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Abstract

We consider the problem of representing and reasoning about computer pro-
grams, and propose a translation from a core procedural iterative program-
ming language to first-order logic with quantification over the domain of
natural numbers that includes the usual successor function and the “less
than” linear order, essentially a first-order logic with a discrete linear order.
Unlike Hoare’s logic, our approach does not rely on loop invariants. Unlike
typical temporal logic specification of a program, our translation does not
require a transition system model of the program, and is compositional on
the structures of the program. Some non-trivial examples are given to show
the effectiveness of our translation for proving properties of programs.
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1. Introduction1

In computer science, how to represent and reason about computer pro-2

grams effectively has been a major concern since the beginning. For im-3

perative, non-concurrent programs that we are considering here, notable ap-4

proaches include Dijkstra’s calculus of weakest preconditions [1, 2], Hoare’s5

logic [3], dynamic logic [4], and separation logic [5]. For the most part, these6

logics provide rules for proving assertions about programs. In particular,7

for proving assertions about iterative loops, these logics rely on what have8

been known as Hoare’s loop invariants. In this paper, we propose a way to9
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translate a program to a first-order theory with quantification over natural10

numbers. The properties that we need about natural numbers are that they11

have a smallest element (zero), are linearly ordered, and each of them has12

a successor (plus one). Thus we are essentially using first-order logic with a13

predefined discrete linear order. This logic is closely related to linear tem-14

poral logic, which is a main formalism for specifying concurrent programs15

[6].16

Given a program, we translate it to a first-order theory that captures the17

relationship between the input and output values of the program variables,18

independent of what one may want to prove about the program. For instance,19

trivially, the following assignment20

X = X+Y21

can be captured by the following two axioms:22

X ′ = X + Y,

Y ′ = Y,

where X and Y denote the initial values of the corresponding program vari-23

ables and X ′ and Y ′ their values after the statement is performed. Obviously,24

the question is how the same can be done for loops. This is where quantifi-25

cation over natural numbers come in. Consider the following while loop26

while X < M do { X = X+1 }27

It can be captured by the following set of axioms:28

M ′ = M,

X ≥M → X ′ = X,

X < M → X ′ = X(N),

X(0) = X,

∀n.X(n+ 1) = X(n) + 1,

X(N) ≥M,

∀n.n < N → X(n) < M,

where N is a natural number constant denoting the total number of iterations29

that the loop runs to termination, and X(n) the value of X after the nth30

iteration. Thus the third axiom says that if the program enters the loop,31
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then the output value of the program variable X, denoted by X ′, is X(N),32

the value of X when the loop exits.33

The purpose of this paper is to describe how this set of axioms can be34

systematically generated, and show by some examples how reasoning can be35

done with this set of axioms. Without going into details, one can already36

see that unlike Hoare’s logic, our axiomatization does not make use of loop37

invariants. One can also see that unlike typical temporal logic specification38

of a program, we do not need a transition system model of the program,39

and do not need to keep track of program execution traces. We will discuss40

related work in more detail later.41

2. Preliminaries42

We use a typed first-order language. We assume a type for natural num-43

bers (non-negative integers). Depending on the programs, other types such44

as integers may be used. For natural numbers, we use constant 0, linear or-45

dering relation < (and ≤), successor function n+1, and predecessor function46

n − 1. We follow the convention in logic to use lower case letters, possibly47

with subscripts, for logical variables. In particular, we use m and n for nat-48

ural number variables, and x, y, and z for generic variables. The variables in49

a program will be treated as functions in logic, and written as either upper50

case letters or strings of letters.51

We use the following shorthands. The conditional expression:52

e1 = if ϕ then e2 else e3

is a shorthand for the conjunction of the following two sentences:53

∀~x.ϕ→ e1 = e2,

∀~x.¬ϕ→ e1 = e3,

where ~x are all the free variables in ϕ and ei, i = 1, 2, 3. Typically, all free54

variables in ϕ occur in e1.55

Our most important shorthand is the following expression which says that56

e is the smallest natural number that satisfies ϕ(n):57

smallest(e, n, ϕ)

is a shorthand for the following formula:58

ϕ(n/e) ∧ ∀m.m < e→ ¬ϕ(n/m),
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where n is a natural number variable in ϕ, m a new natural number variable59

not in e or ϕ, ϕ(n/e) the result of replacing n in ϕ by e, similarly for ϕ(n/m).60

For example, smallest(M,k, k < N ∧ found(k)) says that M is the smallest61

natural number such that M < N ∧ found(M):62

M < N ∧ found(M) ∧ ∀n.n < M → ¬(n < N ∧ found(n)).

Finally, we use the convention that free variables in a displayed sentence63

are implicitly universally quantified from outside. For instance, the following64

displayed formula65

n < M → ¬(n < N ∧ found(n))

stands for ∀n.n < M → ¬(n < N ∧ found(n)), where the universal quan-66

tification is over the domain of natural nnumbers as n is a natural number67

variable. Notice however, in the macro smallest(M,k, k < N ∧ found(k)),68

k is not a free variable.69

The following two useful properties about the smallest macro are easy to70

prove.71

Proposition 1. If ∃nϕ(n), then ∃m.smallest(m,n, ϕ(n)).72

Proposition 2. If smallest(N, n, ϕ(n)) ∧ N > 0, then ϕ(N) ∧ ¬ϕ(N − 1).73

Furthermore, if ϕ(n) has the following property74

∃n[(∀m.m > n→ ϕ(m)) ∧ (∀m.m ≤ n→ ¬ϕ(m))] (1)

then75

smallest(N, n, ϕ(n)) ≡ ϕ(N) ∧ ¬ϕ(N − 1).

Proof: If smallest(N, n, ϕ(n)), then ϕ(N) and ∀m.m < N → ¬ϕ(m). Since76

N > 0, thus ¬ϕ(N − 1). Now suppose that ϕ(N) ∧ ϕ(N − 1). By (1), for77

some natural number M ,78

[(∀m.m > M → ϕ(m)) ∧ (∀m.m ≤M → ¬ϕ(m))].

This means that M = N − 1, and smallest(N, n, ϕ(n)).79

80
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3. A simple class of programs81

Consider the following simple class of programs P:82

E ::= array(E,...,E) |83

operator(E,...,E)84

B ::= E = E |85

boolean-op(B,...,B)86

P ::= array(E,...,E) = E |87

if B then P else P |88

P; P |89

while B do P90

Here E denotes expressions, B boolean expressions, and P programs. They91

are constructed from tokens array, which is a program variable for an array,92

operator, a built-in or a library function, and boolean-op, a build-in or a93

library boolean operator. Notice that instead of, for example “array[i][j]”94

commonly used in programming languages to refer to an array element, we95

use the notation “array(i,j)” more commonly used in mathematics and96

logic.97

As one can see, programs here are constructed using assignments, se-98

quences, if-then-else, and while loops. Other constructs such as if-then and99

for-loop can be defined using these constructs. For instance, “if B then P”100

can be defined as “if B then P else X=X”.101

We assume a base first-order language L that contains functions and pred-102

icates that are static in the sense that their semantics are fixed and cannot be103

changed by programs. They include functions that correspond to operator,104

predicates that correspond to boolean-op, and possibly other functions and105

predicates for formalizing the domain knowledge. In the following, we call L106

the base language.107

Given a program P , we extend the base language L by functions to repre-108

sent program variables in the program. These functions are dynamic in that109

their values may be changed during the execution of a program. We assume110

that program variables are new, not already used in L. We also assume that111

there are no overloading so that two different program variables cannot have112

the same name but different arities. Thus we can use the same program vari-113

ables as functions in our first-order language. Specifically, if V is a program114

variable for an n-ary array, then we add V and V ′ as new n-ary functions to115

L: V (x1, ..., xn) and V ′(x1, ..., xn) denote the values of the (x1, ..., xn)th cell116
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in V at the input and the output, respectively, of the program P . For their117

values during the execution of P , we’ll introduce temporary function symbols118

to denote them. These temporary function symbols can be systematically119

named using statement labels (see section 6 below) and are useful when one120

is interested about properties during the execution of a program. For now,121

we assume that we are interested only in the program outputs.122

Given a program P and a set ~X of program variables including all vari-123

ables used in P , we define inductively the set of axioms for P and ~X, written124

Π
~X
P , as follows:125

• If P is126

V(E1,...,Ek) = E127

then Π
~X
P consists of following axioms that say that only the value of128

V(E1,...,Ek) is possibly changed:129

V ′(~x) = if (x1 = E1 ∧ · · · ∧ xk = Ek) then E

else V (~x),

X ′(~y) = X(~y), X ∈ ~X and X different from V

where ~x = (x1, ..., xk), and k is the arity of the program variable (array)130

V . We assume here that for each program expression E, there is a131

corresponding term E in our first-order language. Recall that by our132

convention, these variables are universally quantified. The domains of133

these variables depend on the type of the program variable V .134

• If P is135

if B then P1 else P2136

then Π
~X
P is constructed from Π

~X
P1

and Π
~X
P2

as follows:137

B → ϕ, for each ϕ ∈ Π
~X
P1
,

¬B → ϕ, for each ϕ ∈ Π
~X
P2
.

We assume here that for each boolean expression B, there is a corre-138

sponding formula B in our first-order language.139
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• If P is140

P1; P2141

then Π
~X
P is constructed from Π

~X
P1

and Π
~X
P2

by connecting the outputs142

of P1 with the inputs of P2 as follows:143

ϕ( ~X ′/~Y ), for each ϕ ∈ Π
~X
P1
,

ϕ( ~X/~Y ), for each ϕ ∈ Π
~X
P2
,

where ~Y = (Y1, ..., Yk) is a tuple of new function symbols such that each144

Yi is of the same arity as Xi in ~X, ϕ( ~X ′/~Y ) is the result of replacing145

in ϕ each occurrence of X ′i by Yi, and similarly for ϕ( ~X/~Y ). The146

new function symbols in ~Y are called temporary functions and used147

to denote the values of program variables during the execution of the148

program. By our inductive construction, Π
~X
P1

and Π
~X
P2

may already have149

some temporary function symbols introduced this way. Furthermore,150

if P1 and/or P2 have loops, then they may also have some new natural151

number constants (see below for how axioms are constructed for for152

while loops). By renaming if necessary, we assume here that Π
~X
P1

and153

Π
~X
P2

do not share any of these temporary symbols. In other words, we154

assume that Π
~X
P1

and Π
~X
P2

have only common symbols from L∪ ~X ∪ ~X ′.155

• If P is156

while B do P1157

Then Π
~X
P is constructed by adding an index parameter n to all dynamic158

functions in Π
~X
P1

to record their values after the body P1 has been159

executed n times. Formally, it consists of the following axioms:160

ϕ[n], for each ϕ ∈ Π
~X
P1
,

Xi(~x) = Xi(~x, 0), for each Xi ∈ ~X

smallest(N, n,¬B[n]),

X ′i(~x) = Xi(~x,N), for each Xi ∈ ~X

where n is a new natural number variable not already in ϕ, and N161

a new natural number constant not already used in Π
~X
P1

and for each162
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formula or term α, α[n] denotes the value of α after the body P1 has163

been executed n times, and is obtained from α as follows:164

1. (∃xα)[n] is ∃x(α[n]), (α1 ∨ α2)[n] is α1[n] ∨ α2[n], and (¬α)[n] is165

¬(α[n]).166

2. F (e1, ..., ek)[n] is F (e1[n], ..., ek[n]) if F is a predicate or a function167

in the base first-order language L. In particular, (e1 = e2)[n] is168

e1[n] = e2[n].169

3. X ′i(e1, ..., ek)[n] is Xi(e1[n], ..., ek[n], n+ 1), if Xi is in ~X.170

4. V (e1, ..., ek)[n] is V (e1[n], ..., ek[n], n), if V is a non-primed func-171

tion not in L.172

While we have used Π
~X
P to denote “the” set of axioms for P and ~X, the173

construction above does not yield a unique set of axioms as the temporary174

functions introduced when constructing axioms for program sequences and175

while-loops are not unique. However, Π
~X
P is unique up to the renaming of176

these new functions. In particular, any two different sets of these axioms177

are logically equivalent when considering only program variables from ~X,178

i.e. when the temporary functions are “forgotten”. More precisely, given179

two theories Σ1 and Σ2, we say that they are equivalent when considering a180

subset Ω of their vocabularies if any model M1 of Σ1 can be modified into a181

model M2 of Σ2 such that M1 and M2 agree on Ω, and conversely any model182

of Σ2 can be similarly modified into a model of Σ1.183

It is easy to see the following “local” property of our construction, similar184

to the “frame rule” in separation logic.185

Proposition 3. Let ~Y be a tuple of program variables that are not in P and186

not used in Π
~X
P . Then considering only ~X ∪ ~Y , Π

~X∪~Y
P is equivalent to the187

union of Π
~X
P and the set of following “frame axioms”:188

Y ′(~y) = Y (~y), for each Y ∈ ~Y

The construction rule for a sequence P ;Q can also be modified so that189

temporary functions only need to be introduced for those that occur in both190

P and Q.191

Proposition 4. Let ~X be a tuple of program variables including those used192

in either P or Q, and ~V = (V1, ..., Vk) the tuple of program variables used193
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in both P and Q (thus a subset of ~X). When considering only ~X, Π
~X
P ;Q is194

equivalent to the set of following axioms:195

ϕ( ~V ′/~Y ), for each ϕ ∈ Π
~X
P ,

ϕ(~V /~Y ), for each ϕ ∈ Π
~X
Q ,

where ~Y = (Y1, ..., Yk) is a tuple of temporary functions such that each Yi is of196

the same arity as Vi in ~V . Again we assume that, by renaming if necessary,197

Π
~X
P and Π

~X
Q have no common function symbols other than those in ~X or in198

the base language L.199

The following important property about our axiomatization says that we200

do not need to wait until we have the full set of axioms to do simplification.201

During the construction of the axioms for a program, we can simplify first202

the axioms for its subprograms. This greatly simplifies the above recursive203

procedure for constructing axioms of a program.204

Proposition 5. Let ~X be a tuple of program variables, including all those205

that occur in program P . For any subprogram P ′, if T is equivalent to Π
~X
P ′206

when considering only ~X, then if we use T instead of Π
~X
P ′ in computing Π

~X
P ,207

the resulting theory is equivalent to Π
~X
P when considering only ~X as well.208

Notice that in the above proposition, when we use T instead of Π
~X
P ′ in209

computing Π
~X
P , we assume that we will also rename temporary function sym-210

bols when necessary to avoid name conflicts. For example, if P is P1;P2, and211

a theory equivalent to Π
~X
P1

is212

X ′ = Y ∧ Y = X + 1. (2)

If Π
~X
P2

also uses the temporary function symbol Y , then we need to rename213

either the Y in (2) or the Y in Π
~X
P2

when constructing Π
~X
P .214

Before we consider more interesting examples, we illustrate our construc-215

tion of Π
~X
P using two simple programs.216

3.1. A simple sequence217

Consider the following program P and two program variables X1 and X2218

(notice that X1 is used in P , but X2 is not):219

9



X1 = 1; X1 = X1+1220

Π
(X1,X2)
X1=1 is the set of the following two sentences221

X ′1 = 1,

X ′2 = X2

and Π
(X1,X2)
X1=X1+1 the set of following two sentences:222

X ′1 = X1 + 1,

X ′2 = X2

Thus Π
(X1,X2)
P is223

Y1 = 1,

Y2 = X2,

X ′1 = Y1 + 1,

X ′2 = Y2

Eliminating the temporary constants Y1 and Y2, we get X ′1 = 2 and X ′2 = X2.224

3.2. A simple loop225

Consider the following program P with a simple loop.226

while I < N do227

if X < A(I) then X = A(I);228

I = I+1229

Notice that the program variables are X, A, I, and N . Among them, A is230

unary (a list), and the rest are 0-ary (constants).231

Let P1 be the body of the loop. Π
(X,A,I,N)
P1

is the set of following sentences232

(Y1, Y2, Y3, Y4 are temporary constants):233

Y1 = if X < A(I) then A(I) else X,

Y2(x) = if X < A(I) then A(x) else A(x),

Y3 = if X < A(I) then I else I,

Y4 = if X < A(I) then N else N,

X ′ = Y1,

A′(x) = Y2(x),

I ′ = Y3 + 1,

N ′ = Y4.
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Instead of using this set to compute Π
(X,A,I,N)
P , by Proposition 5, we can234

simplify it first by eliminating Y1, Y2, Y3, Y4, and get the following equivalent235

set of axioms:236

X ′ = if X < A(I) then A(I) else X,

A′(x) = A(x),

I ′ = I + 1,

N ′ = N.

Thus Π
(X,A,I,N)
P is237

X(0) = X,

A(x, 0) = A(x),

I(0) = I,

N(0) = N,

X(n+ 1) = if X(n) < A(I(n), n) then A(I(n), n)

else X(n),

A(x, n+ 1) = A(x, n),

I(n+ 1) = I(n) + 1,

N(n+ 1) = N(n),

smallest(M,n,¬I(n) < N(n)),

X ′ = X(M),

A′(x) = A(x,M),

I ′ = I(M),

N ′ = N(M).

Clearly A(x) and N do not change: A(x, n) = A(x) and N(n) = N . So we238

get the following sentences by expanding the smallest macro:239

X(0) = X,

I(0) = I,

X(n+ 1) = if X(n) < A(I(n)) then A(I(n))

else X(n),

I(n+ 1) = I(n) + 1,

I(M) ≥ N,
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n < M → I(n) < N,

X ′ = X(M),

A′(x) = A(x),

I ′ = I(M),

N ′ = N.

Now suppose that initially I = 0. Solving the recurrence:240

I(0) = 0,

I(n+ 1) = I(n) + 1

we have I(n) = n. It is also easy to see that M = N , so we can eliminate241

I(n) and M and get the following axioms:242

X(0) = X,

X(n+ 1) = if X(n) < A(n) then A(n)

else X(n),

X ′ = X(N),

A′(x) = A(x),

I ′ = N,

N ′ = N.

An example assertion to prove about the program is the following243

0 ≤ n < N → X ′ ≥ A(n), (3)

which is equivalent to244

0 ≤ n < N → X(N) ≥ A(n),

which is easily proved by induction on N using the recurrence about X(n+1).245

3.3. Partial and total correctness246

A program is partially correct w.r.t. a specification if the program satisfies247

the specification when it terminates. It is totally correct if it is partially248

correct and terminates.249

In our framework, a program P with variables ~X is represented by a250

set of sentences, Π
~X
P . Whatever properties that one wants to show about251
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P are proved using this set of sentences. A partial correctness corresponds252

to proving a sentence about ~X and ~X ′ from Π
~X
P . An example is the as-253

sertion (3) above for the simple loop. On the other hand, termination of254

a program is proved by showing that the new natural number constants255

introduced by the loops and used in the smallest macro expressions are256

well-defined. For instance, for the above simple loop, the smallest macro is257

smallest(M,n,¬I(n) < N(n)). The fact that there is indeed a natural num-258

ber M that satisfies this macro expression follows from Proposition 1 and259

the fact that I(N) ≥ N holds.260

If a loop does not terminate, then its smallest macro will cause a contra-261

diction. For instance, consider the following loop:262

while I < M do263

if I>0 then I = I+1.264

If initially I = 0 and M > 0, then it will loop forever. Our axioms for the265

loop are:266

I ′ = I(N) ∧M ′ = M,

I(0) = I,

I(n+ 1) = if I(n) > 0 then I(n) + 1 else I(n),

n < N → I(n) < M,

I(N) ≥M.

If we add I = 0 ∧ 0 < M to these axioms, we will conclude ∀n.I(n) < M ,267

which contradicts the last axiom I(N) ≥M .268

4. Related work269

Our formalization of the simple loop above also illustrates the difference270

between our approach and Hoare’s logic, arguably the dominant approach271

for reasoning about non-parallel imperative computer programs. To begin272

with, an assertion like (3) would be represented by a triple like273

{I = 0}P{∀m(0 ≤ m < N → X ≥ A(m))}

in Hoare’s logic. To prove this assertion, one would need to find a suitable274

“loop invariant”, a formula that if true initially will continue to be true after275

each iteration. In general, there are infinite number of such loop invariants.276
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The key is to find one that, in conjunction with the negation of the loop277

condition, can entail the postcondition in the assertion. For this simple loop,278

the following is such a loop invariant:279

∀m(I0 ≤ m < I → X ≥ A(m)).

Finding suitable loop invariants is at the heart of Hoare’s logic, and it is not280

surprising that there has been much work on discovering loop invariants (e.g.281

[7, 8, 9, 10, 11]).282

In comparison, our proof of (3) uses ordinary mathematical induction and283

recurrences on I(n) and X(n).284

Another difference between our approach and Hoare’s logic is that Hoare’s285

logic is a set of general rules about program assertions, while we provide a286

translation from programs to first-order theories with quantification over nat-287

ural numbers. Once the translation is done, assertions about it are proved288

with respect to the translated first-order theory, without reference to the289

original program. This is similar to Pnueli’s temporal logic approach to pro-290

gram semantics [6]. According to a common classification used in formal291

method community (cf. [12, 13]): approaches like Hoare’s logic and dynamic292

logic are exogenous in that they have programs explicitly in the language,293

while temporal logic approach to program semantics is typically endogenous294

in that a fixed program is often assumed and a program execution counter295

part of the specification language. Our approach is certainly not exogenous.296

It is a little endogenous as we use natural numbers to keep track of loop iter-297

ations, but not as endogenous as typical temporal logic specifications which298

requires program counters to be part of states. In particular, our mapping299

from programs to theories is compositional, build up from the structure of300

the program. Barringer et al. [14] proposed a compositional approach using301

temporal logic, but only in the style of Hoare’s logic, using Hoare triples.302

However, a caveat is that so far temporal logic approach to program seman-303

tics has been mainly for concurrent programs, while what we have proposed304

is for non-parallel programs. Given the close relationship between temporal305

logics and first-order logic with a linear order, if there are no nested loops,306

then our translation can be reformulated in a temporal logic. It is hard to307

see how this can be done when there are nested loops, as this will lead to308

nested time lines, modeled here by predicates with multiple natural num-309

ber arguments. Of course, one can always construct a transition graph of a310

program, and model it in a temporal logic. But then the structure of the311

original program is lost.312
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We are certainly not the first to use first-order logic with a linear order313

to model dynamic systems. For instance, it has been used to model Turing314

machines in the proof of Trakhtenbrot’s theorem in finite model theory (see,315

e.g. [15]).316

A closely related work is Charguéraud’s characteristic formulas for func-317

tional programs [16, 17]. However, these formulas are higher-order formulas318

that reformulate Hoare’s rules by quantifying over preconditions and post-319

conditions.320

Our use of natural numbers as “indices” to model iterations is similar to321

Wallace’s use of natural numbers to model rule applications in his semantics322

for logic programs [18].323

While we use natural numbers to formalize loops, Levesque et al. [19]324

used second-order logic to capture Golog programs with loops in the situation325

calculus. Recently, Lin [20] showed that under the foundational axioms of326

the situation calculus, Golog programs can be defined in first-order logic as327

well. However, the crucial difference between the work here and the work in328

the situation calculus on Golog is that our axioms try to capture the changes329

of states in terms of values of program variables, while the semantics of Golog330

programs is more about defining legal sequences of executions. To illustrate331

the difference here, consider a program consists of assignments that make no332

change (nil actions). For this program, it would still be non-trivial to define333

sequences of legal executions, although it does not matter which sequences334

are legal as none of them change the values of program variables. Another335

difference is that we consider only assignments and deterministic programs,336

while Golog programs allow any actions that can be axiomatized by successor337

state axioms, and can have nondeterministic choices.338

However, perhaps the best way to show the correctness of our axiomati-339

zation is to connect it with Golog in the situation calculus. Given a program340

P , and a tuple ~X of program variables that include all those used in P ,341

we can consider each X in ~X as a functional fluent in the situation calcu-342

lus, and write successor state axioms for these fluents, assuming that the343

assignments used in P are the only actions. We can then show that M is344

a model of Π
~X
P iff there is a situation calculus model W such that for each345

X ∈ ~X, XM = XW (S0), and (X ′)M = XW (S1), where S1 is such that346

W |= Do(P, S0, S1) (a program P here can be considered as a Golog complex347

action in a straightforward way). We omit the detail here as this should348

present no conceptual difficulties.349
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5. Cohen’s integer division algorithm350

For a more complex example, consider the following program P which351

implements the well-known Cohen’s integer division algorithm [21] (our pro-352

gram below is adapted from [11]). It has two loops, one nested inside another.353

// X and Y are two input integers354

Q=0; // quotient355

R=X; // remainder356

while (R >= Y) do {357

A=1;358

B=Y;359

while (R >= 2*B) do {360

A = 2*A;361

B = 2*B;362

}363

R = R-B;364

Q = Q+A365

}366

// return Q = X/Y;367

The program variables are A,B,Q,R,X, Y , where X and Y are inputs, and368

Q is the output. Let ~X = (A,B,Q,R,X, Y ). There are two loops. Let’s369

name the inner loop Inner, and outer loop Outer. When computing Π
~X
P , we370

again consider only equivalence under ~X and use Proposition 5 to simplify371

the process.372

It is easy to see that Π
~X
P is equivalent to the union of Π

~X
Outer and {Q =373

0∧R = X}. To compute Π
~X
Outer, we compute first Π

~X
Inner, which is equivalent374

to the set of following sentences:375

A(n+ 1) = 2A(n),

B(n+ 1) = 2B(n),

Q(n+ 1) = Q(n),

R(n+ 1) = R(n),

X(n+ 1) = X(n),

Y (n+ 1) = Y (n),

A(0) = A,

B(0) = B,
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Q(0) = Q,

R(0) = R,

X(0) = X,

Y (0) = Y,

smallest(N, n,R(n) < 2B(n)),

A′ = A(N),

B′ = B(N),

Q′ = Q(N),

R′ = R(N),

X ′ = X(N),

Y ′ = Y (N).

Solving the recurrences, we have376

A(n) = 2nA,

B(n) = 2nB,

Q(n) = Q,

R(n) = R,

X(n) = X,

Y (n) = Y

smallest(N, n,R < 2n+1B),

A′ = 2NA,

B′ = 2NB,

Q′ = Q,

R′ = R,

X ′ = X,

Y ′ = Y.

We can now eliminate terms like A(n) and B(n), expand the smallest macro377

expression, and obtain Π
~X
Inner as the set of following sentences:378

R < 2N+1B,

m < N → R ≥ 2m+1B,

A′ = 2NA,
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B′ = 2NB,

Q′ = Q,

R′ = R,

X ′ = X,

Y ′ = Y.

Thus the set of sentences for the body of the loop Outer is equivalent to the379

set of the following sentences:380

R < 2N+1Y,

m < N → R ≥ 2m+1Y,

A′ = 2N ,

B′ = 2NY,

Q′ = Q+ A′,

R′ = R−B′,
X ′ = X,

Y ′ = Y.

Thus Π
~X
Outer ∪ {Q = 0, R = X} is equivalent to381

R(n) < 2N(n)+1Y (n),

m < N(n)→ R(n) ≥ 2m+1Y (n),

A(n+ 1) = 2N(n),

B(n+ 1) = 2N(n)Y (n),

Q(n+ 1) = Q(n) + 2N(n),

R(n+ 1) = R(n)− 2N(n)Y (n),

X(n+ 1) = X(n),

Y (n+ 1) = Y (n),

A(0) = A,

B(0) = B,

Q(0) = 0,

R(0) = X,

X(0) = X,

Y (0) = Y,
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smallest(M,n,R(n) < Y (n)),

A′ = A(M),

B′ = B(M),

Q′ = Q(M),

R′ = R(M),

X ′ = X(M),

Y ′ = Y (M).

Now get rid of X(n) and Y (n) as they do not change: X(n) = X and382

Y (n) = Y , get rid of A and B as they are irrelevant now, and expand the383

smallest macro expression, we obtain Π
~X
P as the set of following sentences:384

R(n) < 2N(n)+1Y,

m < N(n)→ R(n) ≥ 2m+1Y,

Q(n+ 1) = Q(n) + 2N(n),

R(n+ 1) = R(n)− 2N(n)Y,

Q(0) = 0,

R(0) = X,

R(M) < Y,

m < M → R(m) ≥ Y,

Q′ = Q(M),

R′ = R(M).

From these axioms, we can show the correctness of Cohen’s algorithm by385

proving the following two properties:386

0 ≤ R′ < Y,

X = Q′Y +R′.

For the first property, R′ < Y trivially follows from the condition of the387

Outer loop. For R′ ≥ 0, we have R′ = R(M) = R(M − 1) − 2N(M−1)Y . By388

the axiom389

m < N(n)→ R(n) ≥ 2m+1Y,

let n = M−1 and m = N(M−1)−1, we have R(M−1) ≥ 2(N(M−1)−1)+1Y =390

2N(M−1)Y . Thus R′ ≥ 0. For the second property, we have391

Q′Y +R′
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= Q(M)Y +R(M)

= (Q(M − 1) + 2N(M−1))Y +R(M − 1)− 2N(M−1)Y

= Q(M − 1)Y +R(M − 1)

= · · · = Q(0)Y +R(0) = X.

Again this is partial correctness. To prove the termination, we need to show392

that the new terms introduced by the smallest macro expressions are all393

well-defined. For this program, it means that M (the outer loop counter) is394

bounded, and for every n, N(n) (the inner loop counter for each outer loop395

iteration) is bounded. By Proposition 1, these can be proved by showing the396

following two properties:397

∃m.R(m) < Y,

∀n∃m.R(n) < 2m+1Y.

Again we remark that we relied on mathematical induction in our proof398

and made no use of loop invariants. Notice also that our proof actually shows399

that for integer division, any program of the following form is correct:400

// X and Y are two input integers401

Q=0; // quotient402

R=X; // remainder403

while (R >= Y) do {404

A=1;405

B=Y;406

while (R >= k*B) do {407

A = k*A;408

B = k*B;409

}410

R = R-B;411

Q = Q+A412

}413

// return Q = X/Y;414

where k > 1 can be any constant.415

6. Properties of programs during execution416

As we mentioned, our proposed translation to first order logic has been417

tailored for the program behaviours in terms of input and output conditions.418
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Sometimes one may be interested in properties of a program during its exe-419

cution. We have been using temporary function symbols to denote the values420

of program variables during the execution of a program. So to reason about421

properties of a program during its execution, all we need to do is to give422

these temporary functions explicit names. One way to do this is to label423

program statements and use these labels as the point of reference. Consider424

the following class of labeled programs:425

E ::= array(E,...,E) |426

operator(E,...,E)427

B ::= E = E |428

boolean-op(B,...,B)429

P ::= L: array(E,...,E) = E |430

L: if B then P else P |431

L: while B do P |432

P; P433

Here L is a label, typically a natural number. Notice that there is no label434

in front of a sequence. In general, a program P is a sequence of statements:435

(L1 : P1); (L2 : P2); · · · ; (Lk : Pk)

where Pi is either an assignment, a conditional or a while loop. We call Pk436

the last statement of P , and the output of P is the same as the output of Pk.437

Again assume that program variable names are unique and not in the base438

language L. Now given a program P , for each program variable V and label439

L, we add functions V and V L to L. Again, V (~x) denotes the value at the440

input. The value at the end of a statement L is now denoted by V L(~x). Of441

course, V ′ is V L when L is the label of of the last statement in the program.442

Given a program P and a set ~X of program variables including all vari-443

ables used in P , we again use Π
~X
P to denote the set of axioms for P and444

~X:445

• If P is446

L: V(E1,...,Ek) = E447

then Π
~X
P consists of following axioms:448

V L(~x) = if (x1 = E1 ∧ · · · ∧ xk = Ek) then E

else V (~x),

XL(~y) = X(~y), X ∈ ~X and X different from V
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• If P is449

L: if B then P1 else P2450

then Π
~X
P is the union of Π

~X
P1

, Π
~X
P2

and the set of the following axioms:451

for each X ∈ ~X,452

B → XL(~x) = XL1(~x),

B → XL(~x) = XL2(~x),

where L1 and L2 are the labels of the last statements in P1 and P2,453

respectively.454

• If P is455

P1; P2456

then Π
~X
P is the union of Π

~X
P1

and the set of the following axioms:457

ϕ( ~X/ ~XL1), for each ϕ ∈ Π
~X
P2
,

where L1 is the label of the last statement in P1.458

• If P is459

L: while B do P1460

Then Π
~X
P is constructed from Π

~X
P1

as follows:461

ϕ[n], for each ϕ ∈ Π
~X
P1
,

XL
i (~x, 0) = Xi(~x), for each Xi ∈ ~X

XL
i (~x, n+ 1) = XL1

i (~x, n),

smallest(N, n,¬B[n]),

XL
i (~x) = XL

i (~x,N), for each Xi ∈ ~X

where L1 is the label of the last statement of the loop body P1, n is a462

new natural number variable not already in ϕ, and N a new natural463

number constant not already used in Π
~X
P1

and for each formula or term464

α, α[n] is defined similarly as before:465
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1. (∃xα)[n] is ∃x(α[n]), (α1 ∨ α2)[n] is α1[n] ∨ α2[n], and (¬α)[n] is466

¬(α[n]).467

2. F (e1, ..., ek)[n] is F (e1[n], ..., ek[n]) if F is a predicate or a function468

in the base first-order language L.469

3. X(e1, ..., ek)[n] is XL(e1[n], ..., ek[n], n), for each X ∈ ~X,470

4. for each label t in P1, X
t(e1, ..., ek)[n] is X t(e1[n], ..., ek[n], n), for471

each X ∈ ~X.472

As an example, consider the simple loop in section 3.2, with labels added:473

1: while I < N do474

2: if X < A(I) then475

3: X = A(I);476

4: I = I+1477

The axioms for the body of the loop are (we ignore A(x) and N as they do478

not change):479

X4 = X2 ∧ I4 = I2 + 1,

X2 = if X < A(I) then X3 else X,

I2 = if X < A(I) then I3 else I,

X3 = A(I) ∧ I3 = I.

Thus the axioms for the program are:480

X1(0) = X ∧ I1(0) = I,

X1(n+ 1) = X4(n),

I1(n+ 1) = I4(n),

X4(n) = X2(n),

I4(n) = I2(n) + 1,

X2(n) = if X1(n) < A(I1(n)) then X3(n) else X1(n),

I2(n) = if X1(n) < A(I1(n)) then I3(n) else I1(n),

X3(n) = A(I1(n)),

I3(n) = I1(n),

X1 = X4(M) ∧ I1 = I4(M),

n < M → I1(n) < N,

¬I1(M) < N.
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This set of axioms looks more complicated, which is natural as it has more481

information. One could query it about the values of program variables at482

any point during the execution of the program.483

7. Functions484

One may ask how general our proposed approach is. Can it be done485

for programs with more complex structures like pointers, functions, classes,486

concurrency? We believe so. We have extended it to pointers and functions.487

Classes should present no problem as they are basically user defined types.488

While we have not done it for concurrency, we believe it can be done as well489

given that we were able to provide a first-order axiomatization of ConGolog490

[20]. In this section, we describe how the same approach can be used to491

axiomatize programs with user defined functions. We consider pointers in492

the next section.493

In practice, a program consists of a set of functions. To illustrate how494

we can handle functions, including recursive functions, consider the following495

class of programs:496

E ::= array(E,...,E) |497

operator(E,...,E) |498

function(E,...,E) |499

B ::= E = E |500

boolean-op(B,...,B)501

Body ::= array(E,...,E) = E |502

if B then P else P |503

P; P |504

while B do P |505

return E506

F ::= function(variable,...,variable)507

{ Body }508

P ::= F | P; P509

Thus a program is a collection of functions. Presumably, one of them is510

the “main” function, the one that will be executed first when the program511

is run. In some programming languages, these functions can communicate512

by sharing some global variables. To simplify things, we assume here that513

there are no global variables, and that all program variables in the body of514

a function must occur in the parameter list of the function.515

24



If P is F1; · · · ;Fk, then the set of axioms for P is the union of the sets516

of axioms for Fi, 1 ≤ i ≤ k, with renaming of program variables in them if517

needed to avoid conflict of names.518

Given a function definition f( ~X){Body}, the set of sentences for it, writ-519

ten Πf , is520

∀~xϕ( ~X/~x)(Result′/f(~x)), ϕ ∈ Π
~X∪{Result}
Body ),

where521

• ϕ( ~X/~x)(Result′/f(~x)) is the result of replacing in ϕ each Xi in ~X by522

xi, X
′
i by a new function name g(~x), and Result′ by f(~x). We assume523

that Result is a reserved word used to denote the value of the function.524

Notice that once we replace each Xi by a variable xi, X
′
i, the value of525

Xi when the function exits, is no longer relevant. Here we just replace526

it by a dummy new function g.527

• Π
~X∪{Result}
Body is defined as before, except that when Body is return E,528

the axioms are529

Result′ = E,

X ′i(~x) = Xi(~x), Xi is a program variable.

Notice that according to our axiomatization here, while the body of a function530

may execute the return statement multiple times, only the last time matters.531

For example, given532

foo() { return 1; return 2 }533

only the second return statement is meaningful, and the function is captured534

by the axiom foo() = 2. One could argue that it does not make sense535

for more than one instances of the return statement to be executed, and it536

is the programmer’s responsibility to make sure that this does not happen.537

Alternatively, one can assume that as soon as a return statement is executed,538

the function exits. This can be modeled by introducing a special flag Exit,539

and replace each return statement by540

if -Exit then {return E; Exit = true}541

For a more meaningful example, consider the following two mutually de-542

fined functions isEven and isOdd:543
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isEven(N) {544

if N=0 then return true545

else return -isOdd(N-1) }546

isOdd(N) {547

if N=0 then return false548

else return -isEven(N-1) }549

Suppose that we denote the body of isEven(N) by Body1, and that of550

isOdd(N) by Body2. Then Π
(N,Result)
Body1 consists of the following axioms:551

N ′ = N,

Result′ = if N = 0 then true else -isOdd(N − 1)

and similarly for Π
(N,Result)
Body2 :552

N ′ = N,

Result′ = if N = 0 then false else -isEven(N − 1)

Thus ΠisOdd ∪ ΠisEven is553

f(x) = x,

isEven(x) = if x = 0 then true else -isOdd(x− 1),

g(x) = x,

isOdd(x) = if x = 0 then false else -isEven(x− 1),

where f and g are two new functions used to denote the values of x when the554

functions isEven(x) and isOdd(x), respectively, return. They are irrelevant,555

so the two corresponding axioms can be deleted. By induction on n, it is556

easy to prove that the following hold for all n ≥ 0:557

isEven(2n) = true,

isOdd(2n) = false,

isEven(2n+ 1) = false,

isOdd(2n+ 1) = true.

Now consider the following program with a type definition:558

List ::= [] | a::List559
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560

length(X:List) {561

if X=[] then return 0562

else return length(tail(X))+1}563

tail(X:List) {564

if X=[] then return []565

else if X=a::X1 then return X1}566

append(X:List, Y:List) {567

if X=[] then return Y568

else if X=a::X1569

then return a::append(X1,Y)}570

To model the data type List, we introduce a corresponding List sort in571

our first-order language, and write (x :List) to mean that x is of sort List.572

In first-order terms, the definition of List yields the following axioms:573

(∀x :List).x = [] ∨ ∃a(∃y :List)x = a ::y,

∀a, b(∀x, y :List).a ::x = b ::y → (a = b ∧ x = y),

∀a(∀x :List)[] 6= a ::x,

and the three functions yield the following axioms:574

(∀x :List).length(x) = if x = [] then 0

else length(tail(x)) + 1,

(∀x :List).tail(x) = if x = [] then []

else if ∃a(∃y :List)x = a ::y then y,

(∀x, y :List).append(x, y) = if x = [] then y

else if ∃a(∃x1 :List)x = a ::x1

then a ::append(x1, y).

With these axioms, one can prove, for example length(a :: b :: []) = 2. How-575

ever, they are not sufficient for proving general properties like the following576

simple one:577

(∀x, y :List)length(append(x, y)) = length(x) + length(y).

To prove properties like this, we need induction on lists. This can be done578

by using a second-order axiom on sort List, similar to the one on natural579
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numbers. However, since we already have natural numbers, this is not nec-580

essary. We can introduce lists of n elements, and define a list to be a list581

of n elements, for some n. This way, we can use mathematical induction on582

natural numbers to prove inductive properties about lists. We show how this583

is done here. We introduce a binary predicate List(x, n), meaning that x is584

a list with exactly n elements:585

(∀x :List)∃n.List(x, n),

List(x, 0) ≡ x = [],

List(x, n+ 1) ≡ (∃a)(∃y :List).x = a ::y ∧ List(y, n)

We first show that if x is a list, then there is a unique n such that List(x, n)586

holds:587

List(x, n) ∧ List(x,m)→ m = n. (4)

Suppose x is a list, and List(x,m) and List(x, n) are true. We do simulta-588

neous induction on n and m. If n = 0, then x = []. If m 6= 0, then for some589

k, m = k + 1 and x = [] = a :: y for some a and list y, a contradiction with590

one of our axioms about lists. Thus m = 0 as well. Similarly, if m = 0, then591

n = 0 as well. Suppose n = k1 + 1 and m = k2 + 1, and suppose inductively592

that for any i, j < max{m,n}, we have that593

List(y, i) ∧ List(y, j)→ i = j

for any list y. We then have x = y1 ::z1 for some list z1 such that List(z1, k1)594

holds, and x = y2 :: z2 for some list z2 such that List(z2, k2) holds. From595

y1 :: z1 = y2 :: z2, we have z1 = z2, thus by the inductively assumption,596

k1 = k2. So m = n. This concludes the inductive step, thus the proof of (4).597

Using (4), we can then prove the induction schema on lists: for any598

formula ϕ(x),599

ϕ([]) ∧ ∀a(∀x :List)(ϕ(x)→ ϕ(a ::x))→ (∀x :List)ϕ(x).

Suppose the premise is true and for some list x, ¬ϕ(x). Suppose x is a600

shortest such list: if List(x, n) then for any list y, if List(y,m)∧m < n, then601

ϕ(y) holds. Notice that the existence of such an x follows from (4). Suppose602

List(x, n). If n = 0, then x = [], which satisfies ϕ, a contradiction. Suppose603

n = m+ 1, then there are some a and y such that x = a ::y ∧List(y,m). By604

our assumption about x, ϕ(y) holds. By the premise, ϕ(a ::y) holds as well,605

a contradiction.606
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The same idea can be used to axiomatize in first-order logic other induc-607

tively defined data structures such as trees.608

For recursive functions, a challenge is to distinguish between cycles and609

undefined values. Consider the following example.610

foo(X) { if X=0 then return foo(X)611

else if x=1 then return 1}612

With our axiomatization, the set of axioms for foo(x) is equivalent to a613

single fact foo(1) = 1. It leaves completely open the possible values for614

foo(x) when x 6= 1. One could argue whether this is a right formalization.615

But operationally, there is a difference between function calls foo(0) and616

foo(2): calling foo(0) will cause a cycle, but calling foo(2) will terminate617

without any value being returned. The former causes stack overflow and the618

latter abnormal exit.619

In the following, we provide an axiomatization of functions that can dif-620

ferentiate these two cases address. The key idea is to keep a counter of the621

number of times a recursive function has been called.622

Let f1, f2, ..., fk be functions that are mutually defined recursively: fi(X1, ..., Xm){Bi}.623

Extend these functions with one more argument:624

fi(X1, ..., Xm,M) {if M = 0 then Bi0 else Bi1}

where625

• Bi0 is the result of replacing each function call fj(T1, ..., Tm) in Bi by626

Cycle, and627

• Bi1 is the result of replacing each function call fj(T1, ..., Tm) in Bi by628

fj(T1, ..., Tm,M − 1).629

• M is a natural number, and Cycle is a new constant.630

The set Πfi of axioms for fi is then631

fi(~x) = y ≡ ∃n∀m ≥ n.fi(~x,m) = y.

Consider again function foo() defined above. We have632

foo(X,M) { if M=0 then633

{if X=0 then return Cycle else634

if X=1 then return 1} else635

{if X=0 then return foo(X,M-1) else636

if X=1 then return 1}637
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and the following axioms for foo(X) and foo(X,M):638

foo(x) = y ≡ ∃m∀n ≥ m.foo(x, n) = y,

foo(0, 0) = Cycle,

foo(1, 0) = 1,

foo(0, n+ 1) = foo(0, n),

foo(1, n+ 1) = 1

Thus ∀n.foo(0, n) = Cycle and ∀n.foo(1, n) = 1. So foo(0) = Cycle and639

foo(1) = 1. The axioms again leave open the possible values for foo(x) when640

x is not equal to 0 or 1.641

8. Pointers642

To illustrate how this approach can handle pointers and reference vari-643

ables, we consider here a language with some simple pointer operations sim-644

ilar to those in C.645

E ::= IE | PE | B646

IE ::= id |647

operator(E,...,E) |648

#PE649

PE ::= pointer | &id | pointer-op(E,...,E)650

B ::= E = E |651

boolean-op(E,...,E)652

P ::= id = IE |653

pointer = PE |654

#PE = E |655

if B then P else P |656

P; P |657

while B do P658

Here id is a integer program variable, and pointer a pointer program vari-659

able. For simplicity, we do not consider arrays here. As in C, &id denotes660

the address of id, and #PE the value of what the pointer PE is pointing to.661

operator is a function that returns an integer value, pointer-op a pointer662

value, and boolean-op a truth value.663

Our axiomatization of this class of programs will model directly how664

compiler works. We assume a set of storage which can hold a value which is665
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either an integer or the location of another storage. A program variable will666

be assigned to a location by the compiler at the beginning and this will not667

be changed during the execution of the program. The value of a program668

variable will be the value stored at the location.669

Thus we assume a location sort in our language. In our axiomatization670

above, we represent a program variable V by a function (of the same name)671

in our language. The value of this function denotes the value of the program672

variable in the program. Here, we are going to make a conceptual shift: we are673

going to represent a program variable by a function of location sort so that the674

value of the function denotes the location assigned to the program variable675

by the compiler. So for a program variable V, while before its corresponding676

function V in first-order language is dynamic as its value changes during the677

execution of the program, now V is static as the location assigned to this678

program variable by the compiler will not change. What is changing during679

the program execution is the values stored in the memory locations, and this680

will be modeled by a dynamic function val:681

val : location→ int ∪ location.

Thus if V is an integer variable, then val(V ) will be an integer. If V is a682

pointer, then val(V ) will be a location.683

To summarize, given a program and a program variable V, instead of using684

V and V ′ to denote its values at the input and output of the program, respec-685

tively, we now use V to denote a memory location and val(V ) and val′(V )686

to denote these two values, respectively. We need to do a similar translation687

from an expression E in the program to a term val(E) (and similarly val′(E))688

in our first-order language:689

1. val(& id) is id, if id is an integer program variable.690

2. val(# PE) is val(val(PE)), if PE is a pointer expression.691

3. val(f(E1, ..., Ek)) is f(val(E1), ..., val(Ek)), if f is either an operator,692

pointer-op, or boolean-op, assuming that we have a corresponding693

function f in our language.694

Given a program P , our axioms for it, denoted ΠP , will be in terms of695

val and val′.696

• If P is697

V = E698
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where V is an (integer or pointer) program variable and E an (integer699

or pointer) expression, then we have the following axiom:700

val′(x) = if x = V then val(E) else val(x),

where x ranges over locations.701

• If P is702

\# PE = E703

where PE is a pointer expression, then the axioms are as follows:704

val′(x) = if x = val(PE) then val(E) else val(x),

• If P is705

P1;P2706

then ΠP is constructed from ΠP1 and ΠP2 s follows:707

ϕ(val′/tmp), for each ϕ ∈ ΠP1 ,

ϕ(val/tmp), for each ϕ ∈ ΠP2 ,

where tmp is a new function of the same arity as val and val′.708

• The cases for conditionals and while loops are similar as before.709

Consider the program710

L = &V;711

#L = 1712

where V is an integer variable and L a pointer. Given that val(&V ) = V , we713

have the following axioms:714

tmp(x) = if x = L then V else val(x),

val′(x) = if x = tmp(L) then 1 else tmp(x).

Assuming that L 6= V (they are assigned different locations by the compiler),715

we have val′(V ) = 1, val′(L) = V , and716

x 6= V ∧ x 6= L ⊃ val′(x) = val(x).

Now consider the following program:717
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while X < Y do718

if Max < #next(A,X) then Max = #next(A,X);719

X = X+1720

where A is a pointer variable and next(A,X) is a pointer pointing to the721

Xth location after the one pointed to by A. In C notation, next(A,X) would722

be A+X and “+” is addition in pointer arithmetic. We use next in order to723

distinguish it from the normal addition operator arithmetic. We assume the724

following unique names axioms on locations:725

∀n.(X 6= Y 6= Max 6= next(A, n)).

Again we compute the axioms for the body of the loop first, which can be726

simplified into the following axioms under the above unique names axioms:727

val′(X) = val(X) + 1,

val(Max) < val(val(next(A,X)))→ val′(Max) = val(val(next(A,X))),

x 6= X ∧ (x 6= Max ∨ ¬val(Max) < val(val(next(A,X))))→ val′(x) = val(x).

Thus the axioms for the program are728

val(x, 0) = val(x),

val(X,n+ 1) = val(X,n) + 1,

val(Max, n) < val(val(next(A,X), n), n)→
val(Max, n+ 1) = val(val(next(A,X), n), n),

x 6= X ∧ (x 6= Max ∨ ¬val(Max) < val(val(next(A,X), n), n))→
val(x, n+ 1) = val(x, n),

n < M → val(X,n) < val(Y, n),

¬val(X,M) < val(Y,M),

val′(x) = val(x,M).

From these axioms, we can deduce that729

val(X,n) = val(X, 0) + n ∧ val(Y, n) = val(Y, 0).

Thus if we assume that val(X, 0) = 0 and val(Y, 0) = N for a natural number730

N , then we have M = N and731

val(x, 0) = val(x),
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val(Max, n) < val(val(next(A,X), n), n)→
val(Max, n+ 1) = val(val(next(A,X), n), n),

x 6= X ∧ (x 6= Max ∨ ¬val(Max) < val(val(next(A,X), n), n))→
val(x, n+ 1) = val(x, n),

val′(x) = val(x,N).

Compared to the formalization in Section 3, the one here looks more732

compact as it qunatifiers over program variables which are locations. This733

representation is more low level. For instance, some axioms about next734

function will be needed before they can be used to infer anything interesting735

about the program.736

9. Concluding remarks737

My goal is to have a translator from a full programming language like738

C or Java to first-order logic. In this paper, I show how this is possible for739

a core procedural programming language with loops, functions, and simple740

pointers. Instead of loop invariants used in Hoare’s logic, the approach relies741

on mathematical induction and recurrences. I show that even for programs742

with nested while loops such as Cohen’s integer division, typical properties743

about them can be proved effectively using their corresponding first-order744

theories.745

The complexity of the translated first-order theory from a program de-746

pends on the domain that the program is about. If all program variables747

are propositional, then the resulting first-order theory is decidable for prov-748

ing both partial and total correctness of the program with respect to any749

given propositional specification. If the program is about natural numbers750

and involves addition and multiplication, then we may need full arithmetic751

to reason about it. If the program is about predicting the trajectory of a752

planet, then a theory of physics is needed in order to prove anything inter-753

esting about it. How to integrate logical reasoning with a domain theory754

has long been a challenge in AI as well as in computer science. I hope that755

with this work, more KR researchers will take up this challenge and start to756

contribute to program verification.757

Acknowledgments758

I thank Yin Chen, Shing-Chi Cheung, Yongmei Liu, Pritom Prajkhowa,759

Yidong Shen, Bo Yang, Charles Zhang, Mingyi Zhang, and Yan Zhang for760

34



useful discussions related to the subject of this paper.761

[1] E. Dijkstra, A Discipline of Programming, Prentice Hall, Englewood762

Cliffs, N.J., 1976.763

[2] E. W. Dijkstra, C. S. Scholten, Predicate Calculus and Program Seman-764

tics, Springer-Verlag, New York, 1990.765

[3] C. Hoare, An axiomatic basis for computer programming, Comm. ACM766

(1969) 576–580.767

[4] D. Harel, First-Order Dynamic Logic, Springer-Verlag: Lecture Notes768

in Computer Science 68, New York, 1979.769

[5] J. C. Reynolds, Separation logic: A logic for shared mutable data struc-770

tures, in: Proceedings of 17th Annual IEEE Symposium on Logic in771

Computer Science, IEEE, 2002, pp. 55–74.772

[6] A. Pnueli, The temporal semantics of concurrent programs, Theor. Com-773

put. Sci. 13 (1981) 45–60.774

[7] B. Wegbreit, The synthesis of loop predicates, Communications of the775

ACM 17 (2) (1974) 102–113.776

[8] N. Bjørner, A. Browne, Z. Manna, Automatic generation of invariants777

and intermediate assertions, Theor. Comput. Sci. 173 (1) (1997) 49–87.778

doi:http://dx.doi.org/10.1016/S0304-3975(96)00191-0.779

[9] M. D. Ernst, J. Cockrell, W. G. Griswold, D. Notkin, Dynamically dis-780

covering likely program invariants to support program evolution, Soft-781

ware Engineering, IEEE Transactions on 27 (2) (2001) 99–123.782

[10] M. D. Ernst, J. H. Perkins, P. J. Guo, S. McCamant, C. Pacheco, M. S.783

Tschantz, C. Xiao, The daikon system for dynamic detection of likely784

invariants, Science of Computer Programming 69 (1) (2007) 35–45.785

[11] T. Nguyen, D. Kapur, W. Weimer, S. Forrest, Using dynamic analysis786

to discover polynomial and array invariants, in: Proceedings of 34th787

International Conference on Software Engineering (ICSE 2012), IEEE,788

2012, pp. 683–693.789

35

http://dx.doi.org/http://dx.doi.org/10.1016/S0304-3975(96)00191-0


[12] D. Kozen, J. Tiuryn, Logics of programs, in: Handbook of Theoret-790

ical Computer Science, Volume B: Formal Models and Sematics (B),791

Elsevier, 1990, pp. 789–840.792

[13] E. A. Emerson, Temporal and modal logic, in: Handbook of Theoret-793

ical Computer Science, Volume B: Formal Models and Sematics (B),794

Elsevier, 1990, pp. 995–1072.795

[14] H. Barringer, R. Kuiper, A. Pnueli, Now you may compose temporal796

logic specifications, in: STOC, 1984, pp. 51–63.797

[15] L. Libkin, Elements of Finite Model Theory, Springer, 2004.798

[16] A. Charguéraud, Program verification through characteristic formulae,799

in: ACM Sigplan Notices, Vol. 45 (9), ACM, 2010, pp. 321–332.800
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