pn in W , if n = 0 then p0 is a base fact, otherwisep1; : : : ; pn ! p0 is a monotonic rule.3. For any ground atom p, True) :p is a nonmonotonic rule.Let A be the set of ground atoms. Then P is captured by the argument system(R(P);A).Theorem 7 A set E is an answer set of P i� it is the set of ground atoms supportedby an argument structure of (R(P);A).7Historically, in [Lin and Shoham 1989], we �rst formulated logic programs with negation-as-failure as special argument systems. Then by studying the relationship of these argument systemswith the ones for default theories, we obtained a transformation from logic programs to defaulttheories. The transformation turns out to be exactly the same as the one given by Bidoit andFroidevaux [1988].



CHAPTER 4. A PROOF-THEORETIC FOUNDATION 37Example 4.3 Let P be the following set of rules:p  :q;q  :p;where p; q are the only ground atoms in the language. There are two answer sets forP, given by E1 = fpg, and E2 = fqg. R(P) is the set of following rules:True;:q ! p;:p ! q;T rue) :p;T rue) :q:There are two argument structures; one supports fp;:qg, the other supports fq;:pg.The theorem can be easily proved by using the following lemma, which is obviousfrom the de�nitions:Lemma 4.1 A set E is the support set of an argument structure of (R(P);A) i� Eis the support set of the argument structure of (R0 [ E1;A), where R0 is the set ofbase facts and monotonic rules in R(P), and E1 = f:p j :p 2 E, p is a groundatomg.In fact, the argument systems for logic programs can be translated to argumentsystems for default theories under the correspondence:p $ :ab(:p);which gives us the translation of logic programs to default theories in section 2.5.



CHAPTER 4. A PROOF-THEORETIC FOUNDATION 384.4 Negation-as-failure systemsAs we have seen from the last two sections, argument systems corresponding to defaulttheories and logic programs have some special properties. For example, in the onesthat correspond to default theories, all nonmonotonic rules have the form:True) :ab(A):If ab(A) is a completeness condition, then this rule says that, intuitively, we applynegation-as-failure to ab(A). This leads to the idea of implementing default logicusing a generalized negation-as-failure rule.Let us �rst extend the special argument systems for default theories and logicprograms, and de�ne the following notion:De�nition 4.6 An argument system (R;C) is a negation-as-failure system (NAFS)if R contains the base fact True, and the set of the nonmonotonic rules in R isfTrue) :' j ' 2 Cg.For example, let R be the following set of rules:True;P;P;:Q! R;True) :Q;and let C = fQg, then (R;C) is a negation as failure system. In fact, it correspondsto the logic program: fP; (R  P;:Q)g.Not surprisingly, there are close relationships between NAFS and truth mainte-nance system (TMS). In fact, there is a transformation between NASF and Junkerand Konolige's TMS [Junker and Konolige 1990] under which these two systems areequivalent8.Let A = (R;C) be an argument system, and ' a sentence. We denote by A(')the set of the arguments for ' in A.8We thank Kurt Konolige for asking us a question about the relationship.



CHAPTER 4. A PROOF-THEORETIC FOUNDATION 39Given a negation-as-failure system A = (R;C), and a query A (a sentence), wehave the following \decision procedure" using the generalized negation-as-failure rule:If A(A) = ;, then answer \no" to the query A. If there is a p 2 A(A) suchthat for any node :' in p that is generated by a nonmonotonic rule, theanswer to the query ' is \no" (thus the term negation as failure), thenanswer \yes" to the query A; otherwise, answer \no" to the query A.9Notice that since A is a negation-as-failure system, if a node ' in an argument p isgenerated by a nonmonotonic rule, then it must be generated by the nonmonotonicrule True) :�, where � 2 C and ' = :�.The decision procedure may not terminate in some cases. Obviously it may notterminate if R is in�nite. When R is �nite, it still may not terminate if (R;C)has multiple argument structures. For example, it runs into cycle with the system(f:P ! Q; :Q ! Pg; fP;Qg)10 and the query Q. In fact, like the negation asfailure rule in logic programming, the procedure works by pretending the underlyingsystem has a unique argument structure.It may not be \correct" in some cases. For example, it will answer \yes" to thequery P for the negation-as-failure system (fP;:Q! Qg; fQg), although the systemhas no argument structure. In fact, the decision procedure uses a rule of locality inthe sense that it explores the underlying argument system only as much as necessaryin order to answer the query.Generally, suppose A = (R;C) is a consistent negation-as-failure system in thesense that there is an argument structure for (R; ;). If the decision procedure termi-nates for the query A, then there is a C 0 � C such that A is supported by the uniqueargument structure of (R;C 0) i� the answer to the query A is \yes". In particular,if A has a unique argument structure, and the decision procedure terminates for thequery A, then A is supported by the unique argument structure i� the answer to thequery is 'yes'.It can also be shown that if a negation-as-failure system A is �nite, and has aunique extension, then the decision procedure always terminates.9Strictly speaking, A(A) has to be sorted. Also the nodes in an argument need to be ordered.10Notice that we have omitted the nonmonotonic rules True) :P and True) :Q.



CHAPTER 4. A PROOF-THEORETIC FOUNDATION 40Inadequate as the decision procedure may appear, we hope that, like the nega-tion as failure rule in logic programming, the decision procedure will prove useful inpractice.4.5 Default reasoning as negation-as-failureSince argument systems corresponding to default theories are negation-as-failure sys-tem, we can use the \decision procedure" in the last section to answer queries fordefault theories.Example 4.4 � = (D;W ), where D = f:C=:D; :D=:E; :E=:Fg and W = ;.This is example 2.2 of Reiter [1980]. This theory has a unique extension given byE = Th(f:D;:Fg). Let A = (R(�); Ab). The three rules correspond to the defaultrules are :ab(C)! :D;:ab(D)! :E;:ab(E)! :F:We have A(:D) = fTrue) :ab(C)! :Dg; A(ab(C)) = A(:C) = ;:Thus the decision procedure in last section will answer 'no' to the query ab(C), and'yes' to :D. Similarly, it will answer 'yes' to the query ab(D), and 'no' to :E.Apparently, the key to the success of the decision procedure is how to computeA(A). A common method used in logic programming is backward chaining whichbasically works as follows. To construct an argument for A (the main goal), �nd arule with the form A1; :::; An ! A, and reduce the problem to the AND subgoals:A1; :::; An. Repeat the process until base facts are reached.The obvious adaptation of this method does not work for negation-as-failure sys-tems corresponding to default theories. For example, for any sentences A and B, if



CHAPTER 4. A PROOF-THEORETIC FOUNDATION 41B follows from A in �rst-order logic, then A! B is a rule. Therefore we can always\reduce" the goal A to A^A to A^B, and so on. Fortunately, there seems a way outof this. The following idea is similar to the one used in [Junker and Konolige 1990].Given a set of defaultsD = f(A1 : B1; :::; Bi=C1); :::; (An : Bj; :::; Bk=Cn)gwe de�ne Consequence(D) to be the set of consequences of the defaults in D, i.e.,Consequence(D) = fC1; :::; Cng:For any sentence A, we can proceed to construct arguments for A in (R(�); Ab)as follows:1. If A is ab(B), then recursively call the procedure to construct arguments for:B.2. If A is a �rst-order sentence, then �nd a minimal set of defaultsd1; :::; dnsuch that W [Consequence(fd1; :::; dng) infers A in �rst-order logic, and recur-sively call the procedure to construct arguments for A1; :::; An, where Ai is theprerequisite of di, 1 � i � n.This is the best we can get for general default theories. There are special caseswhere we can do much better. For example, if we consider only literals (atoms andnegated atoms), then �rst-order deduction will be reduced to membership checking.In fact, in this case we have what Gelfond and Lifschitz call logic programs withclassical negation [Gelfond and Lifschitz 1991].Combining the \decision procedure" for negation-as-failure system and the pro-cedure for constructing arguments for default logic, we have the following algorithm:Given a default theory (W,D), and a query Q, we proceed as follows.1. If W [ Consequence(D1) ` Q, then return with \yes", where D1 is the set ofdefaults in D that have been con�rmed. Initially, none of the defaults in D arecon�rmed.



CHAPTER 4. A PROOF-THEORETIC FOUNDATION 422. If W [ Consequence(D2) 6` Q, then return with \no", where D2 is the set ofdefaults in D that have not been refuted so far. Initially, none of the defaultsin D are refuted.3. Find a minimal set of defaults in D2:D3 = fd1; :::; dngsuch that W [Consequence(D3) ` A. Let Dm be the set of defaults in D3 thathave not been con�rmed.4. While Dm 6= ; doChoose a default dl = Al : Bp; :::; Bq=Cl from Cm, and run the algorithmwith the queries Al;:Bp; :::;:Bq. If the answer to Al is \no" or one of theanswers to :Bp; :::;:Bq is \yes", then mark the default as being refuted,and go back to step 1; otherwise mark the default as being con�rmed, andlet Dm = Dm � fdlg.5. Return with \yes".We say that a default has been considered if it was chosen in step 4. It is clearthat in order for the algorithm to terminate, each default in D can be considered atmost once. Let us de�ne the size of a default to be the number of sentences in it, andthe size of D, size(D), to bejDj �maxfsize(d) j d 2 Dg;where jDj is the cardinal of D, and size(d) is the size of d. Since D1, D2, D3, andDm can all be computed in O(size(D)) � FOL time, thus it is easy to see that if thealgorithm terminates, then it will terminate in O(size(D)2) � FOL, where FOL isthe cost of doing a �rst-order deduction. This compares with mostly negative resultsin [Kautz and Selman 1989].Of course, for the algorithm to be useful, there should be large class of default the-ories for which the algorithm terminates. In fact, similar to strati�ed logic programsin logic programming, we can de�ne strati�ed default theories.



CHAPTER 4. A PROOF-THEORETIC FOUNDATION 43De�nition 4.7 A default theory � = (W;D) is strati�ed if there is a sequence ofdisjoint sets D1; :::;Dn such that1. D = D1 [ ::: [Dn,2. For any 1 � i � n, any default A : B1; :::; Bk=C 2 Di, any set D0 � D1 [ ::: [Di�1, and any ' 2 fA;:B1; :::;:Bkg, iffWg [ Consequence(D0) 6` 'then fWg [ Consequence(D0 [Di [ ::: [Dn) 6` ':It can be easily seen that for strati�ed default theories, the algorithm always terminates.11Example 4.5 � = (W;D):W = f8x(bird(x)� animal(x));8x(bird(x) � ab2(x)); bird(a)gand D = fbird(a) : :ab1(a)=fly(a); animal(a) : :ab2(a)=:fly(a)g:� is strati�ed with D1 = D.We have actually implemented the algorithm in C using OTTER 2.0 [McCune1990] resolution theorem prover. The system is called DNAF, and it answers queriesfor default theories. Currently, DNAF works only for closed default theories.4.5.1 Input of DNAFThe input of DNAF consists of the following items:1. Comments, which begin with %, and end at the end of the line.2. A �rst-order theory, which has the following form:11For this to be true, of course, we have to properly constraint the way we �nd minimal sets instep 3, and the way we choose defaults in step 4.



CHAPTER 4. A PROOF-THEORETIC FOUNDATION 44theory.A1:...Ak:end-theory.Where A1; :::; Ak are sentences, which will be de�ned below. Notice that theperiod \." is required after each sentence, and after the key words theory andend-theory.3. A set of closed defaults, which has the following form:default.A1 : B11; :::; B1i=C1....Ak : Bk1; :::; Bkj=Ck.end-default.where A1; :::; Ak; B11; :::; Bkj; C1; :::; Ck are sentences.4. A query which has the form:query.A.end-query.where A is a sentence.DNAF will try to prove the query from the default theory, and it will outputdefaults that have been used (either proved or disproved) in the process.Our syntax for sentences is the same as the one used in OTTER [McCune 1990].Inductively, sentences are de�ned as follows [McCune 1990]:



CHAPTER 4. A PROOF-THEORETIC FOUNDATION 451. A name, which is an alphanumeric string, is a sentence.2. If F and G are sentences, then (F <-> G) and (F -> G) are sentences.3. If F1; :::; Fn are sentences, then (F1 | ... | Fn) and (F1 & ... & Fn) aresentences.4. If x1; :::; xn are names, and F a sentence, then(Q1 x1 ::: Qn xn F )is a sentence, where Qi is either all (universal quanti�er) or exists (existentialquanti�er).5. If F is a non-negated sentence, then -F is a negated sentence.The symbols have their expected meanings: - stands for \not", <-> for \if and onlyif", -> for \implies", | for \or", and & for \and".Notice that all parentheses and white spaces are required around the symbols.Thus (p & q -> r) is not a sentence (not enough parentheses), (p|q) is not a sen-tence (not enough white space). Notice also that --p is not a sentence (doublenegation).4.5.2 Sample runs of DNAFDNAF is non-interactive. It is called by:dnaf [input-�le]If there is no input-�le, then DNAF reads from the standard input.Example 4.6 [Birds 
y] Suppose we have the following default theory:theory.(all x (bird(x) -> animal(x))).bird(a).



CHAPTER 4. A PROOF-THEORETIC FOUNDATION 46(all x (bird(x) -> ab2(x))).end-theory.default.bird(a) : -ab1(a) / fly(a).animal(a) : -ab2(a) / -fly(a).end-default.query.fly(a).end-query.DNAF runs for about one second, and outputs the following message:The query follows from the default theory.The following defaults are used in the process:bird(a) : -ab1(a) / fly(a). TrueIf instead of fly(a), -fly(a) is queried, then DNAF will output the following:The query does not follow from the default theory.The following defaults are used in the process:animal(a) : -ab2(a) / -fly(a). FalseExample 4.7 [Penguin and Pelican] This example is from [Davis 1991].theory.(all x (pelican(x) -> bird(x))).(all x (penguin(x) -> bird(x))).(all x (penguin(x) -> -fly(x))).(penguin(Tweety) | pelican(Tweety)).



CHAPTER 4. A PROOF-THEORETIC FOUNDATION 47end-theory.default.bird(Tweety) : fly(Tweety) / fly(Tweety).end-default.query.fly(Tweety).end-query.DNAF outputs the following message within seconds:The query follows from the default theory.The following defaults are used in the process:bird(Tweety) : fly(Tweety) / fly(Tweety). TrueDNAF gives the same output if �penguin(Tweety) is queried.This example is used by Davis to show that default logic sometime forces us toaccept a disjunct in order not to violate a default rule.4.6 Concluding remarksWe have de�ned the notion of argument systems. We started with the primitivenotion of inference rules and de�ned those of arguments and argument structures.Arguments are used to establish propositions, and argument structures are logicallyconsistent sets of arguments that are complete with respect to a set of sentences.Argument systems can be considered to be extended axiom systems. A classicalaxiom system consists of a set of axioms and a set of inference rules, and can beconsidered to be a special argument system with the empty set of nonmonotonic rulesand completeness conditions. Argument systemsmay also be viewed as extended logicprograms.



CHAPTER 4. A PROOF-THEORETIC FOUNDATION 48We have shown that the notion of argument systems includes default logic andnegation-as-failure as special cases. In [Lin and Shoham 1989] we show that it can beused to reformulate autoepistemic logic and circumscription as well. We have intro-duced a \decision procedure" using a generalized negation-as-failure rule to answerqueries for a special class of argument systems called negation-as-failure systems, andapply it in an implementation of default logic.The framework of argument systems provides a convenient way to construct non-monotonic logics based on non-classical monotonic logics. For example, argumentsystems for default theories have a collection of monotonic rules which correspondsto �rst-order deduction:If A1; : : : ; An, and B are �rst-order sentences and B is a consequence ofA1; : : : ; An in �rst-order logic, then A1; : : : ; An! B is a monotonic rule.If we delete these rules from the argument systems, we essentially get extended logicprograms with classical negation in the sense of [Gelfond and Lifschitz 1991]. We canalso replace them by the rules corresponding to, for example, a relevance logic, andget a default relevance logic.



Chapter 5Application I: FormalizingInheritanceIn this chapter and the next one, we study two applications of nonmonotonic logics.In this chapter, we formalize nonmonotonic inheritance in logic programs. In the nextone, we study formal theories of actions.5.1 IntroductionReasoning about inheritance was one of the earliest applications of nonmonotoniclogics. It has also been one of the motivations for developing such logics. Unfortu-nately, early attempts (e.g., [Etherington and Reiter 1983] and [McCarthy 1986]) informalizing it using general purpose nonmonotonic logics have not been as successfulas the ones using ad hoc methods (e.g., [Touretzky 1986] and [Horty et al. 1987]).This raises an important question: Are the existing general-purpose nonmonotoniclogics, such as default logic and circumscription, suitable for the task? Answeringthis question positively is one of the motivations behind this work. Speci�cally, we�rst propose and study in detail two simple and well-behaved theories of inheritancein logic programs with negation as failure. Then we show how the same approachcan be used to formalize other intuitions about inheritance.The second motivation behind this work is to address the issue of the so-called49



CHAPTER 5. APPLICATION I: FORMALIZING INHERITANCE 50con
icting intuitions about inheritance [Touretzky et al. 1987]. As Touretzky etal. pointed out, there are con
icting intuitions about inheritance, and they cannotbe resolved by purely theoretical considerations. We see this as a call for a generalmethodology for formalizing inheritance. This work provides such a methodologyby presenting a uniform approach to formalizing in logic programs various intuitionsabout inheritance.This chapter is organized as follows. In the next section we review some back-ground notions about inheritance systems. Then in section 3 we study in detail asimple credulous theory of inheritance. In section 4, we show how the credulous the-ory in section 3 can easily be revised to become a skeptical theory, and we study therelationship between the two theories. In section 5, we show how to use our approachto formalizing existing theories of inheritance. In particular, we formalize the skepti-cal theory in [Horty et al. 1987]. Finally in section 6 we discuss some related workand make some concluding remarks.5.2 Basic de�nitionsWe assume a two-sorted �rst-order language L: object sort and property sort. We usex; x1; ::: to denote variables that range over objects; p; q; p1; q1; ::: to denote variablesthat range over properties; a; a1; ::: to denote object constants; P;Q;P1; Q1; ::: todenote property constants; and t; t1; ::: to denote property terms. We assume thatfor any property term t, if t is of the form neg(t1), then t is t1, otherwise t is neg(t),where neg is a unary function on properties.Following Horty et al. [1987], we call an inheritance system a net. We considernets with only nonmonotonic links. Formally a net is a directed graph such that1. Each node is either an object constant (call an object node) or a property con-stant (call a property node).2. Each link has a weight either 1 (call a positive link) or -1 (call a negative link).3. There are no links that end at object nodes.



CHAPTER 5. APPLICATION I: FORMALIZING INHERITANCE 51In the following, a positive link from P to Q will be denoted by the atomic sentenceP ! Q, and a negative link from P to Q by the atomic sentence P ! neg(Q). Inthe following, we shall identify a net with the set of links in it. Paths can be de�nedas usual. A positive path is one that consists of only positive links.5.3 A credulous theory of inheritanceOur �rst formalization of inheritance is perhaps the simplest one. It is based ontwo principles. The �rst one, which is often credited to Touretzky [1986], says thatarguments based on more speci�c classes will override con
icting ones based on moregeneral classes. The second principle which is in a sense complementary to the �rstone and a trademark of credulous theories, says that if two con
icting arguments cannot be resolved by the �rst principle, then either one of them can be used to excludethe other. Based on the two principles, we have the following theory of inheritancein a logic program: p < q  p! q: (5.1)p < r  p! q; q < r: (5.2)Has(x; p)  x! p: (5.3)Has(x; q)  Has(x; p); p! q;:ab(x; p; q): (5.4)ab(x; p2; q)  Has(x; p1); p1 ! neg(q); p1 < p2;:p2 < p1: (5.5)ab(x; p2; neg(q))  Has(x; p1); p1 ! q; p1 < p2;:p2 < p1: (5.6)ab(x; p; q)  Has(x; neg(q)): (5.7)ab(x; p; neg(q))  Has(x; q): (5.8)We use P < Q to mean that P is more speci�c than Q, and according to rules (5.1)



CHAPTER 5. APPLICATION I: FORMALIZING INHERITANCE 52and (5.2), it is true i� there is a positive path from P to Q.1 Has(a; t) means that theobject a has the property t, and (5.3) and (5.4) de�ne the meaning of various links ina net. Rules (5.5) and (5.6) formalize the aforementioned Touretzky's principle. Therules (5.7) and (5.8) achieves two things. First, combined with the rule (5.3), theyassure that direct links from objects to properties always have higher priorities thancompound paths. Secondly, they formalize the aforementioned second principle.For any net N , let R1(N) be the union of N (as the set of links in it) and therules (5.1) { (5.8).Theorem 8 For any net N , there always exists an answer set of R1(N).Proof: Without loss of generality, we assume that there is only one object node a inthe net N .We �rst de�ne a partial order over the set of property nodes in N . For anyproperty nodes P1 and P2, we de�ne P1 < P2 i� P1 < P2 holds but P2 < P1 does nothold, that is, there is a positive path from P1 to P2 but not the other way around.Clearly, < is a strict partial order. Let Max be the set of sequences (P1; P2; :::; Pk)such that1. Pi < Pi+1, 1 � i < k, k > 0.2. If Qi < Qi+1 for 0 < i < h, and fPi j 1 � i � kg � fQi j 1 � i � hg, then(P1; :::; Pk) = (Q1; :::; Qh).In other words, Max is the set of maximal <-chains. For any set S of nodes and anyset M of sequences, we de�ne M=S to be the set of sequences obtained from M bydeleting nodes not in S. Thus if S = fP1; P2g, andM = f(P1; Q; P2; P3); (Q;P2; Q1)g,then M=S = f(P1; P2); (P2)g.We then construct an answer set for R1(N) according to the following procedure:1. Set M =Max.1According to the rule (5.1), P < neg(Q) if there is a negative link from P to Q. This seems alittle odd. Fortunately, it does no damage. We will ignore this kind of sentence in the rest of thechapter.



CHAPTER 5. APPLICATION I: FORMALIZING INHERITANCE 532. Mark positive all property nodes P such that a! P 2 N , and mark negativeall property nodes P such that a! neg(P ) 2 N . Let S to be the set of nodesthat have been marked positively.3. For any property nodes P and Q, if Q has been marked positively, then setab(a; P; neg(Q)); if Q has been marked negatively, then set ab(a; P;Q).4. Until M=S = ;, select a property node P such that it only appears as the �rstelement, if it appears at all, in the members of M=S (see the below for a proofof the existence of such P ), and do the following steps:4.1 For any Q, if P ! Q 2 N and ab(a; P;Q) has not been set, then mark Qpositively.4.2 For any Q, if P ! neg(Q) 2 N and ab(a; P; neg(Q)) has not been set,then mark Q negatively.4.3 For any P1 and t such that P < P1, and P ! t 2 N , set ab(a; P1; t).4.4 Do step 3 above.4.5 Delete P from all members of M .4.6 Add to S all the nodes that have been marked positively in step 4.1.The existence of the property node P in step 4 can be easily proved. For example,letM=S = fl1; l2g, and P1 and P2 be the �rst element of l1 and l2, respectively. SinceP1 < P2 and P2 < P1 cannot be true at the same time, either P1 = P2 or one of themembers of M=S dose not contain both P1 and P2. Thus either P1 or P2 satis�es thecondition for P in step 4.We notice that the above procedure is nondeterministic because of step 4. Fix anoutput of the procedure and let E be the following sets:1. If P is marked positively, then Has(a; P ) 2 E.2. If P is marked negatively, then Has(a; neg(P )) 2 E.3. If ab(a; P; t) is set then ab(a; P; t) 2 E.



CHAPTER 5. APPLICATION I: FORMALIZING INHERITANCE 544. If there is a positive path from P to Q, then P < Q 2 E.25. N � E.We prove that E is an answer set for R1(N), that is, �(E) = E. We notice that weonly have to prove that �(E) and E agree on the predicates Has and ab. In order todo this, we �rst prove the following lemma about the procedure:Lemma 5.1 We have:(a) If P is marked positively (negatively), then it cannot later be marked negatively(positively), where P is any property constant.(b) If P is marked positively, then it will be selected at some point in step 4.(c) If Q is marked positively (negatively) in step 4.1 (step 4.2) by using the factthat ab(a; P;Q) (ab(a; P; neg(Q))) has not been set, then it cannot be set later.Proof of the Lemma: (a) and (b) follow directly from the procedure. We prove(c) for the case of ab(a; P;Q). The case for ab(a; P; neg(Q)) is similar. If ab(a; P;Q)is later set, then this happens either at step 3 or at step 4.3. The former case isimpossible since Q has already been marked positively. Assuming the latter case, thatis, there is a property node P1 such that P1 < P , P1 ! neg(Q) 2 N , and P1 is selectedlater than P . Since P1 is marked positively, there is a sequence (a; Pn; Pn�1; :::; P1)such that a ! Pn 2 N , Pi ! Pi�1 2 N , ab(a; Pi; Pi�1) is not set, and each Pi ismarked positively, where n � i > 1 and n � 1. By P1 < P , we have Pi < P for everyn � i � 1. This means that Pn has to be selected before P , which in turn means thatPn�1 has to be selected before P , and so inductively, P1 has to be selected before P ,a contradiction. End of the proof of the Lemma.We now prove that �(E) = E. We �rst prove �(E) � E by showing that Esatis�es the condition for �(E). We consider only nontrivial rules:1. Rule (5.4): Let Has(a; P ) 2 E, P ! t 2 E, and ab(a; P; t) 62 E. We have toprove that Has(a; t) 2 E. By the de�nition of E, the assumptions mean that2As we noted earlier, we ignore irrelevant sentences like P < neg(Q).



CHAPTER 5. APPLICATION I: FORMALIZING INHERITANCE 55P is marked positively, and ab(a; P; t) has not been set. Thus by step2 4.1 and4.2, if t = Q, then Q is marked positively; if t = neg(Q), then Q is markednegatively. In any cases, Has(a; t) 2 E.2. Rule (5.5): Let Has(a; P1) 2 E, P1 ! neg(Q) 2 E, and P1 < P2. We have toprove that ab(a; P2; Q) 2 E. This follows easily from the step 4.3, Lemma 5.1,and the de�nition of E.3. Rule (5.6): Similar to the last case.4. Rules (5.7) and (5.8): Follow easily from step 3 and the de�nition of E.Thus E satis�es the condition of �(E), and �(E) � E.We now prove that E � �(E). We prove this by induction on the number oftimes that the iterative step (4) is executed. First it is easy to see that beforestep (4) is reached, if P is marked positively (negatively), then Has(a; P ) 2 �(E)(Has(a; neg(P )) 2 �(E)); and if ab(a; P; t) is set, then it must be in �(E). Theinductive step can be easily proved by using Lemma 5.1.The logic program captures a theory of inheritance which has a simple mathemat-ical de�nition.De�nition 5.1 The arguments in the net N are de�ned as follows:1. If a ! t 2 N , then it is an argument for Has(a; t), where a is an objectconstant, and t a property term.2. If � is an argument for Has(a; P ), and P ! t 2 N , then �! t is an argumentfor Has(a; t), where a is an object constant, P a property constant, and t aproperty term.Let T be a set of arguments in N . We say that T supports a sentence A if thereis an argument for A in T .De�nition 5.2 A set T of arguments in N is a theory i�



CHAPTER 5. APPLICATION I: FORMALIZING INHERITANCE 561. N � T .2. For any object constant a and property term t, T does not support both Has(a; t)and Has(a; t).3. If �! t 2 T , and � is an argument, then � 2 T .4. If a ! � ! P 2 T and P ! t 2 N , then T supports Has(a; t) unless Tsupports Has(a; t), where � may be empty.5. If a! �! P1 2 T , P1 ! t 2 N , and there is a positive path from P1 to P2 butnone from P2 to P1, then no argument of the form a! � ! P2 ! t will be inT , where � and � may be empty.Following tradition, we say that N is consistent if it does not contain both a! Pand a ! neg(P ), for any object node a and property node P . Let S be a set ofsentences of the form Has(a; t). We say that a theory T supports S i� S is the setof sentences supported by T . We say that an answer set E supports S i� S is therestriction of E to the sentences of the form Has(a; t).Theorem 9 Let N be a consistent net, and S a set of sentences of the formHas(a; t).Then S is supported by a theory of N i� it is supported by an answer set of R1(N).Proof: Let E be an answer set of R1(N), and let E support S. We prove that thereis a theory T that supports S. De�ne T inductively as follows:1. N � T .2. If a! �! P 2 T , P ! t 2 N , and ab(a; P; t) 62 E, then a! �! P ! t 2 T ,where a is any object constant, P any property constant, t any property term,and � may be empty.By the construction of T and the rules (5.3) and (5.4), it is easy to see that T supportsS. We now prove that T is a theory:1. N � T : By the construction of T .



CHAPTER 5. APPLICATION I: FORMALIZING INHERITANCE 572. T does not support both Has(a; t) and Has(a; t): By the consistency of N andthe rules (5.7) and (5.8).3. If �! t 2 T , and � is an argument, then � 2 T : By the construction of T .4. Let a! �! P 2 T , P ! t 2 N , and T does not support Has(a; t). We provethat T supports Has(a; t). There are two cases. If ab(a; P; t) 62 E, then theresult easily follows from the de�nition of T . Otherwise, since Has(a; t) 62 E,there must be a P1 such that P1 < P (see the proof of the last theorem forthe meaning of <), Has(a; P1) 2 E, and P1 ! t 2 N . This means thatab(a; P1; t) 2 E. If ab(a; P1; t) is deduced using the rule (5.7) or (5.8), thenHas(a; t) 2 E, thus T supports Has(a; t). Otherwise, since N is �nite and < isa strict partial order, there must be a P2 such that P2 < P1, Has(a; P2), P2 ! t,and ab(a; P2; t) 62 E. This means that Has(a; t) is in E, thus is supported byT .5. Let a! �! P1 2 T , P1 ! t 2 N , and P1 < P2. We prove that no argument ofthe form � ! P2 ! t will be in T . By the assumption, Has(a; P1) 2 E. Thusby rule (5.6), ab(a; P2; t) 2 E. Thus by the construction of T , no argument ofthe form � ! P2 ! t will be in T .Thus T is a theory.Conversely, let T be a theory and let T support S. We prove that there is ananswer set E of R1(N) such that E supports S. De�ne E as follows:1. N � E.2. P1 < P2 2 E provided there is a positive path from P1 to P2.3. Has(a; t) 2 E provided Has(a; t) 2 S.4. ab(a; P; t) 2 E provided Has(a; t) 2 E.5. ab(a; P1; t) 2 E provided that there is a P2 such that Has(a; P2) 2 E, P2 < P1,and P2 ! t 2 N .



CHAPTER 5. APPLICATION I: FORMALIZING INHERITANCE 58Obviously, E supports S. We prove that E is an answer set of R1(N), that is,E = �(E).We prove �(E) � E by showing that E satis�es the condition (�). We prove thisby considering the rules in R1(N) one by one:1. The case for the rules (5.1) and (5.2) is obvious.2. Let Has(a; P ) 2 E, P ! t 2 E, and ab(a; P; t) 62 E. We prove that Has(a; t) 2E. Since Has(a; P ) 2 E, thus T supports it. Therefore by the fact that Tis a theory, T supports Has(a; t) unless it supports Has(a; t). But T can notsupport Has(a; t) otherwise ab(a; P; t) 2 E. Thus Has(a; t) 2 S � E.3. The case for the rules (5.5) { (5.8) is obvious from our de�nition of E.Next we prove that E � �(E). It is easy to see that we only have to prove thatfor any sentence of the form Has(a; t), if it is in E, then it is also in �(E). Since Esupports S, we only have to prove that if there is an argument � in T for Has(a; t),then Has(a; t) 2 �(E). We prove this by induction on the length of �. It is trivialif the length of � is 1. Inductively, suppose that the claim is true for all argumentsof length < n in T . Let � be of length n and of the form a ! � ! P ! t. Weprove that Has(a; t) 2 �(E). First we notice that a ! � ! P 2 T . Thus by theinductive assumption, Has(a; P ) 2 �(E). We claim that ab(a; P; t) 62 E. Otherwise,ab(a; P; t) 2 E. Then by the de�nition of E, either has(a; t) 2 E or there must be aP1 such that Has(a; P1) 2 E, P1 < P , and P1 ! t 2 N . The �rst case is impossibleby condition (2) in the de�nition of theory, and the second case is impossible bycondition (5). Therefore by rule (5.4), we have Has(a; t) 2 �(E).From the theorem, we have the consistency and stability of our theory:Corollary 9.1 Let E be an answer set of R1(N). Then (1) E contains both Has(a; t)and Has(a; t) for some a and t i� N is not consistent; (2) If a! t1! t2 ! : : :! tnis an argument in N , and ab(a; ti; ti+1) is not in E for 1 � i < n, then for any1 � i < j � n there is an answer set E 0 for R1(N [ fti ! tjg) such that E and E 0support the same set of sentences.



CHAPTER 5. APPLICATION I: FORMALIZING INHERITANCE 59Proof: (1) is trivial. For the proof of (2), notice that there is a theory T such thata! t1! : : :! tn 2 T , and T supports the same set of sentences with E. It is easyto see that T is also a theory for N [ fti! tjg.Many credulous theories of inheritance in the literature are similar to the one wehave just de�ned. These include the ones outlined in [Morris 1988] and [Gelfond 1989].The closest one is that in [Gelfond and Przymusinska 1989]. Although Gelfond andPrzymusinska use autoepistemic logic, as they point out, the autoepistemic theorythat they use can be translated into logic programs. Our overall methodology seemsin accordance with theirs. There are a few technical di�erences. The most importantone is manifested in their formalization of the aforementioned two principles. Forexample, according to Gelfond and Przymusinska, Touretzky's principle is formalized(in our terms) as follows (they only consider acyclic nets):ab(x; p2; q) Has(x; p1);Has(x; p2); p1 ! neg(q); p2! q; p1 < p2;:ab(x; p1; neg(q)):The main di�erence between the above rule and our rule (5.5) is the extra:ab(x; p1; neg(q))in the right hand side of the above rule. We suspect that this makes no di�erencefor acyclic nets, which are the nets considered by Gelfond and Przymusinska. It isinteresting to note that for arbitrary nets, our proofs for the above theorems will nolonger be valid under Gelfond and Przymusinska's formalization, and we do not knowany alternatives.5.4 A skeptical theory of inheritanceThe theory in the last section is credulous in the sense that the reasoner always main-tains consistency by arbitrarily breaking a deadlock, or in other words, the reasonertries to conclude as much as possible while maintaining consistency. The skepticalreasoner on the other hand, in the words of Touretzky et al. [1987] from whom we



CHAPTER 5. APPLICATION I: FORMALIZING INHERITANCE 60borrow the terms \skeptical" and \credulous," \refuses to draw conclusions in am-biguous situations." More precisely, in the case of inheritance hierarchies, when twocon
icting arguments can not be resolved by using Touretzky's principle, then insteadof arbitrarily chosing one and rejecting the other, skeptical reasoners reject both.Thus a natural skeptical theory of inheritance that corresponds to the creduloustheory in the last section can be obtained by adding the following two rules to thelogic programs in the last section:ab(x; p1; q)  Has(x; p1);Has(x; p2); p1 ! q; p2! neg(q);:p1 < p2;:p2 < p1: (5.9)ab(x; p2; neg(q))  Has(x; p1);Has(x; p2); p1 ! q; p2! neg(q);:p1 < p2;:p2 < p1: (5.10)It is interesting to notice that rules (5.5) and (5.9) can be combined into thefollowing one:3ab(x; p1; q) Has(x; p1);Has(x; p2); p1 ! q; p2 ! neg(q);:p1 < p2: (5.11)Similarly, rules (5.6) and (5.10) can also be combined into a single rule.For any net N , let R2(N) be R1(N) plus rules (5.9) and (5.10). For any acyclicnet N , R2(N) is well-behaved and has a unique answer set. We show this by �rstpresenting an equivalent mathematical de�nition that has the same inductive 
avoras that in [Horty et al. 1987]. In the following, let N be an acyclic net.Let � be an argument for Has(a; P ) or Has(a; neg(P )) in N . We de�ne the degreeof �, written deg(�), to be the number of links in the longest path from a to P (noticethat the path may contain negative links). Notice that according to the de�nition, allarguments for Has(a; P ) or Has(a; neg(P )) have the same degree. Since N is acyclic,this notion of degree is well-de�ned. For any argument �, inductively de�ne whether� is supported by N , written N ` �, as follows:1. If � 2 N , then N ` �.3Actually, rule (5.5) allows ab(a; P1; t) to be inferred even when Has(a; P1) is not established orwhen there is no link from P1 to t. But in these cases, it does not matter whether ab(a; P1; t) is trueor not.



CHAPTER 5. APPLICATION I: FORMALIZING INHERITANCE 612. Inductively, suppose that for any argument � with deg(�) < n, n > 1, thequestion of whether N ` � has been settled. For any � = a ! �1 ! P1 ! twith deg(�) = n, N ` � i�(a) N ` a! �1! P1.(b) a! t 62 N .(c) For any argument of the form a! �2! P2 ! t such that N ` a! �2!P2, P1 < P2 holds, that is, there is a positive path from P1 to P2.For any object a and property t, we say that N supports Has(a; t) i� it supports anargument for Has(a; t). We have the following theorem:Theorem 10 Let N be an acyclic net. Then there is a unique answer set of R2(N),and for any object constant a and any property t, Has(a; t) is in the answer set ofR2(N) i� Has(a; t) is supported by N .Proof: Without loss of generality, we assume that there is only one object node a inN . We �rst prove the uniqueness of the answer set of R2(N). Let E1 and E2 be twoanswer sets of R2(N). We prove that E1 = E2. First, notice that if for any propertyterm t, Has(a; t) 2 E1 i� Has(a; t) 2 E2, then E1 = E2. For any property term t,de�ne the degree of t, written deg(t), to be the degree of arguments for Has(a; t) orHas(a; t), if there are any, and to be 1, otherwise. We prove by induction on deg(t)that E1 and E2 agree on has(a; t).If deg(t) = 1, then Has(a; t) 2 E1 i� a ! t 2 N i� Has(a; t) 2 E2. Inductively,suppose that for any t with deg(t) < n, n > 1, the result holds. Let t be a termsuch that deg(t) = n. Assume that E1 and E2 do not agree with each other onHas(a; t), for example, suppose that Has(a; t) 2 E1 and Has(a; t) 62 E2. SinceHas(a; t) 2 E1, there must be an argument a! �! P1 ! t for Has(a; t) such thatHas(a; P1) 2 E1 and ab(a; P1; t) 62 E1. By the inductive assumption, Has(a; P1) 2E2. Thus ab(a; P1; t) 2 E2. Since a ! t 62 N , there must be a node P2 such thatHas(a; P2) 2 E2, P2 ! t 2 N , and P1 < P2 62 E2. It follows that deg(P2) < n, thusHas(a; P2) 2 E1. This contradicts with the fact that ab(a; P1; t) 62 E1.



CHAPTER 5. APPLICATION I: FORMALIZING INHERITANCE 62Next we prove the rest of the theorem by proving that the following set E is ananswer set for R2(N):1. N � E.2. If there is a positive path from P to Q, then P < Q, where P and Q are propertyconstants.3. If N supports Has(a; t), then Has(a; t) 2 E, where t is any property term.4. If Has(a; t) 2 E, then ab(a; P; t) 2 E, where P is a property constant and t aproperty term.5. If Has(a; P1) 2 E, P1 ! t 2 N , and there is a positive path from P1 to P2, thenab(a; P2; t) 2 E, where P1 and P2 are object constants, and t a property term.6. For any argument � = a! � ! P ! t, if N ` a! � ! P , but N 6` �, thenab(a; P; t) 2 E.We prove that E = �(E) for R2(E). Again we show that �(E) � E by proving thatE satis�es the condition (
). We only check the nontrivial cases:1. Rule (5.4): Let Has(a; P ) 2 E, P ! t 2 N , and ab(a; P; t) 62 E. We have toshow that Has(a; t) 2 E. Since Has(a; P ) 2 E, there is an argument � forit such that N ` �. Thus N ` � ! t, for otherwise ab(a; P; t) 2 E by theconstruction of E, a contradiction.2. Rules (5.9) and (5.10): Let Has(a; P1) 2 E, Has(a; P2) 2 E, P1 ! t 2 N ,P2 ! t 2 N , P1 < P2 62 E, and P2 < P1 62 E. We have to show thatboth ab(a; P1; t) and ab(a; P2; t) are in E. By the assumptions, there are twoarguments � and � for Has(a; P1) andHas(a; P2), respectively, such that N ` �and N ` �. It is easy to see that N 6` �! t and N 6` � ! t hold. Thus by theconstruction of E, ab(a; P1; t) and ab(a; P2; t) are in E.We now proveE � �(E). We only have to show this for theHas and ab predicates.Let � be an argument for Has(a; t). We prove by induction on deg(�) that if N ` �,



CHAPTER 5. APPLICATION I: FORMALIZING INHERITANCE 63then Has(a; t) 2 �(E). The base case is easy to see. Suppose the result holds forany � with deg(�) < n. Let deg(�) = n, � = a ! �1 ! P ! t, and N ` �.By the inductive assumption, Has(a; P ) 2 �(E). Thus we only have to prove thatab(a; P; t) 62 E. Suppose ab(a; P; t) 2 E, then there three cases:1. N supports Has(a; t): Since N already supports Has(a; t), this case is possibleonly if a! t 2 N , but this contradicts the fact that N ` �.2. There is a node P1 such that P1 ! t 2 N , Has(a; P1) is supported by N , andP1 < P : This again contradicts with the fact that N ` �.3. There is an argument � for Has(a; P ) such that N ` � but N 6` � ! t: Thiswould mean that N 6` �, a contradiction.Finally we prove that if ab(a; P; t) 2 E, then ab(a; P; t) 2 �(E). The only nontrivialcase is that if P ! t 2 N , and there is an argument � for Has(a; P ) such that N ` �but N 6` �! t, then ab(a; P; t) 2 �(E). Suppose the assumption is true, then thereare two cases:1. a! t 2 N : Then ab(a; P; t) 2 �(E) by the rules (5.7) and (5.8).2. There is an argument of the form a! � ! P1 ! t such that N ` a! � ! P1and P < P1 62 E: Then Has(a; P1) 2 �(E), and P1 ! t 2 N . Thus ab(a; P; t) 2�(E) according to the rules (5.5) and (5.6) if P1 < P , and according to rules(5.9) and (5.10) otherwise.Thus E = �(E), that is, E is an answer set of R2(N).Again the skeptical theory is consistent and stable in the following sense:Theorem 11 Let N be an acyclic net, and E the answer set of R2(N). Then (1) Econtains both Has(a; t) and Has(a; t) for some a and t i� N is not consistent; (2) IfN ` a! t1 ! : : :! tn, then for any 1 � i < j � n and any a and t, E [ fti ! tjgis the answer set of R2(N [ fti ! tjg).



CHAPTER 5. APPLICATION I: FORMALIZING INHERITANCE 64Proof: (1) follows easily from the rules (5.7) and (5.8). (2) follows from the fact thatfor any property nodes P1 and P2, P1 < P2 is true in N i� it is true in N [ fti ! tjg,and Has(a; tl) 2 E for any 1 � l � n.Since R2(N) is obtained from R1(N) by adding the rules (5.9) and (5.10), thus inthe cases where the two rules have no e�ects, R1(N) and R2(N) should be the same.More precisely, we have the following theorem which shows the relationship betweenthe credulous theory in the last section and the skeptical theory in this section:Theorem 12 Let N be an acyclic net, and E2 the answer set of R2(N). Then R1(N)has a unique answer set E1 i� for any a and t, Has(a; t) 2 E1 i� Has(a; t) 2 E2.Proof: For any object constant a and property term t, let Pr(a; t) be the set ofarguments of the form a ! � ! P ! t such that N ` a ! � ! P , where P isa property constant. We prove the theorem by showing that R1(N) has a uniqueanswer set i� for any a and t, one of the following conditions holds:1. Either a! t 2 N or a! t 2 N .2. Either Pr(a; t) or Pr(a; t) is empty.3. There is an argument � ! P ! t in Pr(a; t) such that for any argument� ! P1 ! t in Pr(a; t), there is a positive path from P to P1.4. There is an argument � ! P ! t in Pr(a; t) such that for any argument� ! P1 ! t in Pr(a; t), there is a positive path from P to P1.Suppose the claim holds. Then it is not hard to see that for any answer set E1 ofR1(N), if Has(a; t) is supported by N , then Has(a; t) 2 E1. Thus R1(N) has aunique answer set. Conversely, suppose the claim does not hold. Let a! �! t be ashortest argument such that the above condition for a and t does not hold. Then it iseasy to see that there are two answer sets of R1(N) such that one includes Has(a; t),and the other Has(a; t).



CHAPTER 5. APPLICATION I: FORMALIZING INHERITANCE 65So far in this section, we have only considered acyclic nets. Unfortunately, forarbitrary nets, R2(N) does not behave well. In the general case, R2(N) can havemultiple answer sets or none at all. It seems to us that the only skeptical theory thatbehaves well in the general case is the one that takes the intersection of the all answersets for R1(N), and we do not know how to characterize it by a logic program.5.5 Capturing other theories of inheritanceAs we pointed out in the introduction, one of our goals is to provide an approach toformalizing various intuitions about inheritance in a uniform way. In this section, weshow how the approach outlined in the last two sections can be used to formalize otherintuitions about inheritance. In particular, we show how to capture Horty-Thomason-Touretzky's skeptical theory [Horty et al. 1987] in logic programs. A similar way canbe used to capture Touretzky's mathematical theory [Touretzky 1986].For the sake of coherence, we �rst rede�ne the relevant notions of [Horty et al.1987] in our terms. In the following, let N be an acyclic net, as required in [Hortyet al. 1987]. For any argument �, inductively de�ne whether � is supported by N inHorty-Thomason-Touretzky's sense, written N `htt �, as follows:1. If � 2 N , then N `htt �.2. Inductively, suppose that for any argument � with deg(�) < n (see the de�nitionin the last section), n > 1, the question of whether N `htt � has been settled.For any � = a! �1 ! P1 ! t with deg(�) = n, N `htt � i�(a) N `htt a! �1 ! P1.(b) a! t 62 N .(c) Either a ! t 2 N or for any argument of the form a ! �2 ! P2 ! tsuch that N `htt a ! �2 ! P2, there exists an argument of the form� = a! �3 ! P3 ! �4! P2 such that P3 ! t 2 N and N `htt �.It is interesting to note that `htt is very similar to `. The essential di�erence is inthe interpretation of the statement \P is more speci�c than Q." For us, the notion



CHAPTER 5. APPLICATION I: FORMALIZING INHERITANCE 66of speci�city is a monotonic property about a net, and the above statement is truei� there is a positive path from P to Q. But according to Horty et al., the notionof speci�city is a nonmonotonic property about a net, and the above statement istrue i� there is an argument such that it passes through P and ends at Q, and issupported (in the sense of Horty et al.). Thus if N = fa ! P1; a ! neg(P2); a !P3; P1 ! P2; P2 ! P3; P1 ! P4; P3 ! neg(P4)g, then according to the theories in thelast two sections, P1 is more speci�c than P3. But this is not true according to Horty-Thomason-Touretzky's theory. Thus N ` a! P1 ! P4, but N 6`htt a! P1 ! P4.We can formalize Horty-Thomason-Touretzky's theory in logic programs by di-rectly introducing paths into the language.In the following, we will use [p; q] as a shorthand for list(p; q), [p1; p2; p3] as ashorthand for list(list(p1; p2); p3), and so on, where list is a function over properties.We will use S(a; [P1; P1; P2; :::; Pn])4 to mean that the path (a; P1; P2; :::; Pn) is sup-ported, and less(a;Q; P ) to mean that there is a node P 0 such that P 0 is more speci�cthan P (w.r.t. a and Q, in Horty et al.'s sense). The following program is a directtranslation of the de�nition for `htt:S(x; [p; p])  x! p (5.12)S(x; [p1; p2; q])  S(x; [p1; p2]); p2 ! q;:ab(x; [p1; p2; q]) (5.13)ab(x; [p1; q])  S(x; [p2; neg(q)] (5.14)ab(x; [p1; neg(q)])  S(x; [p2; q]) (5.15)ab(x; [p1; p2; q])  S(x; [q1; q2]); q2! neg(q);:less(x; q; q2) (5.16)ab(x; [p1; p2; neg(q)])  S(x; [q1; q2]); q2! q;:less(x; neg(q); q2) (5.17)less(x; q; p)  x! q (5.18)less(x; q; p)  S(x; [[q1; p1]; [q2; p]]); p1! q (5.19)less(x; q; p)  S(x; [q1; p1; p]); p1! q (5.20)4The double occurrences of P1 looks a little odd. It is just a way to make the following programmore uniform.



CHAPTER 5. APPLICATION I: FORMALIZING INHERITANCE 67S(x; [p1; [p2; p3]])  p2 ! p3; S(x; [[p1; p2]; p3]): (5.21)S(x; [p1; [[p2; p3]; p4]])  S(x; [[p1; p2]; [p3; p4]]): (5.22)For any net N , let R3(N) be the union of the above rules with N . We have thefollowing theorem:Theorem 13 For any acyclic net N and any argument � = a! P1 ! : : :! Pn ! tin N , N `htt � i� S(a; [P1; :::; Pn; t]) is in the unique answer set of R3(N).Proof: Similar to the proof of Theorem 10, by using the induction on deg(�).5.6 DiscussionWe have formalized some intuitions about inheritance in logic programs with negationas failure. We believe that our approach is general enough to be used to formalizeother intuitions about inheritance.Our basic ideas grew out of the work in [Lin and Shoham 1989]. There are alsomany similar ideas in the literature. We have mentioned earlier that aside fromsome technical di�erences, the approach used in [Gelfond and Przymusinska 1989] isbasically the same as ours.Obviously, our work is strongly in
uenced by Horty, Thomason, and Touretzky's.In a sense, our work can be considered a logical formalization of their mathematicaltheories (or algorithms).Of course, we owe the ab predicate to McCarthy [1986]. Furthermore, our method-ology seems quite in the spirit of [McCarthy 1986].The use of the ab predicate makes our work appear di�erent from that in [Ether-ington and Reiter 1983] on the surface. A more important di�erence is in Etheringtonand Reiter's choice of semi-normal default theories as the target representation.Some points in [Ginsberg 1989] are worth mentioning. Basically, we share withGinsberg the concern about the right level of transformation. At one extreme we have



CHAPTER 5. APPLICATION I: FORMALIZING INHERITANCE 68some logics specially designed for inheritance [Thomason and Horty 1989], which elim-inate the need for translation. At another extreme we can imagine trying to formalizenonmonotonic inheritance in �rst-order logic. Any attempt to do this must unavoid-ably use a transformation that somehow incorporates all the nonmonotonicities in it.Logic programs with negation as failure as used in this chapter seem to be a goodchoice.Finally there are some probability-based theories of inheritance [Ge�ner and Pearl1987, Bacchus 1987]. The exact relationship of our work with these theories is stillunder investigation.In summary, we have presented a methodology for formalizing various intuitionsabout inheritance. Most of the theories that we formalized above are not new. Infor-mally and formally, they have been discussed by many authors. Rather, we emphasizethe proposed methodology, which has its roots in [McCarthy 1986]. Although usingthis methodology it is possible to invent some new theories about inheritance, we seeno point in doing this without proper applications in mind. We generally agree withTouretzky, Horty, and Thomason [1987] that there are many equally sound intuitionsabout inheritance, and they cannot be rated by purely theoretical considerations. In-stead we should have a general methodology ready for use so that for any particularapplication we can devise the most appropriate theory for it. Indeed we consider ap-plying formal theories about nonmonotonic inheritance to real application programs(for example, in natural language understanding systems) one of the more importantproblems.



Chapter 6Application II: Provably CorrectTheories of ActionThe histories of the frame problem [McCarthy and Hayes 1969]1, and of the particularYale Shooting Problem (YSP) which has become its best known illustration [Hanksand McDermott 1986], have followed a disturbing pattern. The frame problem itself,although introduced in the context of formalizing common sense, was never formallyde�ned, and was only illustrated through suggestive examples. This is an initialdisturbing factor.A second disturbing factor is that, despite the lack of a formal de�nition, argu-ments were made that a particular collection of formal tools, namely nonmonotoniclogics, would `solve' the problem. Again, no formal analysis was provided, and theclaim was based only on sketchy examples.A third disturbing factor is that the response in the community was not that theabove claim is ill de�ned, but that it's false. In particular, the Yale Shooting Problemwas proposed as an illustration of the falseness.Given these shaky foundations, it is not surprising that subsequent research onthe topic became increasingly splintered and controversial. From the outset therewere arguments that the YSP is not a problem at all [Loui 1987]. Simultaneouslythere were several proposed solutions to it [Shoham 1986, Lifschitz 1986, Kautz 1986,1An extended abstract of this chapter will appear as [Lin and Shoham 1991]69



CHAPTER 6. APPLICATION II: THEORIES OF ACTION 70Lifschitz 1987, Haugh 1987]. Then there were counter-arguments that each of thesesolutions was `wrong,' in that it didn't solve other problems such as the `quali�cationproblem' or the `rami�cation problem,' or that that it supported `prediction' but not`explanation.' New examples were then devised, with names such as the Stolen CarProblem [Kautz 1986] and the Stanford Murder Mystery [Baker 1989]. The responsesagain varied, including dismissals of some of the complaints, as well as new solutionsto the YSP that allegedly avoided some of these problems [Morgenstern and Stein1988, Lifschitz and Rabinov 1989, Baker and Ginsberg 1989, etc.]. Each solution hasattracted some measure of criticism.The lack of precise criteria against which to evaluate theories of action does notmean that the research has been worthless; quite the contrary. It is widely recognizedthat the frame problem is real and that its identi�cation was insightful, even if ithas not yet been formally de�ned. Similarly, the YSP led to major improvements inthe understanding of nonmonotonic logics and their applications, as well as to betterunderstanding of formal temporal reasoning.Nevertheless, in order to better understand what we have achieved so far, it isimportant to arrive at precise criteria for the adequacy of theories of action. In thischapter we take a step in that direction. Speci�cally, we identify a formal yet intuitiveadequacy criterion, prove a certain class of monotonic theories of action adequaterelative to this criterion, and then show an equivalent nonmonotonic counterpart fora signi�cant subclass of the theories. To our knowledge this is the �rst instance ofprovably-correct nonmonotonic temporal reasoning.This chapter is structured as follows. In the following section we illustrate ourapproach through an analogy with data bases and closed-world assumption. We thenstart a technical development; after short logical preliminaries in section 3, in section4 we de�ne the epistemological adequacy of a (monotonic or nonmonotonic) theory ofaction. In section 5 we illustrate the notion through the YSP. In section 6 we de�nea wide class of monotonic theories of action, and show those to be epistemologicallyadequate. In section 7 we show that a version of circumscription captures a subclassof the theories. In section 8 we point to our future work and make some concludingremarks.



CHAPTER 6. APPLICATION II: THEORIES OF ACTION 716.1 The approachRecall the following intuitive explanation of the frame problem. Suppose we are tryingto formalize the e�ects of actions. Usually, an action causes only a small number ofchanges. For example, when we paint a block, only the color of the block changes.Most of the other facts, such as the location of the block, the smell of the paint, etcetera, do not change. The frame problem is the problem of representing conciselythese numerous facts that are una�ected by an action.Our approach to making the problem precise is conceptually very simple, andperhaps best illustrated by an analogy with simple data bases. Consider a database of 
ight connections between pairs of cities. One way to structure the database is by a set of assertions of the form Flight(x; y) and :Flight(x; y), where foreach pair of cities A;B exactly one of Flight(A;B) and :Flight(A;B) appears inthe data base. The semantics of this data base are those of classical logic. Thisis an epistemologically complete representation since for any pair of cities it tellsone whether the two are connected. However, while epistemologically adequate, therepresentation is pragmatically inadequate: it requires representation of all pairs ofcities, whereas the connectivity graph is usually quite sparse.The solution is, of course, to omit all the :Flight(x; y) assertions, and infer:Flight(A;B) `by default' in the absence of Flight(A;B). This is a simple applica-tion of the so-called closed world assumption (CWA) [Reiter 1978], and the equiva-lent monotonic formulation can be regenerated from the abbreviated representationthrough data base completion [Clark 1978]. This concise representation is epistemo-logically complete since it too entails Flight(A;B) or :Flight(A;B) for all pairs ofcities A and B, albeit nonmonotonically. Furthermore, the nonmonotonic version isepistemologically correct in a stronger sense: it is sound and complete relative to themonotonic version, since they entail the same facts.Thus there are two criteria for evaluating the epistemological adequacy of a theory.Both monotonic and nonmonotonic theories can be tested for their epistemologicalcompleteness; this is an absolute criterion. In addition, nonmonotonic theories can betested for equivalence to a given, monotonic, often better understood, and typically



CHAPTER 6. APPLICATION II: THEORIES OF ACTION 72much larger, theory; this is a relative criterion.In principle our treatment of theories of actions will be identical; we will requirethem to be complete, and furthermore evaluate a nonmonotonic theory relative toan equivalent and larger monotonic one. The complications will arise from a morecomplex de�nition of epistemological completeness, resulting di�culty in determiningwhether a given theory is indeed epistemologically complete, and a nonmonotonicmechanism that is more complex than CWA.6.2 Logical preliminariesWe shall base our presentation on situation calculus [McCarthy and Hayes 1969],although we believe that a similar treatment is possible in other frameworks such astemporal logics. The standard situation calculus, which we adopt here, precludes therepresentation of certain notions such as concurrent actions. In future publicationswe will address those. In this section we review the language for discussing thesituation calculus. We do this brie
y and almost apologetically since we realize thatthe situation calculus is very well known; however, we feel that in this chapter it isimportant to be precise about the language.Our language L is a three-sorted �rst-order one with equality. Its three sorts are:1. Situation sort: with situation constants S1; S2; :::, and situation variable s; s1; s2,:::. We will use S; S0; ::: as meta-variables for ground situation terms.2. Action sort: with action constants A1; A2; :::, and action variables a; a1; a2; :::.We will use A;A0; ::: as meta-variables for action constants.3. Propositional 
uent sort: with 
uent constants P1; P2; :::, and 
uent variablesp; p1; p2; :::. We will use P;P 0; ::: as meta-variables for 
uent constants.We have a binary function result whose �rst argument is of action sort, secondargument is of situation sort, and whose value is of situation sort. Thus for anyaction term A, any situation term S, result(A;S) is a situation term. Intuitively,result(A;S) is the resulting situation when action A is performed in the situationS. We also have a binary predicate holds whose �rst argument is of 
uent sort, andsecond argument is of situation sort. Intuitively, holds(P; S) means that the 
uent P



CHAPTER 6. APPLICATION II: THEORIES OF ACTION 73is true in the situation S.As with any other language, we may interpret L classically, assuming the stan-dard notion of entailment, or nonmonotonically, using some form of nonmonotonicentailment.6.3 Epistemologically complete theories of actionSuppose we want to use our language to state that action toggle changes the truthvalue of the 
uent P1. We may wish to use the following axiom:8s:(holds(P1; s) � :holds(P1; result(toggle; s))): (6.1)Intuitively speaking, this axiom alone is not enough. For example, it tells us nothingabout the e�ects of toggle on P2; for that we would need to add the following so-calledframe axiom: 8s:(holds(P2; s) � holds(P2; result(toggle; s))): (6.2)Clearly we need such a frame axiom for every 
uent that is di�erent from P1. But,are those frame axioms enough? In other words, do these axioms together completelyformalize our knowledge about toggle? For this simple example it is easy to con-vince oneself that the above axioms indeed do completely formalize action toggle. Ingeneral, however, the answer may not be obvious, and it is essential for us to have aprecise de�nition of when a �rst-order theory is a complete formalization of an action.In this chapter we are only concerned with deterministic actions. Intuitively speak-ing, a theory T is a complete formalization of a deterministic action A if, given acomplete description of the initial situation, it enables us to deduce a complete de-scription of the resulting situation after A is performed. We now proceed to make thisintuition precise. First, we notice that in actual applications, it is most convenientto talk about whether a description of a situation is complete with respect to a setof 
uents in which we are interested. Thus we shall de�ne conditions under which atheory is complete about an action and with respect to a set of 
uents. This �xed setof 
uents plays a role similar to that of the Frame predicate in [Lifschitz 1990]. Inthe following, let P be a �xed set of 
uent constants.



CHAPTER 6. APPLICATION II: THEORIES OF ACTION 74De�nition 6.1 A set SS is a state of the situation S (with respect to P) if there isa subset P 0 of P such thatSS = fholds(P; S) j P 2 P 0g [ f:holds(P; S) j P 2 P � P 0g:Therefore, if SS is a state of S, then for any P 2 P, either holds(P; S) 2 SS or:holds(P; S) 2 SS. Intuitively, states completely characterize situations with respectto the 
uents in P. Thus we can say that a �rst-order theory T is epistemologicallycomplete about action A (with respect to P) if it is consistent, and for any groundsituation term S, any state SS of S, and any 
uent P 2 P, either T [ SS j=holds(P; result(A;S)) or T [ SS j= :holds(P; result(A;S)), where j= is classical�rst-order entailment.However, as we said earlier, the notion of epistemological completeness is notlimited to monotonic �rst-order theories. In general, for any given monotonic or non-monotonic entailment j=<, we can de�ne when a theory is epistemologically completeabout an action according to the entailment j=<:De�nition 6.2 A theory T is epistemologically complete about action A (with respectto P, and according to j=<) if T 6j=< False, and for any ground situation term S, anystate SS of S, and any 
uent P 2 P, there is a �nite subset SS0 of SS such that eitherT j=< VSS0 � holds(P; result(A;S)) or T j=< VSS0 � :holds(P; result(A;S)).We note that for any sets T , SS, and formula ', T [ SS j= ' if there is a �nitesubset SS0 of SS such that T j= VSS0 � '. Thus if we replace j=< in De�nition 6.2by classical entailment j=, we get the same de�nition we have earlier for monotonic�rst-order theories.Referring back to the data base example from section 2, we note that requiringa theory to be epistemologically complete is analogous to requiring a representationfor Flight to tell us, for any (A;B), whether Flight(A;B) is true.In the following, we shall say that T is a monotonic (nonmonotonic) theory if theentailment relation associated with T is classical (nonmonotonic). Thus if T is anepistemologically complete theory according to classical entailment j=, then we saythat T is an epistemologically complete monotonic theory.



CHAPTER 6. APPLICATION II: THEORIES OF ACTION 75In the later sections of the chapter, we �rst identify a broad class of epistemologi-cally complete monotonic theories of action. These monotonic theories may contain alarge number of explicit frame axioms. Then for a class of the monotonic theories, wedevelop equivalent nonmonotonic ones that do not appeal to explicit frame axioms.However, we �rst re-examine the Yale Shooting Problem [Hanks and McDermott1986] as an extended example of the foregoing de�nitions. The YSP turns out to bea very special case of the class of theories we consider later.6.4 The Yale shooting problem revisitedIn the YSP we consider three actions: Shoot, Load, and Wait. After Load is per-formed, the gun is loaded, and if the gun is loaded, then after Shoot is performed,Fred is dead. Thus we have the following two `causal rules':8s:holds(Loaded; result(Load; s)): (6.3)8s(holds(Loaded; s) � holds(Dead; result(Shoot; s))): (6.4)This theory is, of course, insu�cient to capture fully the e�ects of the three actions.6.4.1 Monotonic completionOne way to achieve epistemological completeness is to supply frame axioms. LetP = fDead;Loadedg. For action Shoot, we have that for each P 2 P,8s(:holds(Loaded; s) � (holds(P; s) � holds(P; result(Shoot; s)))); (6.5)8s(holds(Loaded; s) � holds(Loaded; result(Shoot; s))): (6.6)For action Load, we have8s(holds(Dead; s) � holds(Dead; result(Load; s))): (6.7)For Wait, we have that for any P 2 P:8s(holds(P; s) � holds(P; result(Wait; s))): (6.8)



CHAPTER 6. APPLICATION II: THEORIES OF ACTION 76Let T1 = f(6:3); (6:4); (6:5); (6:6); (6:7); (6:8)g. It is possible to show that themonotonic theory T1 is epistemologically complete about the actions Wait, Shoot,and Load with respect to P. Using �rst-order logic only, we can answer queries aboutthe theory. As a `temporal projection' example, we haveT1 j= 8s:holds(Dead; result(Shoot; result(Wait; result(Load; s))));that is,Dead holds after the Load,Wait, and Shoot actions are performed in sequencein any situation. As an example of `temporal explanation', we haveT1 j= 8s[holds(Dead; result(Shoot; s)) ^ :holds(Dead; s) � holds(Loaded; s)];that is, in any situation, if Dead is not true initially but becomes true after the Shootaction, then Loaded must be true initially.6.4.2 Nonmonotonic completionAlthough the above monotonic theory is epistemologically complete, it does not solvethe frame problem since it contains the explicit frame axioms. We now provide anequivalent nonmonotonic theory that avoids them.It was implied in [McCarthy 1986] that the frame axioms can be replaced by thesingle 8pas(:ab(p; a; s) � (holds(p; s) � holds(p; result(a; s)))); (6.9)and minimizing the abnormality predicate ab with holds allowed to vary. The maintechnical result of [Hanks and McDermott 1986] is that this does not work. Wementioned in the introduction the slew of proposed solutions, all criticized on somegrounds or others. Surprisingly, most of them are actually correct relative to theabove monotonic theory. We pick as an example chronological minimization [Shoham1986], although other proposals, such as [Lifschitz 1986] and [Kautz 1986], wouldwork as well.For the full de�nition of chronological minimization the reader is referred to theabove publication; we only remind the reader that in this framework the preferredmodels are those in which the minimized predicate is true as late as possible, rather



CHAPTER 6. APPLICATION II: THEORIES OF ACTION 77than as infrequently as possible. In our framework, the obvious (partial) temporalordering on situations isS < result(Shoot; S) < result(Wait; result(Shoot; S))< :::and so on. Like circumscription, we also need unique names assumptions for chrono-logical minimization:Loaded 6= Dead 6= Shoot 6= Load 6= Wait: (6.10)We now simply take T2 to be the conjunction of (6.3), (6.4), (6.9), and (6.10), andchronologically minimize ab in T2. It is now possible to show that T1[f(6:10)g and T2are equivalent: for any ' in the language of T1, T1 [ f(6:10)g j= ' i� T2 j=< ', wherej= is classical entailment and j=< is the nonmonotonic entailment. In particular, wehave that the nonmonotonic theory T2 is epistemologically complete.We observe that previous arguments against chronological minimization and othersolutions, for example by appeal to temporal explanation, involved incorrect use ofthe theories. For example, instead of T2, such arguments would useT2 [ fholds(Dead; result(Shoot; S0))g:Other arguments referred not to the YSP but to extended or modi�ed examples; mostof those are covered by the general treatment in the following sections.We remark here that we have avoided formally claiming that T2 solves the frameproblem for YSP. The reason is that we do not yet have a formal criterion to decidewhen a representation is concise enough to qualify as a solution to the frame problem.Until we have one, the frame problem will continue to contain an informal factor.However, this does not a�ect our claim about provable correctness of theories ofaction.6.5 Causal theoriesIn this section we introduce the notion of causal theories, and study their monotonicand nonmonotonic completions.



CHAPTER 6. APPLICATION II: THEORIES OF ACTION 78In reasoning about action, our knowledge can be generally divided into two kinds.First we have knowledge about the environment where the actions are taken place,commonly referred to as domain constraints. Second we have knowledge about e�ectsof actions themselves, usually called causal rules. Causal rules only tell us the directe�ects of the actions. In di�erent environments, an action may have di�erent sidee�ects. Side e�ects are determined by the direct e�ects and the domain constraints.De�nition 6.3 Let C(s), Ri(s), i = 1; :::; n, n � 0, be formulas with a free variable s.The causal theory of action A with domain constraint C, and direct e�ects P1; :::; Pnunder preconditions R1; :::; Rn, respectively, is the following set of sentences. Thedomain constraint: 8s:C(s): (6.11)For each 1 � i � n, the causal rules:8s(Ri(s) � holds(Pi; result(A; s))): (6.12)Note that the above de�nition is for single action. The causal theory for a set ofactions is the union of the causal theory for each individual action.Of course, causal theories are generally incomplete. As with our solution to YSP,we can provide both monotonic and nonmonotonic completions to causal theories.6.5.1 A monotonic completion of causal theoriesAs we said earlier, there are two kinds of changes an action can cause. One is directe�ects, which are determined by causal rules. The other is side e�ects, which aredetermined by the direct e�ects and domain constraints. Facts that are neither directe�ects nor side e�ects are assumed to be unchanged by the action.Essentially, making causal theories epistemologically complete amounts to sup-plying frame axioms that capture facts which are not changed by actions. When theframe axioms are explicitly listed, the completions are called monotonic. Again inthe following, we �x a set of 
uents P.



CHAPTER 6. APPLICATION II: THEORIES OF ACTION 79De�nition 6.4 Let T be the causal theory about action A with domain constraintC(s), and direct e�ects P1; :::; Pn under preconditions R1; :::; Rn, respectively. Themonotonic completion of T , written Comp(T ), is the union of T with the followingframe axioms. For any subset M of N = f1; :::; ng, and any P 2 P, if6j= 8s(^i2M holds(Pi; s) ^ C(s) � holds(P; s))and 6j= 8s(^i2M holds(Pi; s) ^ C(s) � :holds(P; s));then the following is a frame axiom:8s:( ^i2N�M:Ri(s) � (holds(P; s) � holds(P; result(A; s)))): (6.13)Example 6.1 The causal theory T of actionWait with domain constraint C(s), andno direct e�ect is 8s:C(s). For each P 2 P, if6j= 8s(C(s) � holds(P; s))and 6j= 8s(C(s)� :holds(P; s));then the following sentence is a frame axiom:8s:(holds(P; s) � holds(P; result(Wait; s))):Thus the monotonic completion of T , Comp(T ), is equivalent to the following set ofaxioms: 8s:C(s);8s:(holds(P; s) � holds(P; result(Wait; s))):where P is any 
uent in P.It is interesting to notice here that our formulation of Comp(T ) is related to theforms of axioms proposed by Reiter [1991]. The major di�erence is that domain



CHAPTER 6. APPLICATION II: THEORIES OF ACTION 80constraints are integrated into axioms in [Reiter 1991], while they are separated fromcausal rules and frame axioms in our treatment.We now formulate a su�cient condition under which the monotonic completionsof causal theories are epistemologically complete.Let T be a causal theory about action A. For any state SS of S, letRES(A;SS) = fholds(P; S0) j P 2 P; SS [ T j= holds(P; S0)g[ f:holds(P; S0) j P 2 P; SS [ T j= :holds(P; S0)g[ fholds(P; S0) j holds(P; S) 2 SS; SS [ T 6j= :holds(P; S0)g[ f:holds(P; S0) j :holds(P; S) 2 SS; SS [ T 6j= holds(P; S0)g;where S0 = result(A;S). We see that RES(A;SS) is a state of S 0 if SS [ T isconsistent.Theorem 14 Let T be the causal theory about action A with the domain constraintC, and direct e�ects P1; :::; Pn under preconditions R1; :::; Rn, n � 0, respectively.Comp(T ) is an epistemologically complete monotonic theory about A with respect toP if the following conditions are satis�ed:Condition 1. C(s); R1(s); :::; Rn(s) do not contain any situation term other thans. Condition 2. For any state SS of S, either SS j= '(S) or SS j= :'(S), where'(S) 2 fC(S); R1(S); :::; Rn(S)g.Condition 3. 8s:C(s) is consistent.Condition 4. For any SS of S, if SS j= C(S), then RES(A;SS) is consistent,and RES(A;SS) j= C(result(A;S)).Proof: First we show that for any situation S, and any state SS of S, Comp(T ) [SS j= ' for any ' 2 RES(A;SS). This can be proved by noting the fact that byCondition 1 and 2, for any P ,SS [ T ` Qholds(P; result(A;S))



CHAPTER 6. APPLICATION II: THEORIES OF ACTION 81i� F0 ^ ^1�i�nFi ` Qholds(P; result(A;S));where Q is either empty or :, F0 is False if SS ` :C(S) and C(result(A;S))otherwise, and for 1 � i � n, Fi is True if SS j= :Ri(S), and holds(Pi; result(A;S))if SS j= Ri(S).Thus Comp(T ) is complete if it is consistent. Since 8s:C(s) is consistent, andC(s) has no situation terms other than s, thus there is a model M of 8s:C(s) suchthat the situation domain of M is the set of the closed situation terms. Constructan interpretationM1 which agrees with M on everything except the interpretation ofthe predicate holds. For any situation constant S, and any P � in the 
uent domain,M1 j= holds(P �; S) i� M j= holds(P �; S). Inductively, for any result(A;S), andany P � in the 
uent domain, if there is no P 2 P such that P is interpreted asP �, then M1 j= holds(P �; result(A;S)) i� M j= holds(P �; result(A;S)); if P 2 Pis interpreted as P �, then M1 j= holds(P �; result(A;S)) i� holds(P; result(A;S)) 2RES(A;M1(S)), where M1(S) is the state determined by M1 at S. FormallyM1(S) = fQholds(P; S) j P 2 P;M1 j= Qholds(P; S)g;where Q is either empty or :. The model M1 is well-de�ned since by Condition 4,it can be proved inductively that M1 j= 8s:C(s), and RES(A;M1(S)) is a state ofresult(A;S). We show that M1 is a model of Comp(T ).1. M1 j= 8s:(Ri(s) � holds(Pi; result(A; s))), i = 1; :::; n: Suppose M1 j= Ri(S),then holds(Pi; result(A;S)) 2 RES(A;M1(S)). Thus M1 j= holds(Pi; result(A;S)).2. For any subset M of N , and any P 2 P, M1 satis�es the frame axiom (6.13)under the conditions for it to be in Comp(T ): Let S be any situation. SupposeM1 j= Vi2N�M :Ri(S). IfM1 j= holds(P; S), and M1 j= :holds(P; result(A;S)) thenM1(S) [ fF0; F1; :::; Fng ` :holds(P; result(A;S));where F0; :::; Fn are de�ned in terms of M1(S). ThusC(result(A;S))^ ^i2M holds(Pi; result(A;S)) ` :holds(P; result(A;S));



CHAPTER 6. APPLICATION II: THEORIES OF ACTION 82therefore ` 8s:(C(s)^ ^i2M holds(Pi; s) � :holds(P; s));a contradiction with one of the conditions for (6.13) to be in Comp(T ). Thus M1 j=holds(P; result(A;S)). Similarly, if M1 j= :holds(P; S), thenM1 j= :holds(P; result(A;S)):Thus we have proved that M1 is a model of Comp(T ). Therefore Comp(T ) is acomplete theory about A with respect to P.Although Theorem 14 is about a single action, it can easily be extended to multipleactions. This is because the �ve conditions guarantee that all of the actions must beindependent. For example, Condition 1 excludes any action terms from appearing inC(s), R1(s), ..., and Rn(s).The class of the causal theories that satisfy the four conditions includes most ofthe blocks world examples found in the literature. If we ignore the predicates frameand possible in [Lifschitz 1990a], then our class includes the causal theories in themain theorem of [Lifschitz 1990a].Example 6.2 The Extended Yale Shooting Problem [Baker 1989]: We add one more
uent Alive into YSP. Let P = fDead;Alive; Loadedg. The domain constraint8sC(s) is: 8s(holds(Alive; s)� :holds(Dead; s)):The causal rules are (6.3) and (6.4). Let us check the �ve conditions for the example.1. Conditions 1, 2, and 3: Trivial.2. Condition 5: Let SS be a state of S. Suppose SS j= C(S), i.e.holds(Dead; S) 2 SS i� :holds(Alive; S) 2 SS:We can show thatholds(Dead; result(Shoot; S)) 2 RES(Shoot; SS)



CHAPTER 6. APPLICATION II: THEORIES OF ACTION 83i� :holds(Alive; result(Shoot; S)) 2 RES(Shoot; SS);that is, RES(Shoot; SS) j= C(result(Shoot; S)). The cases for Wait and Loadare trivial.6.5.2 A nonmonotonic completionWe now proceed to provide a nonmonotonic completion of causal theories. We shalluse a simple version of circumscription.Again, we �x a set of 
uents P. We assume that the sentence p 2 P can beformalized by a �rst-order formula. Formally, we assume that Frame(p) is a formulawith a free variable p such that for any interpretation M , and any P � in the 
uentdomain ofM , M j= Frame(P �) i� there is a P 2 P such that P is interpreted as P �.For example, if P = fP1; P2g, then Frame(p) can be p = P1 _ p = P2.Let ab(p) be the abbreviation of the following formulaFrame(p) ^ (holds(p; s) � :holds(p; result(a; s))):Our circumscriptive policy will be that for any given situation S and any given actionA, we minimize ab(p)(s=S; a=A) as a unary formula of p with holds(p; S) �xed butholds(p; S0) allowed to vary for every S0 that is di�erent from S, where ab(p)(s=S; a=A)is the result of replacing s and a in ab(p) by S and A, respectively. In order to dothat, we extend our language L to include a new predicate holds0 that is similar toholds. Then for any formula W , we minimize ab(p) in the following formula withholds0 �xed and holds allowed to vary:8p(holds(p; s) � holds0(p; s)) ^W:Also, in order to use circumscription, we need to have some unique names axioms.We suppose there is an axiom U1 that captures the unique names assumption for
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uents in P. We also suppose U2 is the following axiom:8as:earlier(s; result(a; s))^8ss1s2(earlier(s; s1) ^ earlier(s1; s2) � earlier(s; s2)) ^8ss1(earlier(s; s1) � s 6= s1);where earlier is a new binary predicate. The purpose of U2 is to capture the followingunique names axiom:S 6= result(A;S) 6= result(A; result(A;S)) 6= :::Now we can have the following result:Theorem 15 Under the assumptions and conditions in Theorem 14, for any formula' in L (our original language without holds0 and earlier), Comp(T ) [ fU1; U2g j= 'i� 8s:Circum(W ; ab(p)(a=A);holds) j= ', where W is the following formula8p(holds(p; s) � holds0(p; s)) ^ U1 ^ U2 ^ (^T ):Proof: Suppose M0 is a model of Comp(T ) [ fU1; U2g. Let M1 be the extension ofM0 with holds0 interpreted identically with holds. We show that M1 is a model of8s:Circum(W ;ab(p)(a=A);holds). Suppose otherwise; since M1 is a model of 8s:W ,there is an S� in the situation domain of M1, and a model M2 of W (S�) such that1. M1 and M2 have the same domains, and they interpret everything except holdsthe same.2. The extension of ab(p)(s=S�; a=A) in M2 is a proper subdomain of that in M1.We �rst notice that for any P � in the 
uent domain, M1 j= holds(P �; S�) i� M2 j=holds(P �; S�). Suppose P � is an element of the 
uent domain such that M1 j=ab(P �)(s=S�; a=A) but M2 j= :ab(P �)(s=S�; a=A). Thus there is a P 2 P such thatit is interpreted as P �. Suppose M1 j= holds(P; S�). Then M2 j= holds(P; S�). ThusM1 j= :holds(P; result(A;S�)) and M2 j= holds(P; result(A;S�)). Let M � N besuch that M1 j= ^i2M Ri(S�) ^ ^i2N�M :Ri(S�):



CHAPTER 6. APPLICATION II: THEORIES OF ACTION 85Since M1 is a model of Comp(T ), thus from the frame axiom (6.13), we have thateither 8s(C(s)^ ( ^i2M holds(Pi; s)) � holds(P; s))or 8s(C(s)^ (^i2M holds(Pi; s)) � :holds(P; s)):But the �rst contradicts with M1 j= :holds(P; result(A;S�)), and the second casewith M2 j= holds(P; result(A;S�)) (recall that M2 is a model of W (S�)). Sim-ilarly, it is impossible for the existence of a P � in the 
uent domain such thatM1 j= :ab(P �)(s=S�; a=A) but M2 j= ab(P �)(s=S�; a=A).Thus we have shown that the existence of such M2 is impossible, and thus M1 isa model of 8s:Circum(W ; ab(p)(a=A);holds).Now suppose that M0 is a model of 8s:Circum(W ;ab(p)(a=A);holds). We wantto show that M0 is also a model of Comp(T ). This is proved by showing that for anyS� in the situation domain of M0, M0(result(A;S�)) = RES(A;M0(S�)). Supposethere is a S� such that this is not true. Then construct M1 such that M1 is exactlylikeM0 but for any n > 0, M1(result(An; S�)) = RES(An;M1(S�)), where1. result(A1; S�) = result(A;S�), and RES(A1;M1(S�)) = RES(A;M1(S�));2. result(Ai+1; S�) = result(A; result(Ai; S�)), andRES(Ai+1;M1(S�)) = RES(A;RES(Ai;M1(S�))).Since M0 satis�es U1 ^ U2, thus M1 is well-de�ned. As in the proof of Theorem 14,we can prove that M1 is a model of W (S�), and M1 <ab(p) M0 according to the cir-cumscriptive policy, a contradiction.Thus if we de�ne j=< such that fWg j=< ' i� 8s:Circum(W ; ab(p)(a=A);holds) j=', then we have the following corollaryCorollary 15.1 Under the assumptions in Theorem 15, ifW is classically consistent,then fWg is an epistemologically complete nonmonotonic theory about A accordingto j=<.



CHAPTER 6. APPLICATION II: THEORIES OF ACTION 866.6 Future work and concluding remarksWe have argued that a useful way to tackle the frame problem is to consider a mono-tonic theory with explicit frame axioms �rst, and then to show that a succinct andprovably equivalent representation using, for example, nonmonotonic logics, capturesthe frame axioms concisely. The idea is not startling. A similar idea is used in verify-ing negation-as-failure [Clark 1978]. It seems that several researchers have entertainedthe idea of verifying a nonmonotonic theory of action against a monotonic one (forexample, it is listed as future work in [Winslett 1988]), even if no one to date hasactually followed this course. Central to our project is the de�nition of an epistemo-logical completeness condition for deterministic actions, whose intuitive purpose isto determine whether su�cient axioms are included in a theory. Our main technicalcontribution is in formulating a wide class of epistemologically complete monotoniccausal theories, and showing that for each complete causal theory, there is a succinctrepresentation using a version of circumscription.We notice here that our nonmonotonic completions of the causal theories in cir-cumscription do not address the quali�cation problem. This can be easily done byusing the method in [Lifschitz 1987].There are many directions for future work. At the present time, the most im-portant one is to extend our work to allow concurrent actions. Just as 
uents canpartially describe a situation, we may have action descriptions that partially describethe set of actions taken in any situation. As a result we will be able to infer bydefault not only what is true in situations, but also what actions have been taken; inthe current framework that is not even expressible.



Chapter 7Summary and Future WorkWe began by introducing the logic GK of Grounded Knowledge as a uniform se-mantic basis for �xed-point nonmonotonic logics such as Reiter's default logic andMoore's autoepistemic logic. To our knowledge, GK for the �rst time uni�es the twologics semantically. As with circumscription, GK is based on the notion of logicalminimization, and thus provides a bridge between circumscription and �xed-pointnonmonotonic logics. As an application of this bridge, we proposed a formalization oflogic programs with negation-as-failure in circumscription. Together with the uniquenames assumption, the formalization provides a concise representation for the factsthat are true in every answer set of a logic program.We then introduced the notion of argument systems as a proof theory for non-monotonic reasoning. By reformulating some major existing nonmonotonic logics asargument systems, we showed that most nonmonotonic reasoning can be capturedwith the aid of a generalized negation-as-failure rule. We described an implementedsystem for default logic based on this idea.Finally, we applied nonmonotonic logic to the formalization of inheritance and oftheories of action, the two areas that have to a large degree motivated research in non-monotonic reasoning. We showed that various intuitions about nonmonotonic inheri-tance hierarchies can be conveniently formalized in logic programs with negation-as-failure. For reasoning about action, we �rst proposed a formal yet intuitive criterionby which to evaluate the adequacy of theories of action. We then formulated a class87



CHAPTER 7. SUMMARY AND FUTURE WORK 88of monotonic theories that satisfy this criterion by using explicit frame axioms. Fi-nally for a signi�cant subclass of the monotonic theories, we provided provably-correctnonmonotonic counterparts which avoid explicit frame axioms.According to McCarthy and Hayes [1969], AI problems can be divided into twoparts { epistemological part and heuristic part. According to McCarthy, one of thereasons for this division is that AI problems are generally very hard, and dividingthem into manageably smaller parts helps.Without doubt, this divide-and-conquer methodology is very important, and fruit-ful. But sometimes, working on subproblems for too long may make one lose sight ofwhat the original problem was, especially when the subproblems themselve are veryhard. Having worked on nonmonotonic reasoning, a subarea of the AI epistemology,for many years, I wish to list integrated AI systems as part of my future work.
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