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Abstract

A long outstandingproblemfor abductionin logic programminghasbeenon how

minimality might be defined.Without minimality, an abductive procedureis often re-

quiredto generateexponentiallymany subsumedexplanationsfor a givenobservation.

In this paper, we proposea new definition of abductionin logic programmingwhere

thesetof minimal explanationscanbeviewedasa succinctrepresentationof thesetof

all explanations.We thenproposean abductive procedurewherethe problemof gen-

eratingexplanationsis formalizedasrewriting with confluentandterminatingrewrite

systems.We show that theserewrite systemsaresoundandcompleteunderthepartial

stablemodelsemantics,andsoundandcompleteundertheanswersetsemanticswhen

theunderlyingprogramis so-calledodd-loopfree.We discussanapplicationof abduc-

tion in logic programmingto a problemin reasoningaboutactionsandprovide some

experimentalresults.
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1 Intr oduction

Abductive reasoningsubscribesto reasoningprocesseswhereexplanatoryhypothesesare

formedandevaluatedwith respectto aknowledgebaseandanobservation.Many intelligent

tasks,includingmedicaldiagnosis,fault diagnosis,scientificdiscovery, legal reasoning,and

naturallanguageunderstanding,have beencharacterizedasabduction.

In its mostgeneralform, the problemof abductionis this: given a backgroundtheory�
and an observation � to explain, find an explanationtheory � suchthat ��� � � � � .

Normally, we alsowantto put someadditionalconditionson � , suchasthat it is consistent

with
�

andcontainsonly thosepropositionscalledabducibles.For instance,in propositional

logic, givenabackgroundtheory
�

, a set 	 of assumptionsor abducibles,anda proposition

� , anexplanation
 of � is commonlydefined(see[18,28,30]) to beaminimalsetof literals

over 	 suchthat
� ��
 � � � and

� ��
 is consistent.

Abductive reasoningmay becarriedout in non-classiclogicsaswell. Logic program-

ming with stablemodelsor answersetsas the underlyingsemanticshasbeenconsidered

particularlyappealingfor abduction,dueto its applicationsin solvingconstraintsatisfaction

andothercombinatorialproblems,in expressingtheframeaxioms,in reasoningwith actions

andcausality, andin representingthehistoryof aplan[21, 26, 27].

In thecontext of logic programming,abductionhasbeeninvestigatedfrom both proof-

theoreticandmodel-theoreticperspectives(e.g. [7, 14, 15, 16, 34]). Oneof the mostfol-

loweddefinitionsof abductionin logic programmingis thatof KakasandMancarella’sgen-

eralizedstablemodelsemantics[15]. Givena logic program � , a set 	 of atomsstanding

for abducibles,anda query � , KakasandMancarelladefinedanabductive explanation 
 to

bea subsetof 	 suchthat thereis ananswerset(alsocalleda stablemodel)of �
��
 that

satisfies� .
Onecanseethe following two differencesbetweenthis definition andthe onethat we

definedabove for propositionallogic: In propositionallogic, 
 is a setof literals, but in

logic programming,it is just a setof atoms;In propositionallogic, 
 mustbeminimal, in

termsof thesubsetorderingrelation;but thereis no suchrequirementin the caseof logic

programming.

Onecouldarguethat thesedifferencesaredueto the fact thatunderthe answersetse-

mantics,negationis consideredto be“negation-as-failure.” If noneof theatomsin 	 appear

in theheadof a rule in thelogic program� , thenaddinga set 
��
	 to � really meansthat

we areaddingthecompleteliteral set, 
�������� � ����	������� 
"! , to � . This would also

explain why thereis no minimality conditionin thedefinition: two completesetsof literals
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arenevercomparablein termsof thesubsetrelation.

However, while this notionof abductive explanationsmakessensein theory, it is prob-

lematicin practice.For instance,if 	 � �$#%�'&(! , and � � �$�*) #%+-,.) &/+0! , thenthereare

two abductive explanationsfor � accordingto KakasandMancarella’s definition: �$#1! and

�$#%�'&2! . In general,if 	 has 3 elements,thenthereare 4/57618 abductiveexplanationsfor � , and

in theseexponentiallymany explanations,only # is relevant.

Sincein this case# is theexplanationthatwe arelooking for, it is temptinghereto say

that we shouldprefer minimal abductive explanationslike what we did for propositional

logic. As wementionedabove, thisdoesnotmakesenseif we takeanabductiveexplanation

to be a completesetof literals asimplied by the answersetsemantics.However, onecan

still try to minimizethesetof atoms,in thiscase,preferring �$#1! over �$#9�'&(! .
However, this minimizationstrategy is problematicwhena programcontainsnegation.

Considera situationin which a boatcanbe usedto crossa river if it is not leakingor, if

it is leaking, thereis a bucket available to scoopthe waterout of the boat. This can be

axiomatizedby thefollowing logic program� :

: #;3=<>,/?/@7@A)B&C?/#EDC�(F(G$H1I�JK#;LNM�3POQ+
: #;3=<>,/?/@7@A)B&C?/#EDC�'I�JK#;LNM�3POQ�'R%#-@TSAU : L9JCD'+

Now supposethatwesaw someonecrossedtheriver, how doweexplain that?Clearly, there

aretwo possibleexplanations:eithertheboatis not leakingor thepersonhasa bucketwith

her. In termsof KakasandMancarella’s definition, therearethreeabductive explanations

for : #-3V<>,/?/@/@ , �$&C?/#ED'! , �$&C?7#�DC�'R%#;@TSAU : L9JCDW! , and �$&X?/#�DC�'IYJK#-L1M�31OQ�'R%#;@TSAU : L%J'D'! ,assumingthat

	 � �$&C?7#�DC�'I�J(#-L1M�31OQ�'R%#;@TSAU : L9JCDZ! is thesetof abducibles.But only oneof them, �$&C?/#ED'! , is

minimal.

Onacloserlook, weseethatin ourfirst example,whenwesaythat �$#1! is apreferredex-

planationoverall theothers,wedonotmeanthecompletesetof literals �$#9�C�[&(! , is preferred

overall theothers.While wewant # to bepartof theexplanation,wedon’t necessarilywant

�\& becausewe do not want to applynegationasfailure on abducibles,which areassump-

tionsonecanmakeonewayor theother. Whatwewantis for theset �$#P! itself to bethebest

explanationfor � .
Onewayto justify this is thatall possiblewaysof completingthissetinto acompleteset

of literals, �$#%�X�\&2! and �$#9�]&2! , turn out to correspondto all theabductive explanationsof �
accordingto KakasandMancarella’s definition. Thesamekind of justificationturnsout to

work for oursecondexampleaswell: thereasonthat �$&X?/#�D'! is notapreferredexplanationis

thatwhile its completionaccordingto negation-as-failure,�$&C?/#EDC�X�\I�JK#;L1M^3POQ�X�\R%#;@TSAU : L9J'D'!
3



is anexplanation,someof its othercompletions,for example �$&C?/#EDC�'I�JK#;L1M^3POQ�X�\R%#;@TSAU : L9J'D'!
is notanexplanation.Thissimpleobservationthatfor asetof literalstobeanexplanation,all

of its possibleextensionsmustalsobeanexplanationwill bethebasisfor ournew definition

of abductionin logic programming,givenin Section3.

With a new definition of abductive explanationsin hands,we next addressthe compu-

tational problemof how to generatetheseexplanations. To simplify our presentation,in

Section4, we shall considerfirst the specialcasewhenthe setof abduciblesis empty. In

this case,abductionbecomesqueryanswering. Briefly speaking,given a logic program,

we introducea rewrite systemconsistingof its Clark completionasrewrite rulesfor literal

rewriting, andformula transformationsassimplificationrules,alongwith two loop rulesto

handleloops.It turnsout thatrewriting by a rewrite systemof thiskind alwaysterminatesat

a uniqueformula,independentof any orderof rewriting. In theliteratureof rewrite systems

(see,e.g.,[5, 13]), this latter propertyis calledthe confluenceproperty, andconfluentand

terminatingsystemsarecalledcanonicalsystems.A canonicalsystemguaranteesthetermi-

nationatauniqueexpressionindependentof theorderof rewriting. It is interestingto remark

herethatwe couldimplementa form of nonmonotonicreasoningby a rewriting system,the

two areasof researchthathadlittle connectionpreviously. We show that theserewrite sys-

temsaresoundandcompleteunderthepartialstablemodelsemantics,in thesensethat for

any query, if it is written into
� ,/U_J , thentheremustbeapartialstablemodelcontainingthis

query, andif it is writteninto `>#-Ia@bJ , thentherecannotbeany partialstablemodelcontaining

it. Sincestablemodelsarespecialcasesof partialstablemodels,thismeansthatif aqueryis

written into `>#-Ic@TJ , therecannotbeany stablemodelcontainingit. However, if it is written

into
� ,/U�J , in general,it couldstill happenthattheremaynotbeany stablemodelcontaining

it. But our rewrite systemsareof suchnaturethatwhena queryis written into
� ,7U�J , there

will be a context, which is a setof literals, associatedwith the rewriting. To seewhether

therewill bea stablemodelcontainingthis query, onethenonly hasto checkwhetherthis

context canbeextendedto a stablemodel,a taskthat is normallymucheasierthanfinding

a stablemodelfrom scratch.Thereis a specialcase,however, whenthegivenpropositional

logic programis finite andso-calledodd-loopfree.For theseprograms,partialstablemodels

coincidewith stablemodels.Thusourrewrite systemsarealsosoundandcompletefor these

programs.

Thenin Section5, we extendthe systemto logic programswith abducibles,andagain

show that it is soundand completeunderthe partial stablemodel semantics.Again this

implies that for any query, if a programis odd-loopfree, the rewriting systemgeneratesa

setof explanationsthat ”covers” all possibleexplanationsof thequery. In thegeneralcase,
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the rewriting systemgeneratesan approximationof sucha cover. Section6 comparesour

rewriting systemwith otherabductive procedures.In particular, we will seewhy SLDNF-

like procedurescannotbeadoptedin a simpleway for thekind of answersetprogramming

advocatedin this paper. Therewriting systempresentedin this paperhasbeenimplemented

in Prolog. In Section7 we discussanapplicationof our systemto reasoningaboutactions

andpresentsomeexperimentalresultsusingour Prologimplementation.

Although our technicaldevelopmentis basedon propositionalprograms,we will com-

menton how our rewriting framework canbeusedfor classesof function-freeprogramsfor

proving groundgoals.Onesuchclassis theso-calleddomainrestrictedprograms[27]. This

materialis givenin Section4.4.

2 Logic Programming Semantics

Here,weconsider(normal) logic programswhicharesetsof rulesof theform

#d)e& 8 �(+f+g+f�'&Whi�(F(G$H : 8 �(+g+f+g�(F(G$H : 5
where jk�'3mlon , and # , &Wp and : p areatomsof a underlyingpropositionallanguageq . Here

anatomwith “ F(GTH ” in front is calledadefaultnegation. As usual,# is calledtheheadof the

rule andtherestthebodyof therule. For clarity of presentation,we mayplacea periodat

theendof a rule.

We sometimeswrite a rule of theabove form as

#d) r*�KF(GTH <
where r denotesthesetof positive literalsin theruleand F(GTH < thesetof defaultnegations.

Givensuch r and F(G$H < , we usethenotation, �"r � ���\s � s��tru! and < � �$s � F(G$H1sm�
F(GTH <�! .

We sometimesalsowrite a rule as #v) S , with S denotingthebodyof therule. In this

case,for convenience,we may alsowrite S in a formula, as in the caseof computingthe

Clarkcompletionof aprogram,whichwill thenstandfor theconjunctionof all theliteralsin

S with thedefaultnegation F(G$H replacedby thenegationoperator” � ” in our propositional

language.Whennoconfusionarises,theword IcMcD'JK,/#;I mayreferto aclassicliteral aswell as

a defaultnegation.

In this paper, we mainly dealwith threesemantics:the completionsemantics[2], the

stablemodelsemantics[10], andthepartialstablemodelsemantics[29]. Thestablemodel

semanticshasbeengeneralizedto the answersetsemantics[11]. For the classof normal
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logic programs,which is theoneconsideredin this paper, the two terminologiesareinter-

changeable.

Givena propositionalprogram� , theClark completionof � , denoted<>?/jw��xy�>z , is the

following setof equivalences:for eachatom sk��q ,
{ if s doesnot appearastheheadof any rule in � , sm| `}��<>?/jw��x~�>z ( ` standsfor

falsity here);

{ otherwise,sk|�S 8$� +g+f+ � S 5 ��<>?/jw��x~�>z (with defaultnegationsreplacedby negative

literals), if thereareexactly 3 rules so) S p ��� with s as the head. We write
�

(tautology)for S p if S p is empty.

We now proceedto definepartial stablemodels,which are originally definedin [29]

under3-valuedlogic. It is known that they can be definedequivalently in a numberof

differentways. Here,we adoptthe definition given in [37] that doesnot rely on 3-valued

logic (which will beintroducedbriefly at theendof this section).

Wedefinesomenotations.Let � beasetof (classic)literals(or � maybeaconjunction

of literalsin syntax). ��� and �A6 denotethesubsetsof positive literalsandnegative literals

in � , respectively, and �>� � �-F(GTH%s � �[sk���A! .
Let � bea programand � denoteaproposition.For any set 
 of defaultnegations,let

`=��xy
"z � �-F(GTHN� � ����
��� �T!
where

�
is the standardpropositionalderivation relationwith eachdefaultnegation F(GTHNs

beingtreatedasa namedatom F(GTH s . It is easyto checkthat the function thatapplies `_�
twice,denoted̀>�� , is monotonic: 
 8 ��
 � implies `��� xy
 8 zi�
`��� xy
 � z .

A setof literals � is apartial stablemodelof � if f it satisfies̀ �� x~� � z � � � , � � �
` � xy� � z , and � � � �$� � ����� � � �T! . Any atom � suchthat ������ and �\����
� representsthat � is undefinedin � . The condition � � ��`_�[xy� � z is to guarantee

consistency. For example,with � � �C��) F(GTHN�;+"�*) F(G$HT�Q+0! , thesetof defaultnegations


 � �-F(G$HT�Q�(F(GTHN�E! satisfies̀ �� x~
�z � 
 , but not 
��
`=�\xy
"z .
Let � be a partial stablemodel. ��� is called an answerset (or a stablemodel) if f

`=�\xy� � z � � � .

In general,a programmay not have any answersets. For instance,if � � �C��)
F(GTH$��+��k)�! , then � hasno answerset,becausethereis no way to assignthevaluesD�,/U�J
or �Q#;Ia@TJ to � . However, � hasa partial stablemodel, � � �$��! , in which � is true and

� is undefined. This can be seenas follows (note that � � ��� ): `=�[x~� � z � �-F(GTH$�9! ,
` � xy�-F(GTH$�9!�z � � � , � � ��` � x~� � z , and � � � �$� � ���k� � � �T! .
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As ourdiscussionsometimesrefersto 3-valuedlogic, it is convenientto introduceit here

briefly. This materailmay be skippedif the readeris not going to readthe proofsof the

soundnessandcompletenesstheorems.

In 3-valuedlogic [17], therearethreetruthvalues:D�,/U�J , �Q#;Ia@TJ , and U%3��;JK��M^3VJK� , denoted�
, � , and   respectively. An interpretation¡ is a consistentsetof literals: for any atom s in

theunderlyinglanguageq , s is truein ¡ if sk��¡ , s is falsein ¡ if �[sk��¡ , and s is undefined

otherwise.Theorderof thetruth valuesis definedas: �£¢� m¢ � . Theconnective � (aswell

as F(G$H ) is definedas: � � � � ( F(GTH � � � ), �=� � � ( F(G$HE� � � ), and �\  �   ( F(GTHN  �   ).
Thetruth valueof a conjunctionis definedastheminimumvalueamongthetruth valuesof

literalsin theconjunctionwhereasthetruthvalueof adisjunctionis definedasthemaximum

valueof the literals in thedisjunction.Thetruth valueof an implication 	¤) S is
�

if the

truth valueof 	 is greaterthanor equalto thatof S , otherwiseit is � . Logic equivalenceis

definedas: 	�| S if f x^	 ¥ Swz=¦§xySo¥ 	¨z .
Wesaythata3-valuedinterpretation¡ satisfiesaformulaif thetruthvalueof theformula

is
�

in ¡ . Thusaprogramrule #d) S is satisfiedby a3-valuedinterpretation¡ if it is satisfied

asanimplication. A modelof a programis aninterpretationin which all theprogramrules

aresatisfied.We will use ¡Nxy©�z to denotethe truth valuationof formula © under3-valued

interpretation¡ . A 3-valuedinterpretation¡ reducesto a2-valuedinterpretationif for every

atom sm��q , either sm��¡ or �\s���¡ . As usual,we usea setof atomsto denotea 2-valued

interpretation.

3 Abduction in Logic Programming Revisited

In this section,we presenta new definition of abductionin logic programmingbasedon

the answersetsemantics.Let � be a logic program, 	 a setof propositionsstandingfor

abducibles,and � aproposition.In thefollowing,without lossof generality, weshallassume

thatnoneof theabduciblesin 	 occurin theheadof a rule in � .1

In the following, by a hypothesisª we meana consistentsetof literals over 	 , i.e. it

is not the casethat � and �Q� areboth in ª for some ���o	 . We saythat a hypothesisis

completeif for eachatom ���k	 , either� or �Q� is in ª , but notboth.Noticethatacomplete

hypothesisis really a truth-valueassignmentover thelanguage	 . We saythata hypothesis

ª is anextensionof anotherone « if «���ª , anda completeextensionif it is anextension

thatis complete.
1If ¬®­>¯ occursin theheadof arule, thenwecanalwaysintroduceanew proposition,say¬7° , addtherule

¬®±�¬ ° to ² , add ¬ ° to ¯ anddelete¬ from ¯ .
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Definition 3.1 A completehypothesisª is said to bean explanationof � w.r.t. � and 	 iff

there is an answerset � of ���kª � such that � contains � and for any �Q����ª , �
���� ,

where ª � is thesetof atomsin ª .
Definition 3.2 A hypothesisis saidto beanexplanationof � iff everycompleteextensionof

it is anexplanation.A hypothesisª is saidto bea minimalexplanationif it is anexplanation,

andthere is nootherexplanationª=³ such that ªV³Q´�ª .
Considerthe logic program � in Introductionabout : #;3=<>,/?/@7@ . The following arethe

completehypothesesthatexplain : #-3V<>,/?/@/@ :
�$&C?/#EDC�X�\I�J(#-L1M�31OQ�X�\R%#;@TSAU : L%JXD'!-�
�$&C?/#EDC�X�\I�J(#-L1M�31OQ�'R%#;@TSAU : L9JCDW!-�'�$&C?7#�DC�ZI�JK#�L1M�31OQ�'R%#;@TS>U : L9JCDZ!-+

Now consider�$&C?7#�DC�'R%#;@TSAU : L9JCDW! . Clearlyevery completeextensionof this setis anexpla-

nation,so it is anexplanationaswell. Furthermore,it is a minimal explanationasnoneof

its elementcanbedeletedfor it continueto beanexplanation.Similarly, �$&X?/#�DX�C�[I�JK#;LNM�3PO%!
is alsoa minimalexplanation.

If we takeahypothesisto betheconjunctionof its elements,thenwehave thatin propo-

sitionallogic, µ
¶T·X¸$¹ ª�º

µ
¶T·X¸K» ª�º

µ
¶T·C¸(¼ ª

where ½ 8 is the setof all completehypothesesthat areexplanationsof � , ½ � the setof all

explanationsof � , and ½=¾ the set of all minimal explanationsof � . Thereforethe set of

minimal explanationsis asuccinctrepresentationof thesetof all explanations.

It is clearfrom ourdefinitionthatacompletehypothesisª is anexplanationof � if f ª�� is

anabductive explanationof � accordingto KakasandMancarella’s definition. This implies

thatif noneof theabduciblesoccurin theheadof any clausesin � , thenµ
¿ ·X¸$¹
: I~xy
"z[º

µ
¶T·X¸K» ª��

where ½ 8 is the setof all abductive explanationof � accordingto KakasandMancarella’s

definition, : Iyx~
"z � 
��k���Q� � �k�m	A���m���
�! , and ½ � is thesetof all minimal explanations

of � .
So in a sense,the set of Kakasand Mancarella’s abductive explanationsand that of

our minimal explanationsare equivalent. However, as we have seenabove, the number

of abductive explanationscanbe very large. Enumeratingthemall is impossibleeven in
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simple,small domains. In contrast,the numberof minimal explanationsis muchsmaller.

More importantly, just like explanationsin propositionallogic, they only include“relevant

propositions.”

But computationally, it maybehardto computeminimalexplanationsfrom scratch.It is

ofteneasierto computefirst asmall“cover” of all explanations.

Definition 3.3 A set ½ of hypothesesis saidto bea cover of � w.r.t. � and 	 iffµ
¶T·X¸ ª�º

µ
¶T·C¸(À ª"�

where ½=Á is thesetof minimalexplanationsof � .
Proposition 3.4 If ½ is a coverof � , theneach ªm��½ mustbeanexplanationof � .
Proof: If ª=³ is a completionof ª , then ª=³ mustbea completionof a minimal explanationof

� , somustbeanexplanationof � . Soit follows from thedefinitionthat ª is anexplanation.

So a cover is a setof explanationssuchthat any completeexplanationmustbe an ex-

tensionof oneof theexplanationsin thecover. Oncewe have a cover, thenwe canfind all

minimal explanationsby propositionalreasoningalone.

To thatend,we first prove thefollowing result:

Proposition 3.5 Let ª bea hypothesis,and ½ a coverof � . We havethat ª � �oÂwÃ ·C¸i« iff ª
is anexplanationof � .
Proof: Only if case:supposeª � � Â Ã ·X¸ « . This meansthat any completeextensionof ª
mustbeanextensionof oneof theexplanationsin ½ , soanexplanationof � . It follows then

that ª is anexplanation.

If case:if ª is anexplanation,and ª=³ a completeextensionof it. Then ª=³ is anexplanation.

Soit mustbeanextensionof a minimalexplanation.Because½ is acover, so ª=³ mustentail

oneof theexplanationsin ½ . Thus ª=³ � � Â Ã ·X¸ « . Sinceª=³ is anarbitrarycompleteextension

of ª , so ª mustentail
Â Ã ·C¸ « aswell.

Recallthata conjunctionof literals ª is a primeimplicantof a formula Ä if ª � � Ä , and

thereis noother « suchthat « � � Ä and « is a subsetof ª , i.e. ª is aminimalconjunctionof

literalsthatentails Ä .
Fromthelastproposition,we immediatelyhave thefollowing:
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Proposition 3.6 Let ½ bea coverof � . Thena hypothesisis a minimalexplanationof � iff it

is a primeimplicantof
Â ¶T·X¸ ª .

4 Goal Rewrite Systems

Having definedthenotionof abductiveexplanationsandcoversof aquery, wenow consider

thecomputationalproblemof how to actuallygeneratethem.To thisend,weshallformulate

agoal-orientedproofprocedurebasedonconfluentandterminatingrewriting, andshow that

theprocedureis soundandcompleteunderthepartialstablemodelsemantics.To simplify

our presentation,we shallconsiderfirst thecasewherethereareno abducibles.

The ideaof goal rewriting is simple. Givena program � , a completeddefinition s�|
S 8 � +(+(+ � S 5 ��<�?/jÅ�Qxy�>z canbeusedasa rewrite rule from left to right: s is rewritten to

S 8 � +(+K+ � S 5 , and �\s to ��S 8 ¦£+(+(+Z¦��"S 5 . Wecall theseliteral rewriting, andthecompleted

definitionsprogram(rewrite) rules.

In general,a goal (formula) is just a formula in our propositionallanguage. However,

in the following, all goalsareassumedto be signed, which meansthat in theseformulas,

negation occursonly in front of atoms2. As we shall see,this restrictionis necessaryin

the rewrite rulesthatwe have for handlingloops. It is easyto seethatwe do not loseany

generalitywith thisrestrictionasany goalcanbeequivalentlytransformedinto asignedgoal

usingthefollowing rewrite rules:for any formulas Æ and Ç ,

�"�"Æ�¥ Æ
�ix~Æ � Ç>z[¥ ��Æ�¦��"Ç�ix~Æ�¦kÇ>z[¥ ��Æ � �"Ç

Notethat,sincewe aredealingwith partialstablemodels,3-valuedlogic asintroduced

in Section2 will serveastheunderlyinglogic in goalrewrite systems.For example,it canbe

verifiedeasilythat thetwo sidesof eachrule above arelogically equivalentunder3-valued

logic.

In additionto programrulesfrom <>?/jw��xy�>z for literal rewriting, we alsohave the fol-

lowing two typesof rewrite rules:

{ simplificationrulesto transformandsimplify goals,and

{ loop rulesfor handlingloops.
2Thenotionof signedgoalswasintroducedin [19] for a similar purpose.
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We introducethesetwo typesof rulesin thenext two subsections,following which goal

rewrite systemsaredefinedandtheir propertiesinvestigated.

4.1 Simplification rules

The simplification subsystemis formulatedwith a mechanismof loop handlingin mind,

which requireskeepingtrackof literal sequencesO Á �(+g+f+g�yO 5 thathave beenchosenfor rewrit-

ing, i.e. each O$p , n�¢�M*ÈÉ3 , is in the goal formula resultedfrom rewriting OTp 618 . These

sequencesarewhatwe calledrewrite chainsbelow, andarecheckedfor loops. In addition

to rewrite chains,we alsoneedto keeptrackof thecontext whena literal is written into
�

(tautology). This is necessaryin order to maintainthe consistency of a derivation: For a

conjunctionto be provable,not only eachconjunctneedsto beproved, the contexts under

which theseconjunctsareproved needto be consistent.Thesetwo notionsarecentralin

formulatingour goalrewrite systems,andaredefinedasfollows:

{ Rewrite Chain: Supposea literal I is written by its definition sÊ| Æ where I � s
or I � �\s . Then,eachliteral IË³ in Æ is generatedin orderto prove I . This ancestor-

descendantrelationis denotedby IÍÌÎIÏ³ . A sequenceI 8 ÌÐ+K+(+"Ì�I 5 is thencalleda

rewrite chain, abbreviatedas I 8 ÌÑ��I 5 . Noticethat it is essentialherethat Æ bein the

form of a signedgoal,andthatwhen �Q� is in Æ , we have that I[Ì��Q� but not IÒÌ�� .
{ Context: A rewrite chain O � O Á Ì�O 8 Ì +(+(+>Ì�O 5

���
recordsa set of literals

< � �(OTÁ/�K+g+g+f�yO 576N8 ! for proving O . Wewill write
� xy�(O$Á(�K+g+g+f�yO 576N8 !�z andcall < acontext.

For simplicity, weassumethatwhenever �"` is generated,it is automaticallyreplaced

by
� xy<�z , where < is thesetof literalson thecorrespondingrewrite chain,and � � is

automaticallyreplacedby ` .

Notethatfor every literal in any derivedgoal,therewrite chainleadingto it from aliteral

in the given goal is uniquelydetermined.As an example,supposewe have the following

equivalences:�$#u| �\&�¦�� : , &Í|�� � �Q�9! . We thenhave arewrite sequence

#d¥ �[&"¦k� : ¥ �\�®¦w�w¦�� : +
For thethreeliteralsin thelastgoal,we have thefollowing rewrite chainsfrom # :

#dÌ��\&®Ì��\�;� #*Ì
�\&ÍÌt�Q� #dÌ�� : +
A rewrite chainshouldnot beconfusedwith a rewrite sequence. The former describes

adependency relationshipbetweenliteralsfor bookkeepingpurposeswhereasthelatteris a

sequenceof rewrite stepsbetweengoalformulas.
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Simplification Rules:

Let Æ p ’s beany goalformulas, < a context, and I a literal.

SR1. ` � Æ�¥ Æ
SR1’. Æ � `�¥ Æ
SR2. `�¦kÆ�¥ `

SR2’. Æ�¦k`�¥ `
SR3.

� xy< 8 z=¦
� xy< � z"¥

� x~< 8 ��< � z if < 8 ��< � is consistent

SR4.
� xy< 8 z=¦

� xy< � z"¥ ` if < 8 �k< � is inconsistent

SR5.
� xy<Az�¦vIÒ¥ ` if �\I[��<

SR5’. I9¦ � x~<�z[¥ ` if �\I[��<
SR6. Æ 8 ¦kx~Æ � � Æ ¾ z�¥ xyÆ 8 ¦�Æ � z � xyÆ 8 ¦kÆ ¾ z

SR6’. x~Æ 8Ò� Æ � z=¦�Æ"¾®¥ xyÆ 8 ¦�Æ"¾(z � xyÆ � ¦kÆ"¾(z Ó
Thesimplificationsystemis a nondeterministictransformationsystem.Theprimedver-

sionof a rule is its symmetriccase.RulesSR1,SR1’, SR2,SR2’,SR6,andSR6’ areabout

thelogicalequivalencebetweenthetwosidesof arule(in 2-valuedaswell as3-valuedlogic).

SR3mergestwo contexts if they areconsistent,otherwiseSR4makesit a failure to prove.

SR5andSR5’ preventgeneratinganinconsistentcontext beforeliteral I is evenproved.

It canbe seenintuitively that the effect of SR5andSR5’ is similar to that of SR4. In

a sequentialimplementation,if no inconsistentliteralsareever allowedby SR5or SR5’ in

individual steps,theconditionfor SR4is nevermet,renderingSR4redundant.On theother

hand,SR4aloneis sufficient to safeguardtheconsistency of generatedcontexts,andit is not

restrictedto a sequentialimplementation.Theserulesrepresentdifferentwaysto guarantee

consistency providing flexibility for implementation.

Notethat,in general,theproof-theoreticmeaningof agoalformulamaynotbethesame

asthelogicalmeaningof theformula.For example,thegoalformula # � �\# (a tautologyin

classiclogic) couldwell leadto an ` if neither # nor �\# canbeproved.

For goalrewriting thatdoesnot involve loops,thesystemdescribedsofar is sufficient.

12



Example 4.1 Let � be
OÔ) F(GTHN#%+
#*) F(GTHP&7�(F(G$H : +Õ#d)e&7�KF(GTHN�1+
&Í)��;+ &®) F(GTH$��+

Then <>?/jw��x~�>z is:

OÔ| �\#9�o#u| x~�[&"¦�� : z � x^&Ö¦k�\�;z]��&�|�� � �Q�Q��w|�`i� �v| `×�Î�d| `×� : | `i+
Therewrite sequencebelowis generatedby focusingon thebeginningpart of a goal.

OØ¥ �\#
¥ x�& � : z=¦§xy�\& � �;z¥ x�� � �Q� � : z�¦kx~�[& � �;z¥ xy` � �Q� � : z=¦�x~�[& � �;z¥ xy�Q� � : z=¦§xy�\& � �;z¥ x � xy<�z � : z=¦kx~�[& � �;z where < � �(OQ�X�\#9�'&/�X�Q�9!
¥ x � xy<�zQ¦kx~�[& � �;zZz � x : ¦kx~�\& � �;z�z¥ x � xy<�zQ¦��\&(z � x

� xy<Az�¦Ô�;z � x : ¦§xy�\& � �;z�z % Ù7ÚNÚ1ÛgÜuÝ-Þ®ß
¥ ` � x

� x~<�zQ¦��;z � x : ¦kxy�\& � �;z�z¥ x � xy<�zQ¦v�;z � x : ¦�x~�[& � �;zZz¥ x � xy<�zQ¦�`Az � x : ¦kxy�\& � �;zZz¥ ` � x : ¦�xy�\& � �;zZz¥ : ¦kx~�[& � �;z¥ `�¦kx~�\& � �;z¥ `
4.2 Loop rules

After a literal I is rewritten,it is possiblethatatsomelaterstageeither I or �[I appearsagain

in agoalon thesamerewrite chain.Thus,a loop is a rewrite chain �$I 8 �(+f+g+f�'I 5 ! whereI 8
� I 5 ,I 5

� �\I 8 , or I 8
� �\I 5 . A loop analysisinvolvesclassifyingall the casesof loops,andfor

eachone,determiningtheoutcomeof a rewrite accordingto theunderlyingsemantics.

To understandtheeffectof looprules,it is convenientto constructadependencygraphof

a program:for eachrule #�) & 8 �(+g+f+g�'& h �(F(GTH : 8 �K+g+g+f�(F(GTH : 5 in theprogram,thereis a positive

edgefrom # to each&'p , à�È�M"È�j , anda negativeedgefrom # to each:]á , à>È�â*È�3 .
For theproblemathand,thereareonly four casesof loops.When I 8

� �\I 5 (or I 5
� �\I 8 ),

the sign haschangedfrom the beginning of the loop to the end. This loop yields a path
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from I 8 to I 8 (or from I 5 to I 5 ) in theprogram’sdependency graphthathasanoddnumberof

negative edges.Sowe shallcall themoddloops.Oddloopsmustfail asonecannotprove a

propositionby assumingits complement.

When I 8
� I 5 , eitherevery Igp , àw¢�M×¢�3 , hasthesamesignasthoseof I 8 and I 5 , or not.

Whenall Igp have thesamesign, this sign is eitherpositive or negative. They areidentified

astwo differentcasesheresincethey mustbetreateddifferentlyaccordingto thesemantics.

Otherwise,thereis at leastone Igp , àw¢�Mã¢�3 , whosesigndiffersfrom thoseof I 8 and I 5 . In

this case,from theprogram’s dependency graph,a loop is formedthathasanevennumber

of negativeedges.In answersetprogramming,evenloopsareoftenusedasa mechanismto

generatealternativecandidateanswersets.

Definition 4.2 Let 
 � I 8 ÌÑ�.I 5 bea rewrite chain.

{ If �\I 8
� I 5 or I 8

� �\I 5 , then 
 is calledanoddloop.

{ If I 8
� I 5 , then

– 
 is calledapositive loop if I 8 and I 5 arebothatomsandeach literal on I 8 ÌÍ�vI 5
is alsoan atom;

– 
 is calleda negative loop if I 8 and I 5 are bothnegativeliterals andeach literal

on I 8 ÌÍ�vI 5 is alsonegative;

– Otherwise,
 is calledanevenloop.

In all thecasesabove,I 5 is calleda loop literal.

It turnsout thatwe only needtwo rewrite rulesto handleall four cases.

Loop Rules:Let O 8 ÌÑ�ØO 5 bearewrite chain.

LR1. O 5 ¥ `
if O$p�ÌÍ�dO 5 , for someà>È
M[¢ä3 , is apositive loopor anoddloop.

LR2. O 5 ¥
� x~�(O 8 �K+g+g+f�yO 5 !�z

if O$p�ÌÍ�dO 5 , for someà>È
M[¢ä3 , is anegative loopor anevenloop. Ó
Apparently, a loop literal shouldalwaysberewritten by a loop rule. Our definitionof a

rewrite sequencebelow will ensurethat for eachloop literal, thereis exactly oneloop rule

thatcanbeappliedto it.
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Example 4.3 � 8
� �$&Í) F(G$H : + : ) : +å! . Below, & is proveddueto a negativeloop,andthe

proof for �\& is faileddueto a positiveloop:

&®¥ � : ¥ � : ¥ � x~�$&7�X� : !�z
�\&®¥ : ¥ : ¥ `

� �
� �$��) F(GTH%#%+u#.) F(GTHN&7+u&�) F(GTHN#%+0! . Both � and �[� are proved,dueto an even

loop in eithercase:
�Å¥ �\#w¥ &æ¥ �\#d¥ � xy�$�1�C�[#%�'&(!�z
�[�w¥ #w¥ �\&®¥e#d¥ � xy���\�1�'#%�X�\&(!�z

� ¾ � �$#d) F(GTHN&7+>&�) F(G$H1&/+0! . Neither # nor �[# is proveddueto anoddloop:

#Å¥ �[&®¥e&®¥ `
�\#Å¥ &®¥ �\&®¥ `

4.3 Goal rewrite systemsand their properties

In this subsection,we show that the goal rewrite systemsdefinedabove areconfluentand

terminating,andthey aresoundandcompleteunderthepartialstablemodelsemantics.

Considerapropositionallanguageq thatconsistsof a(finite or infinite) numberof propo-

sitionsandtheir negative counterparts,all of which have beencalled literals, andspecial

symbols ` and
� x~<�z for eachconsistentsetof literals < . Programs� in the languageand

theircompletions<>?/jw��x~�¨z aredefinedasusual,with theexceptionthatany
�

appearingin

<>?/jw��x~�>z is replacedby
� x � z . Thesetof goals çÍè consistsof formulasconstructedinduc-

tively from literals andspecialsymbolsby � and ¦ . An initial goal, or givengoal, is one

without specialsymbols.

A rewrite sequenceis asequenceof zeroor morerewrite steps©ÍÁã¥ +K+(+;¥ ©>é , denoted

© Á ¥�êã© é , suchthat © Á is aninitial goal,andfor eachnwÈ�M[¢�L , ©Ñp �98 is obtainedfrom ©Ñp
by

{ literal rewriting at anon-loopliteral in ©Íp , or

{ applyingasimplificationrule to ©Íp or a subformulain ©Íp , or

{ applyinga loop rule to a loop literal in ©Íp .
Noticethatsinceliteral rewriting is doneonly onnon-loopliterals,oncea loop is formed

duringarewriting process,it hasto beeliminatedby alooprule. Soit is notpossibleto have

a rewrite chainthatcontainsmorethanoneloop in any rewrite sequence.
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Withoutlossof generality, weoftenassumethataninitial goalis justaliteral. In addition,

we maycall a subsequence© p ¥ ê ©�é a rewrite sequencein theunderstandingthatit is part

of somerewrite sequence©ÑÁã¥ ê © p ¥ ê ©�é from aninitial goal ©ÑÁ .
Definition 4.4 A goal rewrite systemis a triple ë]ç�èQ�Zì*�"�C¥�í , where çÍè is the setof all

goals, ì*� is a set of rewrite rules which consistsof program rules from <>?/jw��xy�>z , the

simplificationrulesandtheloop rules,and ¥ is thesetof all rewrite sequences.

Goalrewritesystemsarelike termrewriting systems[5] everywhereexceptatterminating

steps:a terminatingstepat asubgoalmaydependon thehistoryof rewriting.

A setof rewrite sequencesdefinesa binaryrelation,say î , on thesetof goal formulas:

î>x~©w�X©Ñ³0z if f ©�¥�êã©Í³ . Hence,a setof rewrite sequencescorrespondsto a binaryrelation.

Two desirablepropertiesof rewrite systemsarethepropertiesof terminationandconflu-

ence.Rewrite systemsthatpossessbothof thesepropertiesarecalledcanonicalsystems.A

canonicalsystemguaranteesthatthefinal resultof rewriting from any givengoal is unique,

independentof any orderof rewriting.

Definition 4.5 A goal rewrite systemë'çÍè��ZìØ�[�X¥�í is terminatingiff there existsno endless

rewrite sequence© 8 ¥ © � ¥ ©Í¾�¥ +g+g+f+g+f+ in ¥ .

Definition 4.6 Givena goal rewrite system,a goal is called a normalform if it cannotbe

rewritten byanyrewrite rule.

Sincethesimplificationsystemis terminatingandliteral rewriting only generatesnon-

repeatedrewrite chains,it is clearthata goal rewrite systemis terminatingwhenthegiven

programis finite. Becauseany literal hasa programrule in <>?/jw��xy�>z , no literal will appear

in any normalform. Furthermore,asthesimplificationsystemtransformsa goaleventually

to a disjunctive normalform (by SR6andSR6’), goal rewriting alwaysterminatesat either

` , or
� xy< 8 z � +(+(+ �

� xy<"hiz for somejÐloà . Thelatterindicatesoneor morewaysby which

thegivengoal is proved.We thereforehave

Proposition 4.7 Let ë'çÍè��ZìØ�[�X¥�í bea goal rewrite system.If � is finite theneveryrewrite

sequencein ¥ is finite. Further, for any rewrite sequence© Á ¥�ê*© é , if © é is a normal

form, theneither © é � ` or © é ��� xy< 8 z � +(+(+ �
� xy< h z , for somej�l�à .

Theconfluencepropertyis lessobvious.

Definition 4.8 A goal rewrite systemë'çÍè���ì*�[�X¥�í is confluentiff for anyrewrite sequences

D 8 ¥ ê D � and D 8 ¥ ê D ¾ , there exist D~ï���ç è andrewrite sequencesD � ¥ ê Dyï and D ¾ ¥ ê D~ï .
16



Theorem4.9 Anygoal rewrite systemë]ç�èQ�Zì*�\�X¥�í with a finite � is confluent.

Sincethe techniquesin proving this theoremare of little relevanceto the rest of this

paper, wepostponetheproof to Appendix.

Thenext theoremstatesthesoundnessandcompletenessof goalrewrite systems.

Theorem4.10 Let � bea finiteprogramand ë'çÍè���ì*�"�X¥�í a goal rewrite system.

Soundness: For anyliteral O andanyrewrite sequenceOv¥�ê � xy< 8 z � +K+(+ �
� xy< h z , there

existsa partial stablemodel � p of � , for each M[��ð0à$+g+ñjÔò , such that OÔ��< p ��� p .
Completeness: For any literal O true in a partial stablemodel � of � , there exists a

rewrite sequenceOØ¥�ê � xy< 8 z � +K+(+ �
� xy< h z such that thereexists M[��ð0à$+g+ój*ò , OÔ��<"p=��� .

Intuitively, thesoundnesssaysthatwhenever a literal O is proved, thereexists a partial

stablemodelcontainingO , andthe completenesssaysthat if O is true in onepartial stable

model,thentherealwaysexists a demonstratingproof. Notice that sincestablemodelsare

a specialcaseof partial stablemodels,this meansthat if O is true in somestablemodel,

thenthereis a proofof it in therewrite system.However, theconverseis not truein general

becausestablemodelis aglobalnotionandourrewritesystemonly checkslocalconsistency.

We shallhave moreto sayaboutthisafterwe generalizethetheoremto includeabducibles.

Beforewe prove the theorem,let’s discussthe relationshipbetweengoal rewriting and

derivability. Given a program � anda setof defaultnegations ô , ����ô is viewed asa

positive program.By a derivationof anatom s usingprogram � , we meantheusualleast

fixpoint constructionof ���kô . In the following discussion,� refersto somefixed,finite

program,and ë'ç è �Zì � �X¥�í is the goal rewrite systemw.r.t. � . ô and ô ³ denotesetsof

defaultnegations.

Weconsiderrewriting withoutusinglooprules,in whichcaseloop literalsarejust left as

terminatingnodes.Any generated
� xy<Az is viewedasaconjunctionof theliteralsin < . Goal

rewriting in thiscasepreserveslogicalequivalenceunder2-valuedaswell as3-valuedlogic

– any generatedequivalencelogically follows from <>?/jw��x~�¨z . For this reason,we arefree

to use | to expressarewrite sequencegeneratedwithoutusingloop rules.

Supposethereare 3 rulesin � with atom # asthehead:#*)�Sãp��(F(G$H <"p , M[��ðåàT+f+ó39ò (recall

that Sãp denotesthesetof positive literalsin thebodyand F(GTH <"p thesetof defaultnegations).

Thecompletionof # is then:

#*| x~S 8 ¦��"< 8 z � +f+g+ � xyS 5 ¦��"< 5 z
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The disjunctive normal form (DNF) at the right handsideof | describesall the possible

waysto derive # usingprogram� . For negative literal �\# , wehave

�[#u| x~��S 8Ò� < 8 z=¦k+g+f+7¦§xy�"S 5Í� < 5 z"| Ç 8�� +f+g+ � Ç h
whereeachÇ á is a conjunctionof 3 literals I 8 ¦�+f+g+T¦�I 5 where Igp is takenfrom x~�"Sãp � <"pcz .
By theconfluenceproperty, sucha DNF canalwaysbeobtainedby repeatedlyapplyingthe

distribution rulesSR6andSR6’. Intuitively, sucha DNF expressesthat any possibility of

deriving # using � is blockedif we candemonstratea derivationof eachpositive literal in

Ç á , andshow that it is impossibleto derive I for any negative literal �\I in Ç á . In addition,

wemustensuretheconsistency of Ç á . Without it, blockingin thesenseabove is ineffective,

e.g.,for theprogram�C�v)��-+"�.) F(GTHN�;+å! .
Sinceany literal I canbe expressedequivalentlyby a DNF, IÍ| Ç 8"� +g+f+ � Ç h , in the

following,we saythat I is definedby Ç 8=� +g+f+ � Ç h (or, Ç 8=� +g+g+ � Ç h is thedefinitionof I ).
Becauseof theterminationandconfluenceproperties,goal rewriting canbecarriedout

in any order. Here,we considera particularorderof rewriting underwhich thesemantical

implicationsareeasierto understand:

Repeatedly, performa literal rewriting andthentransformthederivedgoalto a

DNF.

Any
� xy<Az in sucha DNF is viewedasa conjunctionof theliterals in < . As anillustration,

supposewe have Oä| Ç 8 � +f+g+ � Ç�h . Without lossof generality, supposethe next literal

rewriting takesplaceat I 8 of Ç 8
� I 8 ¦k+f+g+7¦�I 5 . Let thedefinitionof I 8 be Æ 8 � +g+f+ � Æiõ . We

thengetthenext DNF

Ç 8Ò� +g+f+ � Ç h| ðåxyÆ 8=� +f+g+ � Æ õ z=¦�ö p ·$÷ �]øùø 5'ú Igpfò � Ç � � +f+g+ � Ç h| x~Æ 8 ¦ ö p ·$÷ �Zøùø 5Wú Igpcz � +f+g+ � xyÆ õ ¦ ö p ·$÷ �]øùø 5'ú Igpaz � Ç � � +g+f+ � Ç h
Goal rewriting in this fashionterminatesat a DNF whereevery literal thereinis a loop

literal (after removing any disjunctthat containsan ` ). To completethe process,we only

needto apply loop rules, dealwith conjunctive contexts accordingto simplification rules

SR3andSR4,andremoveany conjunctionthatcontainsan ` accordingto rulesSR1-2and

SR1’-2’. Let uscall sucha DNF apre-normalform. Clearly, a pre-normalform is unique.

Along with rewrite chains,aDNF representsacollectionof derivationtrees.

Definition 4.11 Let O bea literal, and O�| Ç 8\� +f+g+ � Ç h bea rewrite sequence(without

usingloop rules) where each Ç p , M���ð0à$+g+ój*ò , is a conjunctionof literals and
� x~<�z ’s. The
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Figure1: Derivationtrees

derivationtree(d-treefor abbreviation) of Ç®p is a treewith O as the root node,and literals

and
� x~<�z ’s in Ç�p astheleaf nodes,where IÏ³ is a child nodeof I iff I[Ì�IË³ , or IË³ ��� xy<�z and

IV¥ � x~<�z .
In a derivationtree,eachbranchfrom O to a leafnode I correspondsto therewrite chain

of I . It’ s calleda derivation tree becausethe relationbetweena positive node � and the

collectionof its child nodesÆ correspondsto a derivationof � , i.e., ����Æi�d��Æ � � � . This

derivationrelationis transitive over positive literals. For a negative literal �Q� , thecollection

of its child nodesÆ"³ expressesblockingof thederivationof � .
Notethataderivationtreeof Ç�p is unique,up to re-orderingof child nodes.

Example 4.12 Considerthefollowingprogram:

Ov)e�1�(F(GTH : + &Í)�&/+: ) F(G$HEOQ�(F(G$H9J$+�J>)�J$+: )�&/+ �1+
Thepre-normalformfrom O is generatedas:

OÔ| x � xy�(OQ�]�;!�z�¦*OA¦��\&2z � x
� xy�(OQ�'�;!�z=¦�J×¦��[&(z'+

Figure 1 depictsthe two derivationtreesof O , onefor each conjunctionin the pre-normal

form. For instance,thederivationtreeat theleft hastwo loop literals,oneof which is onan

evenloop andtheotheron a negativeloop. After applyingtheloop rules,thetreeat theleft

produces
� xy�(OQ�'�1�X� : �X�\&2!�z , whereastheoneat the right generatesan ` , dueto a positive

loop.

In thefollowing, let Ov| Ç 81� +f+g+ � Ç h ¥�ê
� x~r 8 z � +g+g+ �

� xyr õ z where Ç 81� +f+g+ � Ç h is a

pre-normalform. Each Ç á , â���ð0à$+g+ój*ò , is reducedeitherto an ` , or to a
� xyr>paz if eachloop

literal in Ç á is eitherona negative loop or on anevenloop,andtheunionof all conjunctive

contexts is consistent.Clearly, sincesomeÇ á mayhavereducedto an ` , wehave @¨È�j . By

theassumptionof theaboverewrite sequence,weknow @�loà . Now supposeÇ á ¥�ê � xyr>pcz .
We thenhave thefollowing two lemmas.
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Lemma 4.13 For each M[��ð0àT+f+ó@(ò , r �p �
`_�[xyr �p z , ���*r �p � r �p , and ���.`_�Òx~r �p z � r �p .

Proof: AssumeF(G$H1�*��r �p . Since r>p is consistent,���kr �p �� � , henceF(GTH%�*��`=�[x~r �p z ,
and r �p ��`_�[xyr �p z . It is clearthat for any positive literal � in r �p , ���mr �p � � , as, in

thederivation treeof Ç á , every rewrite chain(branch)from � eitherendsat a
� x~<�z where

<���r p , or is supportedby a negative literal �\� for which F(G$H%���
r �p , i.e., �tÌ � �[� . It

thenfollows from r �p �
` � xyr �p z that ����` � x~r �p z � � , for any positive literal � .

Lemma 4.14 For each M[��ðåàT+g+ñ@(ò , r �p ��` �� x~r �p z .
Proof: Supposethereare 3 rulesin � with atom # asthehead: #�) S p �(F(GTH < p , Mã��ð0à$+g+ñ39ò .
For any F(GTHN#d��r �p , to show F(G$H%#d��` �� x~r �p z , weneedto show ����` � xyr �p zÑ�� # .

For any ô suchthat ���uô � # , considerany minimal ô ³ ��ô suchthat ���*ô ³ � # . ô ³
beingminimal meansthat ����x^ôÅ³Nû��-F(GTH%�T!�z£�� # , for any F(GTH%�*��ôÅ³ . Thus,eachof such

ôw³ correspondsto a particularderivationof # . Our goal is to show thatfor eachof such ôw³ ,
thereis at leastonedefaultnegation F(GTHN�w�kôÅ³ which is neededfor thederivationof # but is

not in `=�\xyr �p z .
It is clearthat ôÅ³"���� , asotherwise� � # , andthusthereexistsa rewrite chain, �\#.ÌÑ�

` , in thed-treeof Ç á , contradictingtheassumptionthat Ç á ¥�ê � xyr>pcz .
Then, thereis a derivation of # via somerule with # as the headrelying on ôÅ³ , say

#d) S é �(F(GTH < é , suchthat ôw³ � F(GTH < é ��ôÅ³ù³ for someminimal ôw³ù³ satisfying �k�>ôw³ù³ � S é .
That ôw³ is non-emptyimplieseither F(GTH < é is non-emptyor ôw³ù³ is non-empty. Let thedefi-

nition of �\# be � 8 � +f+g+ � �Íõ , whereeach� á is of theform I 8 ¦w+g+f+Z¦>I 5 , andfor eachM"��ð0à$+g+ñ39ò ,
I p �m�"S p or I p ��< p . Considerthekth ruleabove with # asthehead.If IËéÍ��<ié , IËé is positive

and �\#mÌ�I é is in thed-treeof Ç á . Otherwise,I é is negative, say I é � �\& , and I é ����S é .
In this case,�[#vÌÊ�\& is in thed-treeof Ç á . By repeatingthesameargumentfor �[& , andso

on, sincethed-treeof Ç á is finite, thereareonly two possibilities:every literal I suchthat

�\&ÍÌÍ�vI is negative,or thereexistsapositive literal � suchthat �\&ÍÌÍ�v� . Clearly, theformer

caseimplies ����ôw³��� & . This is a contradictionto ����ôw³ � S é , where &Í��S é . Otherwise,

thereexistsapositive literal � suchthat �[#*ÌÑ�v� . FromLemma4.13,weknow ���wr �p � � ,
henceF(GTHN�m���`_�[xyr �p z . Sincefor eachminimal ôw³ suchthat �
�§ôÅ³ � # , thereis at least

one F(GTH%���oô ³ that is neededfor the particularderivation of # but is not in `=�[x~rw�p z , we

conclude����`=�[x~r �p zÍ�� # . Thiscompletestheproof.

We arenow readyto prove thesoundness.
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Proof of Soundness:
SupposeO�¥ ê � x~r 8 z � +(+K+ �

� x~rAé2z . We show that, for each M*��ðåàT+g+ñL;ò , r p canbe

extendedto a partial stablemodel. We know r �p ��` � x~r �p z (Lemma4.13),and r �p �
` �� xyr �p z (Lemma4.14).We alsoknow that ` �� is monotonicand `=� is anti-monotonic(i.e.


 8 ��
 � implies `=�\xy
 8 ziü
`=�\xy
 � z ). We thereforehave thefollowing two sequences

r �p ��` �� xyr �p z"��` ï� x~r �p z"+g+f+g+f+g+
`=�\xyr �p ziü�` ¾� x~r �p z×ü�`�ý� xyr �p z"+f+g+f+g+g+

suchthat ` é� xyr �p zÑ�þ` é �98� x~r �p z , for any evennumberLmlon , and ` á� xyr �p zÑ�þ`
á �98� x~r �p z ,

for any oddnumberâ�l�à . Because� is finite, we canrestrictthefunction `=� to thefinite

domainconsistingof atomsappearingin � (any otheratomin the underlyinglanguageis

falsein any partial stablemodel).Thus,thetwo sequencesabove convergeat `Í5� x~r �p z , for

someevennumber3ml�n , suchthat ` 5� xyr �p z � ` 5K� �� xyr �p z , ` 5(�98� x~r �p z � ` 5(� ¾� xyr �p z , and

` 5� x~r �p z×��` 5(�98� x~r �p z . By definition,the3-valuedinterpretation� thatcorrespondsto the

fixpoint ` 5� xyr �p z , namely � 6 � ���\s � F(GTHNs��m` 5� xyr �p z�! and � � � �$s � ���k` 5� xyr �p z �
sV! , is a partialstablemodelof � .

We needthefollowing lemmafor theproof of completeness.

Lemma 4.15 A partial stablemodel � of a program � is a 3-valuedmodelof <>?/jw��xy�>z .
Proof: For any atom # definedby #v) SA?/��ÿ7p , Mã��ð0à$+g+ój*ò , we show � satisfiesits comple-

tion: #d| SA?/��ÿ 8X� +f+g+ � SA?7��ÿ h . Thiscanbeprovedby consideringall threecases:� x�#1z � � ,
�ox^#Pz � � , and �ox^#Pz �   . Thefirst two casesarestraightforward.For the lastcase,since

� is amodelof � , we know �oxySA?/��ÿ/pczÑ�� � , for any M . We show �ox~SA?7��ÿ/p�z �   , for some

M . Now assume�ox~SA?7��ÿ/p�z � � for all M . We show that this leadsto a contradiction.Under

this assumption,thereis s��ÊSA?/��ÿ/p suchthat �ox^sVz � � , for each M . s is eitheran atom

or a defaultnegation. Supposes is an atom. Thenthat �ox^sVz � � implies F(G$H1s��o� � .

Since � is a partialstablemodelof � , we have ��� � ` �� xy���ãz henceF(GTH%s���` �� xy���®z .
By the definitionof `=� , we have �
��`=�[x~� � zØ�� s . If s is a defaultnegation F(G$H1� , then

�ox^�Ez � � hence ���m� � � � . As a partial stablemodel, � satisfies� � ��`=��xy� � z .
Thus, ���*` � xy� � z � � . In eithercase,wehave �m�v` � xy� � zÑ�� # henceF(GTHN#d�m` �� xy� � z ,
i.e., F(GTHN#*��� � and �[#u��� . Thiscontradictstheassumptionthat �ox�#1z �   .

Proof of Completeness:
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AssumeO��þ� for somepartial stablemodel � . By Lemma4.15, � is a 3-valued

modelof <>?/jw��x~�>z . Due to the confluenceandterminationproperties,any literal canbe

reducedto a pre-normalform suchthattheequivalenceOÔ| Ç 8 � +f+g+ � Ç�h logically follows

from <>?/jw��xy�>z . Below, îÍ<£xyÇ�pcz denotesthesetof literalsappearingon therewrite chains

of the literals in Ç�p (andis viewedasa conjunctionwhenappropriate).It follows from the

transitivity of | thatthefollowing areequivalent:

{ � satisfiesO ;
{ � satisfiesîÍ<£xyÇ 8 z � +f+g+ � îÍ<£xyÇ h z ;
{ � satisfiessomeconsistentîÍ<wx~Ç®paz (any inconsistentîÍ<£xyÇ á z canberemoved);

{ � satisfiessomeîÍ<wx~Ç p z for which Ç p is odd-loopfree(any Ç á onanoddloopimplies

îÍ<£xyÇ á z is inconsistent).

Now supposeÇ 8(� +g+g+ � Ç h ¥�ê
� xyr 8 z � +f+g+ �

� x~r h�� z . Then, � satisfiesr 8/� +g+f+ � r h�� �
�

where
�

is thedisjunctionof those Ç á thatareconsistent(i.e., each îÍ<£xyÇ á z is consistent)

but onapositive loop. Wearedoneif � satisfiesr 8-� +f+g+ � r h � . Assume� doesnotsatisfy

r 8"� +g+f+ � r h � . Then � only satisfies
�

. Considerany Æ in
�

that is satisfiedby � . For

any loop literal � in Æ , since � is on a positive loop, we know ���mîÍ<£xyÆãz � �� � . As �
satisfiesÆ , we have îÍ<wx~Æãzã�o� , hence�d�m� and ���k� � � � . It follows thereexistsa

ô suchthat ô���îÍ<£xyÆãz � �þ� � and ���§ô � � . That is, � canbereduced,consistently

with � , usinganalternative rule with � asthehead.Fromthedefinitionof � , we know that

nopossibilityof deriving � is missed.As eachloop literal in Æ canbeextendedthisway, we

canreplacethederivationsfrom (thefirst occurrencesof) suchloop literalsby thesealterna-

tives. Let Æ ³ be theconjunctionwhosed-treeis thatof Æ exceptthederivationsfrom such

literalsareremoved. Then,thereexistsa rewrite sequenceÆ ³ ¥ ê Ç ³ suchthat Ç ³ is in the

pre-normalform andnoton apositive loop,and îÍ<wx~Ç®³fz is consistentdueto îÍ<£xyÇ�³gzi�
� .

Thus, Ç®³=¥�ê � x~<�z where < � îÑ<wxyÇ�³gz . Therefore,
� x~<�z mustbeoneof the

� x~r>pcz . This

contradictstheassumptionthat � doesnotsatisfy r 8Ò� +f+g+ � r h � . Wearedone.

A partial stablemodel � is maximalif thereis no otherpartial stablemodel �ä³ such

that � ´���³ . Maximal partial stablemodelsminimize the undefined.A stablemodel is

clearlyamaximalpartialstablemodelthathasno undefined.Maximalpartialstablemodels

arealsoknown asregular modelsandpreferredextensions[6, 31,37]. Clearly, any literal O
is truein apartialstablemodelif andonly if O is truein amaximalpartialstablemodel.We

thereforehave
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Corollary 4.16 Goal rewrite systemsare soundand completew.r.t. the regular modelse-

mantics.

4.4 Rewriting with non-ground programs

Therewriting framework introducedhereis definedfor groundprograms.It howevercanbe

appliedto function-freeprogramsfor proving groundgoals. In abduction,observationsare

usuallyformulatedasgroundgoals.Theideais thatif every derivedgoalis ground,thenall

the mechanismsgiven in this paperbecomeapplicableby addingan unificationalgorithm

(in fact,a simpleinstantiationprocessis sufficient). Obviously, if for every rule in thegiven

programavariablethatappearsin thebodyalsoappearsin thehead,thenagroundgoalwill

berewritten to anothergroundgoal.

Oneclassof programsthat caneasilysatisfy this propertyis the so-calleddomainre-

strictedprograms[27]. The ideaof domainrestrictionis that if every variablethatappears

in a rule appearsin a positive body literal of the rule, anddraws its valuefrom a finite do-

main,thentheinstantiationof therule canberestrictedto thesedomainvalues.Theinterest

in [27] is to instantiatea function-freeprogramto a possiblysmallergroundprogramwhile

preservingthestablemodelsemantics.For ourpurposeof non-groundrewriting overground

goals,a rule canbe instantiatedonly on domainpredicatesfor variablesthatdo not appear

in thehead.For example,to describethereachabilityfrom anode@ in agraphwemaywrite

,TJK# : R�JK�1x � z")e#;, : x�@�� � z'+
,TJK# : R�JK�1x � z")e#;, : x��\� � z'�',TJK# : R�JK�1x���z]+

alongwith somefactsaboutthe predicate#-, : x����	�dz , which canbe considereda domain

predicate.Sincein thesecondrule thevariable � appearsonly in thebody, we instantiate

therule to

,TJK# : R�JK�1x � zi)�#;, : x�#�p�� � z'�],bJK# : R�JK�1x�#�pËz'+
for eachnode #�p suchthat #-, : x^#Ep^� � z is true for some

�
. Supposethereare 3 suchnodes

# 8 �(+f+g+g�]# 5 . Then,thecompletionof thepredicate,bJK# : R�JK� is:

,TJK# : R�JK�1x���z×|
#-, : x^@��
��z � ð #-, : x�# 8 ����z=¦�,TJK# : R�J(�1x^# 8 z^ò � +g+f+ � ð #-, : x�# 5 �
��z=¦Ô,TJ(# : R_JK�1x^# 5 z�ò^+

Thus, a groundgoal, say ,bJK# : R�JK�1xcD'z (to prove that D can be reachedfrom @ ), is always

rewritten to anothergroundgoal.
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5 Rewrite Systemsfor Abduction

The rewriting framework thatwe definedin the precedingsectioncanbe extendedfor ab-

ductionin a straightforwardway: theonly differencein theextendedframework is thatwe

do not apply the Clark completionto abducibles.That is, oncean abducibleappearsin a

goal,it will remainthereunlessit is eliminatedby thesimplificationrule 
�îæ4 or 
"î�4/³ .
As anabduciblemayappearin a goalpositively or negatively, we needa terminologyto

referto bothof them:anabducibleliteral is eitheranabducibles or its negativecounterpart

�\s . Justlike a rewrite to
�

is written as
� xy<�z , where < is theunderlyingrewrite chain(cf.

Section4.1),a rewrite to anabducibleliteral I will bewrittenas I~xy<Az where < is therewrite

chainleadingto, andincluding I . Thuswhenwe write Iyx~<�z , it is understoodthat < always

containsI .
In thefollowing we shalldenoteby ë'çÍè���ì*�"�'	��X¥�í therewrite systemobtainedby the

logic program � andthe set 	 of abducibles.Theserewrite systemsare both soundand

completewith respectto thepartialstablemodelssemantics.

Theorem5.1 Let � be a finite program, 	 a setof abducibles,and ë]ç�è=��ì*�[�'	A�X¥�í the

goal rewrite systemwith respectto � and 	 .

Soundness: For anyliteral O andanyrewrite sequence

O*¥ ê
� � ð I 8 xy< 8 z=¦������T¦ÔIËé7x~<ié2z^ò � ��³ �
where each Igp is eitheran abducibleliteral or

�
, if < 8 �������;��< é is consistent,thenthere

existsa partial stablemodel � of �����$I 8 �(+f+g+f�'I é !$� such that OÔ��� 8�� á � é <"p��
� .

Completeness: For anysetof atoms
���	 , andanyliteral O in a partial stablemodel �
of ���k
 , there existsa rewrite sequence

O*¥ ê
� � ð I 8 xy< 8 z=¦������T¦ÔIËé7x~<ié2z^ò � ��³ �
such that Ov��� 8�� á � é < á �
� .

Proof: Sincenoneof theabduciblesappearin theheadof any programrule, thestatements

hereaboutsoundnessandcompletenessfollow directly from thoseof Theorem4.10.

Wehaveagainstatedour resultsin termsof thepartialstablemodelsemantics.Againthe

reasonthatour rewriting systemmaynot besoundunderthestablemodelsemanticsis that

stablemodelscheckfor globalconsistency, but oursystemchecksonly localones.Thereare
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severalwaysto maketherewriting systemalsosoundandcompletefor stablemodels.When

a conjunctionof abducibles

I 8 xy< 8 z=¦������E¦ÔIËé7x~<ié2z
is generated,onecancheckif < � < 8 �������-��< é is consistentandcomplete.If it is, then

�$I 8 �K+g+g+f�'I é ! is an explanation. If it is consistentbut not complete,thenwe caneithercall a

stablemodelgeneratorto seeif < canbe extendedto a stablemodelor we canchoosean

atom � suchthat neitherit nor its negationis in < , andcontinuethe rewriting with either

��x~<�z or �Q��x~<�z , until a completecontext is obtained.

Thereis howeveranimportantspecialclassof logicprogramswherepartialstablemodels

andstablemodelscoincide.Wesaythataprogramhasnooddloops(odd-loopfree)if there

is no odd loop startingwith any literal. Sincegoal rewrite systemsareconfluent,any odd-

loop in theprogram’s dependency graphcanreplicateitself in a rewrite chainof somegoal

rewrite sequence.Therefore,thereis noessentialdifferencebetweenour notionof odd-loop

freeandthenotionof negativecyclefreein theliterature[8, 32].

It hasbeenshown in [36] that for any nonground,negative cycle free programwith a

well-foundedstratification,its partialstablemodelsareall 2-valuedandthuscoincidewith

its stablemodels.3 A stratificationin this caseis a partial order of strataeachof which

containsgroundatomsthatareinvolvedin someloopsamongthemselves.In awell-founded

stratification,thereis no infinite descendingchainin the partial order. That is, every such

chainmusthaveabasestratum.4 Thispropertyallowsustoconstruct,alongthewell-founded

stratificationin thebottom-upfashion,a 2-valuedjustifiablemodel(which is known to be

a stablemodel) from any 3-valuedjustifiable model. In this way one can show there is

no partial stablemodelwith undefinedatoms.Sincefinite propositionalprogramsall have

a well-foundedstratification,for theseprogramsour rewriting systembecomessoundand

completeunderthestablemodelsemantics.We thushave thefollowing results.

Theorem5.2 Let � bea finite program,and ë'çÍè���ì*�[�'	A�X¥�í a goal rewrite system.Sup-

pose� is a propositionand

�>¥ ê ð I 8~8 xy< 8~8 z=¦������T¦vI 8 é ¹ x~< 8 é ¹ z�ò � +(+(+ �
ð I h 8 xy< h 8 z=¦������T¦vI h\é�� xy< h\é�� z�ò

3Theresultwasstatedfor maximalpartialstablemodels.However, theclaim canbeextendedto all partial

stablemodelsby exactly thesameproof.
4Hereis a programthathasno well-foundedstratification: ��¬������� N¬!��"#�9±%$�&(']¬!��)!��"#�*�� ,+ .
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is a rewrite sequencesuch thateach Igp á is either
�

or anabducibleliteral, and <"p 8 �-�����y�Í<"p é�.
is consistentfor each M . If � hasno oddloopsthen

���$I 8y8 ���������'I 8 é ¹ !-���������X�$I h 8 �������Ò�'I h\é �Ö!�!
is a coverof � . In general, for arbitrary � wehaveµ

¶T·X¸ ª�/�ð I 8~8 ¦������T¦�I 8 é ¹ ò � ����� � ð I h 8 ¦������T¦�I h[é�� ò

where ½ is anycoverof � .
Proof: We show that for each M , �$Igp 8 �������=�'Igp é�. ! is an explanationof � . Let’s denotethe set

by ª , andlet « beany completehypothesisthatextendsª . We needto show thatthereis an

answersetof ���v«[� that includes� . (Noticeagainthatwe have assumedthatnoneof the

propositionsin 	 appearin theheadof any rule in � .) Sincethereis a rewrite sequenceof

theform:

��¥ ê � � ð Igp 8 x~<"p 8 z=¦������T¦vIgp é�. xy<"p é�. z�ò � � ³
in ë'çÍè���ì*�"�'	��X¥�í , thereisarewritesequenceof theform �¨¥�ê � x~<�z � � in ë]ç�èQ�Zì*�10 Ã � �X¥í , where

< � <"p 8 �������T�k<"p é�. �
because<"p 8 �2�����~�¨<"p é�. is consistentand �$Igp 8 �K+g+g+f�'Igp é�. ! is asubsetof « . Thusby Theorem4.10

thereis a partial stablemodel � of ���v«[� suchthat �v��� . Now since � doesnot have

any oddloops,neitherdoes���v« � . So � � is ananswersetof ���*« � . This shows that «
is anexplanationof � . So ª is anexplanation.

Now let « beany completeexplanationof � . Weneedtoshow thatfor someM , �$I p 8 �������Ò�'I p é�.c!
is a subsetof « . Let � beananswersetof ���*«\� thatincludes� . By Theorem4.10,there

is a rewrite sequenceof theform �¨¥�ê � xy<�z � � in ë]ç�èQ�Zì*�10 Ã � �X¥�í . Thentheremustbea

rewrite sequenceof theform: �¨¥�ê�ð I 8 xy< 8 zN¦3�����W¦£I á xy< á z�ò � � ³ in ë]ç�èQ�Zì*�\�'	��X¥�í suchthat

�$I 8 �K+g+g+f�'I á !k�
�54 « , and < 8 �(+g+f+g�X< á areconsistent.So by Theorem4.9, it mustbe thecase

that

I 8 ¦������T¦ÔI á
� � ð I 8y8 ¦������T¦ÔI 8 é ¹ ò � +(+(+ � ð I h 8 ¦������T¦�I h[é �=ò

in propositionallogic. But �$I 8 ���������'I á ! is containedin « , which is acompletehypothesis,so

theremustbean M suchthat « � � Igp 8 ¦�������¦vIgp é�. .
Consideragaintheboatexamplein Section1. TheClark completionof : #;3=<>,/?/@/@ is:

: #;3=<>,/?/@/@¨ºox�&C?/#ED�¦��\I�J(#-L9z � x�&C?/#ED�¦vI�JK#;L¨¦ÔR%#;@TSAU : L%JXD'z]+
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Since &C?7#�D , I�J(#-L and R9#-@TSAU : L9JCD areabducibles,rewriting for : #;3=<>,/?/@/@ terminatesin one

step,andproducesthefollowing cover:

�$&C?/#ED�¦��\IYJK#-L���&X?/#�DÒ¦ÔIYJK#-L¨¦vR%#-@bSAU : L9JCD'!-+
Noticethatthesecondexplanationis notminimal. To getminimalones,wehaveto compute

primeimplicantsof thedisjunctionof explanationsin thecover, whichare &C?/#ED%¦*�\I�J(#-L and

&C?7#�D=¦�R%#;@TSAU : L%JXD .

6 RelatedWork

Traditionally, logic programmingproof procedureshave beendefinedabstractlyin termsof

derivation andrefutation. Terminationhasbeenconsidereda separate,implementationis-

sue. On theonehand,this separationis possiblesincethesemanticsthat theseprocedures

computeallow thecompletenessto bestatedwithoutresortingto termination.But complete-

nessis rarely guaranteedin an implementation.On the otherhand,the separationis also

necessarysincetheseproceduresdealwith non-groundprogramsfor which theproblemof

loop-checkingis undecidable(evenfor function-freeprograms[1]). However, for answerset

programmingwhereeachanswersetis takenasasolutionto agivenproblem,loophandling

becomesa semanticissue– a soundandcompletebackwardchainingprocedurecannotbe

definedwithout it.

A numberof abductive procedureshave beenproposedfor the two-valuedaswell as

three-valuedcompletionsemantics[3, 4, 9], of which thesystemby Consoleet al. [3] and

the IFF procedureby FungandKowalski [9] alsouserewriting asthe main mechanismto

computeexplanations.Consoleet al. show that,for non-recursive programs(calledhierar-

chicalprograms),abductiveexplanationscanbecomputedasadeductionby rewriting using

if f-definitions.FungandKowalski extendthis ideato theclassof all normalprograms,and

getcompletenessresultsthatcanbestatedwithout resortingto termination.This improves

thecompletenesstheoremsby DeneckerandDe Schreye [4] which rely on terminationasa

condition.All of theseproceduresaredefinedfor cautiousreasoning– computingbindings

for whichan(existential)goalis truein all indentedmodels.In ourcasethereasoningmode

is brave– establishingwhethera queryis truein oneof the intendedmodels.For example,

with theprogram�$#v) F(G$H1&/+�&Í) F(GTHN#%+0! , theanswerto query # shouldbeno in their case

(however, noneof theseproceduresactually terminatesandreturnsthis answer),and true

in a stablemodel in our case. Apparently, the differencesbetweenthe proof methodsfor
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consequencefindingandthosefor bravereasoninglie in thecorrecthandlingof loopsin the

latterin orderto captureeachof theintendedmodels.

Our work is closelyrelatedto anotherabductive procedure,theEshghi-Kowalski proce-

dure(EKP) [7] (alsosee[6]), which is soundandcompletefor groundprogramsunderthe

finite-failurethree-valuedstablemodelsemanticsin which loopscausinginfinite failureare

modeledby thetruth valueundefined[12]. It is known thatwith anappropriatehandlingof

positive loops(distinguishedaspositiveandnegative loopsin thispaper),EKPcanbemade

completefor thepartial stablemodelsemantics.To someextent,onecansaythatour goal

rewriting system(GRS)simulatesEKPin anontrivial way.

1. GRSincursnobacktracking!Backtrackingis simulatedby rewriting disjunctions,e.g.,

` � Æ�¥ Æ .

2. Loopsthatgothroughnegationarehandledin EKPby nestedstructureswhile in GRS

by a flat structureusingrewrite chains.

Thesefeaturesplusloophandlingmadeit possibleto formalizeoursystemasarewriting

systembenefitingfromtheknownpropertiesof rewritesystemsin theliterature.(Thisfurther

distinguishesour useof rewrite systemsfrom the literature,e.g.,in [9].) To illustratethese

features,considerthefollowing program

,�àT+ãOv) F(GTHN#9+ ,76-+Í&�)�#%+
,/4;+Ñ#*) F(GTH%&/�(F(GTH : +o,98N+ : )�#%+

andthe questionwhetherwe canprove O . We may answerthis questionby the following

reasoning:To have O we musthave F(G$H%# (r1); to have F(GTHP# we musthave either & or : (r2)

which requireshaving # (r3 andr4). This resultsin a contradiction. Therefore,O cannot

beproved. Note that in this reasoningwe needto rememberwhatwasrequiredpreviously

( F(G$H1# in this case).This is exactlyhow theproof is doneby GRS:

OØ¥ �\#d¥e& � : ¥�# � : ¥ ` � : ¥ : ¥�#d¥ `
However, EKPwill gothroughsixnestedlevels,anddoit twicethroughbacktracking,before

thesameconclusioncanbereached.Thatasinglederivationbranchin EKPcouldbedeeply

nestedbringsno surprisethatany attemptto lay out a proof presentssomechallenge,even

for smallprograms.Wenotethatthemechanismof rewrite chainis indispensablein any im-

plementationof a top-down procedureif terminationandcompletenessareto bepreserved.

For GRS,sucha mechanismis usedboth for terminationandfor the implementationof the

semantics,resultingin a muchsimpleryetmorenaturalproofstructure.
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Ourgoalrewriting proceduredeparturesfrom thetraditionalSLDNF-likeproceduresalso

in theuseof acomputationalrule. Recallthatacomputationalruleis afunctionthatreturnsa

subgoalform agoal. Its interestoriginatesfrom thesocalledindependenceof computational

rulesfor Hornclauseprograms,whichsaysthatthecommitmentto any subgoalcanbemade

without theneedof lookingback,becausenosolutionswill bemissed.For normalprograms,

sucha computationalrule must be fair which requiresgenerationof an SLD-treethat is

eitherfinite, or every subgoalin it is eventuallyselected[25]. Theseconditionsrequirea

fair computationrule to be implementedby a form of breadth-firstsearchin orderto find

a finitely failed tree. In contrast,sincegoal rewrite systemsareconfluentandterminating,

literal selectioncanbe arbitraryandis guaranteedto be fair. As an example,considerthe

following program:
OÔ) F(GTH%#%+
#u) F(G$H1&/�(F(GTH : +o#*) F(G$H%�1+
&�) F(G$H1�1+ �d) F(G$H9J$+
JÑ) F(G$H1�1+ : +

Theprogramhastwostablemodels,� : �]�1�yO%! and �$#%�'&/� : �XJ/! . A completeprocedurefor brave

reasoningshouldgeneratea proof for O . Suchaproof is reflectednaturally, andlogically, in

goalrewriting

O*¥ �\#d¥ x^& � : z=¦v�w¥ x~�[� � : z=¦v�Å¥ +(+(+
Any of theliterals in thelastgoalabove canbeselectedfor literal rewriting, or thegoalcan

betransformedto xy�\��¦k�;z � x : ¦��;z . Evenif we canprove �[� , its conflict with � will fail

thisalternative.5 Thus xy�\�®¦u�;z � x : ¦Å�;z will berewrittento ` � x : ¦u�;z andthento x : ¦u�;z .
Continuing,we have

¥ : ¦��
¥ � x~�(OQ�X�\#9� : !�z�¦Ô�
¥ � x~�(OQ�X�\#9� : !�z�¦��"J
¥ � x~�(OQ�X�\#9� : !�z�¦Ô�
¥ � x~�(OQ�X�\#9� : !�z�¦ � x~�(OQ�X�\#9�]�1�X�"J7!�z
¥ � x~�(OQ�X�\#9� : �'�1�X�"J/!�z

In anSLDNF-procedure,for instance,in theEshghi-Kowalski procedure,to prove O we

needto prove thatany attemptto prove # fails. Thetwo possibilitiesof proving # arekeptin

a goalset

�-) F(G$H%&7�KF(GTH :;: ) F(GTHN�;!
5As a technicalnote,this examplealsoexplainswhy in generalwe cannothave a rewrite rule of theform< ��=>�@?BA3C < �D=E� , evenif we contentwith oneproof.
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Both shouldfail in orderfor O to succeed.Fromthefirst goal,supposewe chooseF(G$H1& . To

fail this goal,we cangetaderivationof & using F(GTHN� ; sofar we have succeededin choosing

F(GTHN& for thecurrentgoal. However, this proof causesa conflict in orderto fail the second

goal by proving � . Thus,the choiceof F(G$H%& in thefirst goaldoesnot give us a proof that

bothgoalsfail. In fact,we mustchooseF(G$H : in thefirst goal in orderto fail both. Sincein

generalwe donot know whichsubgoalleadsto a proof, if aprocedureis non-terminating,a

fair computationalrulemustexploreall alternativesin aninterleaving fashionin ordernot to

missananswerto a query.

7 Applications and Experimental Results

We have implementedthewriting framework in SWI-Prolog.Our implementationadoptsa

strategy basedon eagerliteral rewriting andlazy expansion,which resemblesthe familiar

depth-firststrategy. Themain ideais to delayapplyingdistribution rulesSR6andSR6’ as

much aspossibleto avoid an exponentialblow up in goal size. We thusfix the orderof

rewriting by focusingon the leftmostliteral of a goal. We saythata literal I in a goal © is

rewritable (for literal rewriting) if it is eitherat the leftmostpositionof © , or at thesecond

leftmostpositionwith a conjunct
� xy<Az at the left where I is not a loop literal andneither I

nor �\I is in < . That is, a literal I is rewritableonly in goalsthatbegin with oneof thethree

forms: I � Æ , I;¦�Æ , and
� x~<�z%¦ØI , where Æ is a formula. If I is a loop literal thena loop rule

is applied;if �\I[��< thenrule SR5is appliedto producean ` ; if I[��< , I is alreadyproved,

thustherewrite chainof I is mergedwith < . Beinglazymeansthata goalis simplifiedonly

whendoingso is necessaryto makethegoal rewritable. In particular, thedistribution rules

SR6andSR6’ will be appliedonly whena goal is not rewritable, andnoneof the above

applies.

Underthisstrategy, wekeeprewriting theliteral at theleftmostpositionof agoal.Even-

tually, it will becomean ` or a
� xy<Az . If it is a

� xy<Az , we will keeprewriting the leftmost

literal I in conjunctionwith
� xy<�z , duringwhich �\Iã��< is checkedfor consistency. When

this I is rewritten to
� xy<Í³óz , < and <Í³ aremerged;andrecursively, we continueto focuson

theliteral at theleftmostpositionof thegoal,or theonein conjunctionwith
� xy<m�Ø<Í³åz . The

readermayrefer to therewrite sequencein Example4.1asanexample,which is generated

usingthis strategy.

In our current implementation,the input is requiredto be a set of Clark completion

sentences,onefor eachnon-abducibleproposition.In thefollowing, we discusstheperfor-

manceof our implementationon oneparticularapplicationof abductionin logic program-
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ming,which is theproblemof computingsuccessorstateaxiomsfrom acausalactiontheory

[22, 24,23].

Considera logisticsdomainin which we have a truck anda package.We know thatthe

truck andthe packagecaneachbe at only one locationat any given time, andthat if the

packageis in the truck, thenwhen the truck moves to a new location,so is the package.

Supposethatwe have thefollowing propositions:

{ taxGF�z – thetruck is at location F initially;

{ paxHF�z – thepackageis at location F initially;

{ in – thepackageis in thetruck initially;

{ taxGF=�'ÿ%�	I;z – the truck is at location F after the action of moving it from ÿ to I is

performed;

{ paxHF=�'ÿ9�JI;z – thepackageis at location F aftertheactionof moving thetruck from ÿ to

I is performed;and

{ in x�ÿ%�	I;z – thepackageis in thetruckaftertheactionof moving thetruck from ÿ to I is

performed.

We thenhave thefollowing logic program:

tax����
�mà$�
��z]+
pax*�����màT���k4Ez ) tax����
�mà$�
�k4�z'� in x���àT�
�§4Ez]+
tax����
�mà$�
�k4�zã)K� �� �k4;� tax���z'�(F(G$H taolx*���
��àT�
�§4Ez]+
taolx����
�mà$�
�k4�z�)L���� ��� taxH�����màT���k4Ez]+
pax*�����màT���k4Ez ) pax*��z]�(F(GTH paolx*�����màT���k4Ez]+
paolx*���
��àT�
�§4Ez�)M�Ð�� ��� paxG�"�
�mà$�
�k4�z'+
in x����	�dzi) in +

Thefirst ruleis theeffectaxiom.Thesecondruleis acausalrulewhichsaysthatif apackage

is in thetruck,thenthepackageshouldbewherethetruck is. Therestareframeaxioms.For

instance,thethird oneis theframeaxiomaboutta,with thehelpof a new predicatetaol: if

thetruck is initially at � , andif onecannotprove thatit will beelsewhereaftertheactionis

performed,thenit shouldstill beat � .
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As onecansee,theabove program,whenfully instantiatedover any givenfinite set r
of locations,hasno odd loops. So our rewrite systemwill generatea cover for any query.

Note that in theprogramwe have omitteddomainpredicateIa? : x*��z for eachvariable � in

thebodyof a rule (all thevariablesin theprogramrefer to locations).Thus,theprogramis

domainrestricted,andweonly needto instantiatethevariable� in thefourthandsixthrules

over thedomainof locations.

Now let theset 	 of abduciblesbethefollowing set:

� in !®��� paxGF�z]� taxGF�z � F���rd!-+
Thefollowing tableshows someof theresultsfor r � �-àT�]4;�	6-�
8;! :6

Query Result Time

tax�àT�'4-�	6Ez false 0.0

taxH6;�'4-�	6Ez true 0.0

pax�àT�'4-�	6Ez paxZà/z=¦�� in 0.05

� paxZàT�]4;�	6�z � paxZà7z � in � pax^4Ez � paxH6Ez � pax*8;z 0.2

pax^4;�'4-�	6Ez pax�4�z=¦�� in 0.08

� pax�4;�]4;�	6�z � pax�4Ez � in � pax�à7z � paxH6Ez � pax*8;z 0.1

paxH6;�'4-�	6Ez paxG6Ez � in 0.25

� paxG6;�]4;�	6�z � in ¦k� paxG6Ez � � in ¦ paxZà/z �� in ¦ pax�4Ez � � in ¦ pax�8-z 0.1

For instance,therow onpaxZà$�'4;�	6�z saysthatfor it to betrue,thepackagemustinitially beat

à andcannotbeinsidethetruck(otherwise,it wouldbemovedalongwith thetruck),andthe

computationtook 0.05seconds.Therow on paxG6;�]4;�	6�z saysthat for it to betrue,eitherthe

packagewasinitially at 6 or it wasinsidethe truck. The outputsfor larger r s aresimilar.

Theperformancevariesfor differentqueries.For simplequerieslike tax�àT�'4-�	6Ez , their covers

canbecomputedalmostin constanttime. Thehardestoneis for paxG6-�'4;�J6Ez which took 25

minuteswhen
� r �E�ON

.

It is interestingto compareour systemwith analternative for computingthecover of a

query. As we mentionedin Section3, thesetof abductive explanationsaccordingto Kakas

andMancarellais actually a cover. Oneway of computingtheseabductive explanations

is to add,for eachproposition�
�o	 , the following two clauses([33]): �
) F(G$H9�Q� and

�Q��) F(G$HT� into the original program,and usethe fact that therewill be a one to one

correspondencebetweenabductiveexplanationsof � undertheoriginalprogramandanswer
6Ona PIII 1GHzPCwith 512MB RAM runningSWI-Prolog3.2.9.
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setsof thenew programthatcontain � . Soonecanuseananswersetgenerator, for example

smodels[35] or dlv [20] to computeacoverof queryby generatingall theanswersetsin the

new programthat containthequery. However, theproblemhereis that therearetoo many

suchanswersetsin this case.For instance,supposethereare 3 locations,thenthenumber

of answersetsthat containany particularqueryis in the orderof 4 � 5 , roughly onehalf of

thenumberof completehypotheses,evenfor a very simplequerylike tax�àT�'4-�	6Ez . We donot

know at themomentif thereis any efficientwayof usingananswersetgeneratorto compute

a coversetof aquery.

8 Final Remarks

Without the minimality requirement,a soundandcompleteprocedurefor abductionis re-

quiredto generatesometimesa largeamountof essentiallyredundantexplanations.In this

paper, we have givena new definitionof abductionfor logic programmingthatresolvesthis

problem.In practice,for efficiency reasonsoneneednotalwayscomputethesetof minimal

explanations,but a cover, which maybeconsidereda semanticallyadequaterepresentation

of all explanations.

Computationally, we have shown that explanationscanbe computedby confluentand

terminatingrewriting. Ontheonehand,ourwork exploresthewell-understoodrelationships

amongthecompletionsemantics,thepartialstablemodelsemantics,andtheanswersetse-

mantics.On theotherhand,wecombineseveralideasthathadonly beenstudiedpreviously

in separatecontexts. Namely, we build loop checkinginto rewrite systemsthat implement

thecompletionsemanticsto obtainanabductive procedurefor thepartial stablemodelse-

mantics.

Thereareseveraldirectionsfor extendingthis work. Oneof themis to considerrewrit-

ing for non-groundprogramsfor somerestrictedyet decidableclassesof non-groundgoals.

Thiswouldextendour rewriting procedureto amoregeneralquery-answeringprocedurefor

widerclassesof applications.Anotherquestionis onthehandlingof constraintsof theform:

P )e# 8 �(+g+f+g�'#�pË�(F(G$H1& 8 �(+g+f+g�(F(G$H-& 5 +
Our new definition of abductioncanbe extendedto include theseconstraintsstraightfor-

wardly. Computationally, constraintsmaybehandledin our rewriting procedurejust like in

otherabductive procedures[4, 16, 9]: a goal is provedalongwith all theconstraints.This

ensuresthatall of the constraintsaresatisfiedwhenthe goal is proved. This approachac-

tually producesa new semantics:partial stablemodelsemanticswith constraints.This is
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distinguishedfrom thepartialstablemodelsemanticsbecausea normalprogramunderthis

new semanticsis no longerguaranteeda partial stablemodel. Thesemanticalimplications

of partialstablemodelswith constraintsworth furtherstudy.

To improvetheefficiency of thegoalrewriting procedure,spacepruningtechniquesshall

be investigatedand incorporated. Scalability may be improved by consideringdifferent

strategiesof maintaininga goalsothattherun time spaceusagecanbereduced.For exam-

ple,onepossiblestrategy is not to expanda goalusingthedistribution rulesSR6andSR6’;

instead,a collectionof literalsfrom thegoal is selected,oneat a time, thatcorrespondsto a

candidatesolution.This requiresbookkeepingmechanismsthatshouldbecloselyrelatedto

maintainingbacktrackpointsin implementingProloglanguages.
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10 Appendix

We prove that a goal rewrite systemwith a finite programis confluent. It is known in the

literature[13] that,a terminatingrewrite relationis confluentif f it is locally confluent. Local

confluenceis definedas: whenever D 8 ¥ D � and D 8 ¥ D~¾ , thereexist D ï and rewrite se-

quencessuchthat D � ¥�êãD ï and D~¾>¥�ê×D ï . It thereforesufficesto show thepropertyof local

confluence.

Theorem10.1 Anygoal rewrite systemë]ç�èQ�Zì*�\�X¥�í with a finite � is locally confluent.

We introducesomenotations.

A goalformulais viewedasa tree.A subformulais identifiedby a sequenceof positive

integersdescribingthe path from the root symbol to the headof the subformula. These

sequencesarecalled indices. That an index Q identifiesa subformulaÆ is expressedby a

mappingjkxRQãz � Æ . Theemptysequenceidentifiestheformulaitself. For example,given

x�I 8 � I � z=¦vI ¾ , we have jkxZà/z � I 8 � I � , and jkxZà$+ó4Ez � I � .
A rewrite sequenceof zeroor morestepsis denotedas ©ÍÁv¥ ê ©�é . Whenwe are in-

terestedin wherein a given goal © p a rewrite occursandwhich rule is applied,we write

©Íp=¥�S@T U×©Ñp �98 to indicatethatrule , is appliedto thesubformulaat index Q .

Proof: Let © Á ¥�ê © é be a rewrite sequence,where L�lÉn . Suppose© é ¥�S@T U�V and

© é ¥�S � T U � VØ³ . Weconsiderall thecasesof possiblydifferentrewriteson © é .
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If the two rewrite stepsare independentof eachother, i.e., if their indicesare non-

overlapping,thentrivially, thereexistsa formula � suchthat V�¥ S � T U � � and V ³ ¥ S@T U � .

Thefollowing aretheoverlappingcases.

Case1. A loop rewrite at jkxRQãz � I anda rewrite by SR5at jkxWQ"³gz � � x~<�z[¦ I (the

symmetriccaseof a rewrite by SR5’ is similar). Using SR5 followed by SR2, we have� xy<�zQ¦vIÒ¥ `�¦vIÒ¥ ` . Thatis, an ` is generatedat Q ³ . A loop rule produceseitheran ` ,

in whichcasewehave
� x~<�z%¦v`�¥ ` sothatan ` is at Q"³ , or

� xy<Ñ³óz for some<Ñ³ at Q . The

latterleadsto
� x~<�z�¦ � x~<Í³óz"¥ ` dueto I[��<Ñ³ and �\I���< , sothatat QÖ³ is alsoan ` .

Case2. Literal rewriting at jkxRQ z � I anda rewrite by SR5at jkxRQ"³åz ��� xy<Az=¦kI (the

symmetriccaseof a rewrite by SR5’ is similar). Again SR5leadsto an ` at QÖ³ . Since �
is finite, it follows from Proposition4.7 that the sequenceterminatesat eitheran ` , or a� xy< 8 z � +(+(+ �

� xy< h z for some j l�à . Hence,thereexists an extensionfrom © é ¥�S@T U
V , say © é ¥�S@T Uv� ¥�ê§�ä³ suchthat ��³ is the sameas � exceptat Q , jkxRQ z � ` or

jkxRQãz �ä� x~< 8 z � +(+K+ �
� xy<"hãz , for somej�loà . Thatis, at Q ³ wehave either

� x~<�zQ¦�` , or� xy<�z=¦�x � x~< 8 z � +(+K+ �
� xy<"h×z�z where �[I"�t< and I"�t< p for each àwÈoM×Èoj . Clearly, in

eithercase,therewrite sequencecanbeextendedto leadto an ` at Q"³ .
Case3. Any rewrite insidea subformulathat is distributedby SR6(thesymmetriccase

is similar). SR6is Æ 8 ¦�xyÆ � � Æ"¾(zã¥ xyÆ 8 ¦kÆ � z � xyÆ 8 ¦kÆ"¾Cz . Any rewrite at a subformula

inside Æ 8 ¦�xyÆ � � Æ"¾(z causesoverlapping. Clearly, distribution after the rewrite and the

rewrite (or the duplicatedrewrites if inside Æ 8 ) after distribution lead to the sameresult.

Notethatdistributiondoesnotchangearewrite chainfor any literal; it simplyduplicatesthe

rewrite chainfor eachoccurrenceof thesameliteral.

Case4. A rule overlapswith its symmetriccounterpart.This includesthe following

casesof a rule andits symmetriccounterpartbothbeingapplicable:SR1andSR1’ for goal

` � ` , SR2andSR2’ for goal `m¦v` , andSR6andSR6’ for goal Ç 8 ¦ØÇ � whereeachÇ p is
adisjunction.Clearly, in eachcase,thereexist rewrite sequencesleadingto acommongoal.
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