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Abstract

A long outstandingproblemfor abductionin logic programminghasbeenon how
minimality might be defined. Without minimality, an abductve procedurds often re-
quiredto generatexponentiallymary subsumeadxplanationsfor a givenobsenation.
In this paper we proposea new definition of abductionin logic programmingwhere
the setof minimal explanationscanbe viewedasa succinctrepresentatioof the setof
all explanations.We thenproposean abductve procedurewherethe problemof gen-
eratingexplanationsis formalizedas rewriting with confluentandterminatingrewrite
systems We show thattheserewrite systemsaresoundandcompleteunderthe partial
stablemodelsemanticsandsoundandcompleteunderthe answersetsemanticsvhen
theunderlyingprogramis so-calledodd-loopfree. We discussanapplicationof abduc-

tion in logic programmingto a problemin reasoningaboutactionsand provide some
experimentakesults.
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1 Intr oduction

Abductive reasoningsubscribego reasoningprocessesvhere explanatoryhypothesesre
formedandevaluatedwith respecto aknowledgebaseandanobsenation. Many intelligent
tasks,includingmedicaldiagnosisfault diagnosisscientificdiscorery, legal reasoningand
naturallanguagaunderstandingyave beencharacterize@dsabduction.

In its mostgeneralform, the problemof abductionis this: given a backgroundheory
T and an obsenation ¢ to explain, find an explanationtheory Il suchthatll U 7' E q.
Normally, we alsowantto put someadditionalconditionson 11, suchasthatit is consistent
with 7" andcontainsonly thosepropositionscalledabduciblesFor instancein propositional
logic, givenabackgroundheoryT', asetA of assumptionsr abduciblesanda proposition
g, anexplanationS of ¢ is commonlydefined(se€[18, 28, 30]) to bea minimal setof literals
over A suchthat7 U S |= ¢ andT U S is consistent.

Abductive reasoningmay be carriedout in non-classidogicsaswell. Logic program-
ming with stablemodelsor answersetsas the underlyingsemanticshasbeenconsidered
particularlyappealingor abductiondueto its applicationsn solving constraintsatisfaction
andothercombinatoriaproblemsjn expressingheframeaxioms,in reasoningvith actions
andcausalityandin representinghe history of aplan[21, 26, 27].

In the contet of logic programmingabductionhasbeeninvestigatedrom both proof-
theoreticand model-theoretiqerspecties(e.qg. [7, 14, 15, 16, 34]). Oneof the mostfol-
loweddefinitionsof abductionin logic programmings thatof KakasandMancarellas gen-
eralizedstablemodelsemantic§15]. Givenalogic programpP, aset A of atomsstanding
for abduciblesanda queryq, KakasandMancarelladefinedan abductie explanations to
be asubsebf A suchthatthereis ananswerset(alsocalleda stablemodel)of P U S that
satisfies;.

Onecanseethe following two differencesetweenthis definition andthe onethat we
definedaborve for propositionallogic: In propositionallogic, S is a setof literals, but in
logic programmingjt is just a setof atoms;In propositionallogic, S mustbe minimal, in
termsof the subsetorderingrelation; but thereis no suchrequiremenin the caseof logic
programming.

Onecould aguethatthesedifferencesaredueto the fact that underthe answersetse-
mantics,negationis consideredo be“negation-as-failuré.If noneof theatomsin A appear
in theheadof arule in thelogic programP, thenaddingasetS C A to P really meanghat
we areaddingthe completeliteral set,S U {—-p | p € A,p ¢ S}, to P. Thiswould also
explain why thereis no minimality conditionin the definition: two completesetsof literals



arenever comparablen termsof the subsetelation.

However, while this notion of abductve explanationsmakessensen theory it is prob-
lematicin practice.For instancejf A = {a,b}, andP = {q < a.r « b.}, thenthereare
two abductve explanationsfor ¢ accordingto KakasandMancarellas definition: {a«} and
{a,b}. In generaljf A hasn elementsthenthereare2”~! abductve explanationgor ¢, and
in theseexponentiallymary explanationspnly « is relevant.

Sincein this caseu is the explanationthatwe arelooking for, it is temptinghereto say
that we should prefer minimal abductve explanationslike what we did for propositional
logic. As we mentionedabove, this doesnot makesenseaf we takeanabductve explanation
to be a completesetof literals asimplied by the answersetsemantics.However, onecan
still try to minimizethe setof atoms,in this case preferring{a} over{a, b}.

However, this minimizationstratgy is problematicwhena programcontainsnegation.
Considera situationin which a boatcanbe usedto crossariver if it is not leakingor, if
it is leaking, thereis a bucketavailableto scoopthe waterout of the boat. This canbe
axiomatizedoy thefollowing logic program?P:

canC'ross < boat,not leaking.

canC'ross < boat,leaking, has Bucket.

Now supposéhatwe sav someone&rossedheriver, how dowe explainthat?Clearly, there
aretwo possibleexplanations:eitherthe boatis notleakingor the personhasa bucketwith
her In termsof Kakasand Mancarellas definition, thereare threeabductve explanations
for canCross, {boat}, {boat, has Bucket},and{boat,leaking, has Bucket},assuminghat
A = {boat,leaking, has Bucket} is the setof abduciblesBut only oneof them,{boat}, is
minimal.

Onacloserlook, we seethatin our first example whenwe saythat{« } is a preferredex-
planationover all the others we do notmeanthecompletesetof literals {«, —b}, is preferred
over all theothers.While we wanta to be partof theexplanationwe don't necessarilyvant
—b becausave do not wantto apply negationasfailure on abducibleswhich areassump-
tionsonecanmakeoneway or the other Whatwe wantis for theset{a } itself to bethe best
explanationfor q.

Onewayto justify thisis thatall possiblewaysof completingthis setinto acompleteset
of literals, {a, =b} and{a, b}, turn out to correspondo all the abductie explanationsof ¢
accordingto KakasandMancarellas definition. The samekind of justificationturnsout to
work for our secondxampleaswell: thereasorthat{boat } is nota preferredexplanationis
that while its completionaccordingto negation-as-failure{boat, ~leaking, ~has Bucket }
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is anexplanation,someof its othercompletionsfor example{boat, lecaking, —has Bucket}
is notanexplanation.Thissimpleobsenationthatfor asetof literalsto beanexplanation all
of its possibleextensionamustalsobeanexplanationwill bethebasisfor our new definition
of abductionin logic programminggivenin Section3.

With a new definition of abductve explanationsin hands,we next addresgshe compu-
tational problemof how to generateheseexplanations. To simplify our presentationjn
Section4, we shall considerfirst the specialcasewhenthe setof abducibless empty In
this case,abductionbecomegjuery answering. Briefly speakinggivena logic program,
we introducea rewrite systemconsistingof its Clark completionasrewrite rulesfor literal
rewriting, andformulatransformationsssimplificationrules,alongwith two loop rulesto
handleloops. It turnsoutthatrewriting by a rewrite systemof this kind alwaysterminatesat
auniqueformula,independendf arny orderof rewriting. In theliteratureof rewrite systems
(see,e.q.,[5, 13]), this latter propertyis calledthe confluenceproperty and confluentand
terminatingsystemsarecalledcanonicakystemsA canonicakystemguaranteethetermi-
nationatauniqueexpressionndependenof theorderof rewriting. It is interestingo remark
herethatwe couldimplementa form of nonmonotoniaeasonindy a rewriting systemthe
two areasof researctihathadlittle connectionpreviously. We shawv thattheserewrite sys-
temsaresoundandcompleteunderthe partial stablemodelsemanticsin the sensehatfor
ary query if it is writteninto 7'rue, thentheremustbe a partial stablemodelcontainingthis
query andif it iswritteninto False, thentherecannotbeary partialstablemodelcontaining
it. Sincestablemodelsarespecialcase®f partialstablemodels this meanghatif aqueryis
written into False, therecannotbe ary stablemodelcontainingit. However, if it is written
into T'rue, in generaljt couldstill happerthattheremaynotbeary stablemodelcontaining
it. But our rewrite systemsareof suchnaturethatwhena queryis writteninto 7'rue, there
will be a contet, which is a setof literals, associatedvith the rewriting. To seewhether
therewill be a stablemodelcontainingthis query onethenonly hasto checkwhetherthis
context canbe extendedto a stablemodel,ataskthatis normally mucheasierthanfinding
a stablemodelfrom scratch.Thereis a specialcase however, whenthe given propositional
logic programis finite andso-calledodd-loopfree. For theseprogramspartialstablemodels
coincidewith stablemodels.Thusourrewrite systemsarealsosoundandcompletefor these
programs.

Thenin Section5, we extendthe systemto logic programswith abduciblesandagain
shawv thatit is soundand completeunderthe partial stablemodel semantics. Again this
impliesthatfor ary query if a programis odd-loopfree, the rewriting systemgenerates
setof explanationghat”covers” all possibleexplanationsof the query In thegeneralcase,



the rewriting systemgeneratesn approximationof sucha cover. Section6 comparesour

rewriting systemwith otherabductve procedures.n particular we will seewhy SLDNF-

like proceduregannotbe adoptedn a simpleway for thekind of answersetprogramming
adwocatedn this paper Therewriting systempresentedn this paperhasbeenimplemented
in Prolog. In Section7 we discussan applicationof our systemto reasoningaboutactions
andpresensomeexperimentakesultsusingour Prologimplementation.

Although our technicaldevelopmentis basedon propositionalprogramswe will com-
menton how our rewriting framewvork canbe usedfor classe®f function-freeprogramsor
proving groundgoals.Onesuchclassis the so-calleddomainrestrictedorogramg27]. This
materialis givenin Section4.4.

2 Logic Programming Semantics

Here,we consider(normal) logic programswhich aresetsof rulesof theform
a <+ by,....b,,notcy,...,note,

wherem,n > 0, anda, b; andc¢; areatomsof a underlyingpropositionalanguagel.. Here
anatomwith “not ” in frontis calleda defaultnegation As usual,q is calledtheheadof the
rule andtherestthe bodyof therule. For clarity of presentationwe may placea periodat
theendof arule.

We sometimeswvrite arule of theabove form as

a <+ D,not C

whereD denoteghesetof positive literalsin therule andnot_C' the setof defaultnegations.
GivensuchD andnot_C, we usethenotation,~D = {—¢ | ¢ € D} andC = {¢ | not ¢ €
not_C'}.

We sometimeslsowrite arule asa + B, with B denotingthe body of therule. In this
case for conveniencewe may alsowrite B in aformula, asin the caseof computingthe
Clark completionof aprogramwhichwill thenstandfor theconjunctionof all theliteralsin
B with the defaultnegationnot replacedoy the negationoperator’—" in our propositional
languageWhenno confusionarisestheword/:teral mayreferto aclassiditeral aswell as
adefaultnegation.

In this paper we mainly dealwith threesemantics:ithe completionsemanticq2], the
stablemodelsemantic§10], andthe partial stablemodelsemantic§29]. The stablemodel
semantichasbeengeneralizedo the answersetsemanticg11]. For the classof normal
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logic programswhich is the one consideredn this paper the two terminologiesareinter-
changeable.

Givena propositionalprogram?p, the Clark completionof P, denoted” omp(P), is the
following setof equivalencesfor eachatome¢ € L,

o if ¢ doesnotappearasthe headof ary rulein P, ¢ <» ' € Comp(P) (¥ standsfor
falsity here);

e otherwisegp «» By V...V B, € Comp(P) (with defaultnegationsreplacedy negative
literals), if thereareexactly n rules¢ « B; € P with ¢ asthe head. We write T
(tautology)for B; if B; is empty

We now proceedto definepartial stablemodels,which are originally definedin [29]
under 3-valuedlogic. It is known that they can be definedequialently in a numberof
differentways. Here,we adoptthe definition givenin [37] thatdoesnot rely on 3-valued
logic (whichwill beintroducedbriefly atthe endof this section).

We definesomenotations.Let £ beasetof (classic)literals (or £ maybeaconjunction
of literalsin syntax). £t and £~ denotethe subsetof positive literalsandnegative literals
in £, respectiely, and BN = {not ¢ | =¢ € E}.

Let P beaprogramandé denotea proposition.For ary setS of defaultnegations Jet

Fp(S)={not& | PUS I}

wherel- is the standardpropositionalderivation relationwith eachdefaultnegationnot ¢
beingtreatedasa namedatomnot_¢. It is easyto checkthatthe function thatappliesFp
twice, denotedF2, is monotonic:S; C S, implies F3(S1) C FA(S2).

A setof literals M is apartial stablemodelof P iff it satisfiesF2(MN) = MN, MN C
Fp(MN),and M+ = {¢| PU MY F ¢}, Any atom¢ suchthaté ¢ M and—¢ ¢
M representshat ¢ is undefinedin M. The condition MY C Fp(MYN) is to guarantee
consisteng. For example,with P = {p + notq. ¢ < not p.}, thesetof defaultnegations
S = {not p, not ¢} satisfiesF3(S) = S, butnotS C Fp(S).

Let M be a partial stablemodel. M is called an answerset (or a stable mode) iff
Fp(MN) = MN,

In general,a programmay not have ary answersets. For instance,if P = {p +
not p. ¢ <}, then P hasno answerset,becausehereis no way to assignthe valuestrue
or false to p. However, P hasa partial stablemodel, M = {q}, in which ¢ is true and
p is undefined. This can be seenas follows (notethat MN = 0): Fp(MN) = {notp},
Fp({notp}) = MN, MN C Fp(MN),;andM* = {¢ | PU MN - £},
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As our discussiorsometimesefersto 3-valuedlogic, it is corvenientto introduceit here
briefly. This materailmay be skippedif the readeris not going to readthe proofs of the
soundnesandcompletenestheorems.

In 3-valuedliogic [17], therearethreetruthvalues:true, false, andunde fined, denoted
t, f, andu respectrely. An interpretation/ is a consistensetof literals: for any atom¢ in
theunderlyinglanguagéd., ¢ istruein [ if ¢ € I, ¢ isfalsein I if —¢ € I, and¢ is undefined
otherwise.Theorderof thetruth valuesis definedas:f < u < t. Theconnectve — (aswell
asnot) is definedas: =t = f (nott = f), =f = t (notf = t), and—u = u (notu = u).
Thetruth valueof a conjunctionis definedasthe minimumvalueamongthe truth valuesof
literalsin theconjunctionwhereaghetruth valueof adisjunctionis definedasthemaximum
valueof theliteralsin the disjunction. Thetruth valueof animplication A « B ist if the
truth valueof A is greaterthanor equalto thatof B, otherwiseit is f. Logic equivalences
definedas: A «» Biff (A — B)A (B — A).

We saythata 3-valuedinterpretatior/ satisfiesaformulaif thetruthvalueof theformula
istin I. Thusaprogramrulea < B is satisfiedby a3-valuedinterpretatiory if it is satisfied
asanimplication. A modelof a programis aninterpretationn which all the programrules
aresatisfied. We will use/(()) to denotethe truth valuationof formula ¢ under3-valued
interpretation/. A 3-valuedinterpretation/ reducedo a 2-valuedinterpretationf for every
atome¢ € L, either¢ € I or —=¢ € I. As usual,we usea setof atomsto denotea 2-valued
interpretation.

3 Abduction in Logic Programming Revisited

In this section,we presenta new definition of abductionin logic programmingbasedon
the answersetsemantics.Let P be alogic program,A a setof propositionsstandingfor
abduciblesandq aproposition.In thefollowing, withoutlossof generalitywe shallassume
thatnoneof theabduciblesn A occurin theheadof arulein P.!

In the following, by a hypothesisx we meana consistensetof literals over A, i.e. it
is not the casethat p and —p arebothin o for somep € A. We saythat a hypothesids
completaf for eachatomp € A, eitherp or —p isin «, but notboth. Noticethata complete
hypothesigs really atruth-valueassignmentver the languaged. We saythata hypothesis
a is anextensionof anotherone s if 3 C «, anda completeextensionif it is an extension
thatis complete.

Lf p € A occursin theheadof arule, thenwe canalwaysintroducea new propositionsayp’, addtherule
p < p’ to P, addp’ to A anddeletep from A.



Definition 3.1 A completehypothesisy is saidto be an explanationof ¢ w.r.t. P and A iff
there is an answerset M of P U a*t sud that M containsq andfor any—p € o, p ¢ M,
whee ot is the setof atomsin a.

Definition 3.2 A hypothesiss saidto be an explanationof ¢ iff every completesxtensionof
it is anexplanation.A hypothesisy is saidto bea minimalexplanationif it is anexplanation,
andthere is no otherexplanationa’ sut thata’ C a.

Considerthe logic programP in IntroductionaboutcanCross. The following arethe
completehypotheseshatexplain canCross:

{boat, —leaking, ~hasBucket},
{boat, —-leaking, has Bucket},{boat,leaking, has Bucket}.

Now consider boat, has Bucket }. Clearly every completeextensionof this setis anexpla-
nation,soit is anexplanationaswell. Furthermoreijt is a minimal explanationas noneof
its elementcanbe deletedfor it continueto be anexplanation.Similarly, {boat, ~leaking}
is alsoa minimal explanation.

If we takea hypothesido bethe conjunctionof its elementsthenwe have thatin propo-

sitionallogic,
Vaz\a=z=\a

€S a€Ss a€S3
whereS; is the setof all completehypotheseshat are explanationsof ¢, S; the setof all
explanationsof ¢, and S; the setof all minimal explanationsof ¢q. Thereforethe set of
minimal explanationds a succinctrepresentatioof the setof all explanations.
It is clearfrom our definitionthata completehypothesisy is anexplanationof q iff ot is
anabductve explanationof ¢ accordingto KakasandMancarellas definition. This implies
thatif noneof theabduciblesccurin the headof any clausesn P, then

\/ c(S) = \/ a,

SeS: a€Sy
wheresS; is the setof all abductve explanationof ¢ accordingto Kakasand Mancarellas
definition,cl(S) = SU{-p | p € A,p ¢ S}, andS; is thesetof all minimal explanations
of q.

Soin a sense the set of Kakasand Mancarellas abductve explanationsand that of

our minimal explanationsare equvalent. However, as we have seenabove, the number
of abductve explanationscan be very large. Enumeratinghemall is impossibleeven in
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simple, small domains. In contrast,the numberof minimal explanationsis muchsmaller
More importantly just like explanationsin propositionallogic, they only include“relevant
propositions.

But computationallyit maybe hardto computeminimal explanationdrom scratch.lt is
ofteneasierto computefirst asmall“cover” of all explanations.

Definition 3.3 A setS of hypothesess saidto bea cover of ¢ w.r.t. P and A iff

Vo= Ve

aES aESy

whee S, is the setof minimalexplanationsof q.
Proposition 3.4 If S is a coverof ¢, thenead o € S mustbe an explanationof ¢.

Proof: If o' is acompletionof a, thena’ mustbea completionof a minimal explanationof
g, Somustbe anexplanationof ¢. Soit follows from the definitionthat« is anexplanation.
|

Soa cover is a setof explanationssuchthat any completeexplanationmustbe an ex-
tensionof oneof the explanationsn the cover. Oncewe have a cover, thenwe canfind all
minimal explanationsby propositionakeasoninglone.

To thatend,we first prove thefollowing result:

Proposition 3.5 Let o bea hypothesisandS a coverof q. We havethat o = \/665 B iff a
is an explanationof q.

Proof: Only if case:supposex = \/ ;s 3. This meanghatary completeextensionof o
mustbe anextensionof oneof the explanationan S, soanexplanationof ¢. It followsthen
thata is anexplanation.

If case:if « is anexplanation,and«’ a completeextensionof it. Thenca' is anexplanation.
Soit mustbe anextensionof a minimal explanation.BecauseS is a cover, soa’ mustentail
oneof theexplanationdn S. Thusa' = \/565 B. Sinced’ is anarbitrarycompleteextension
of o, soa mustentail\/ ;s 3 aswell. m

Recallthata conjunctionof literals « is a primeimplicantof aformulay if o = ¢, and
thereis no otherg suchthatg = ¢ andg is asubsebf o, i.e. « is aminimal conjunctionof
literalsthatentailsy.

Fromthelastpropositionwe immediatelyhave the following:
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Proposition 3.6 LetS bea coverof g. Thena hypothesiss a minimalexplanationof ¢ iff it
is a primeimplicantof \/ s a.

4 Goal Rewrite Systems

Having definedthe notionof abductie explanationsandcoversof aquery we now consider
thecomputationaproblemof how to actuallygeneratehem.To this end,we shallformulate
agoal-orientegroof procedurédbasecn confluentandterminatingrewriting, andshaw that
the procedurdas soundandcompleteunderthe partial stablemodelsemantics.To simplify
our presentationywe shallconsiderfirst the casewherethereareno abducibles.

Theideaof goalrewriting is simple. Givena programP, a completeddefinition ¢ «+»
Bi V...V B, € Comp(P) canbeusedasa rewrite rule from left to right: ¢ is rewrittento
B Vv...VB,,and—¢to—-B; A...A—B,. Wecall thesditeral rewriting, andthecompleted
definitionsprogram (rewrite) rules

In generala goal (formula)is justa formulain our propositionalanguage. However,
in the following, all goalsare assumedo be signed which meansthat in theseformulas,
negation occursonly in front of atomg. As we shall see,this restrictionis necessaryn
the rewrite rulesthatwe have for handlingloops. It is easyto seethatwe do not loseary
generalitywith thisrestrictionasary goalcanbeequialentlytransformednto asignedgoal
usingthefollowing rewrite rules:for ary formulas® and V¥,

=0 - P
=(dVU)— -0 AT
(PAY) = -0V U

Notethat, sincewe aredealingwith partial stablemodels,3-valuedlogic asintroduced
in Section2 will sene astheunderlyinglogic in goalrewrite systemsFor example,it canbe
verified easilythatthe two sidesof eachrule above arelogically equivalentunder3-valued
logic.

In additionto programrulesfrom C'omp(P) for literal rewriting, we alsohave the fol-
lowing two typesof rewrite rules:

¢ simplificationrulesto transformandsimplify goals,and

¢ looprulesfor handlingloops.

2Thenotionof signedgoalswasintroducedn [19] for asimilar purpose.
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We introducethesetwo typesof rulesin the next two subsectionspllowing which goal
rewrite systemsaredefinedandtheir propertiesnvestigated.

4.1 Simplification rules

The simplification subsystems formulatedwith a mechanismof loop handlingin mind,

which requireskeepingtrackof literal sequencesy, ..., g, thathave beenchoserfor rewrit-

ing, i.e. eachg;, 0 < 7 < n, isin the goal formula resultedfrom rewriting ¢;_;. These
sequencearewhatwe calledrewrite chainsbelown, andare checkedor loops. In addition
to rewrite chains,we alsoneedto keeptrack of the context whena literal is writteninto 7'

(tautology). This is necessaryn orderto maintainthe consisteng of a derivation: For a
conjunctionto be provable,not only eachconjunctneedsto be proved, the contets under
which theseconjunctsare proved needto be consistent. Thesetwo notionsare centralin

formulatingour goalrewrite systemsandaredefinedasfollows:

¢ Renrite Chain: Supposea literal [ is written by its definition ¢ «+» ® wherel = ¢
or !/ = —¢. Then,eachliteral I’ in ® is generatedn orderto prove [. This ancestor
descendantelationis denotedby / < I’. A sequencé, < ... < [, isthencalleda
rewrite chain, abbreviatedas/; <* [,. Noticethatit is essentiaherethat® bein the
form of assignedgoal,andthatwhen—p is in ®, we havethat/ < —p butnot/ < p.

e Contet: A rewrite chaing = g0 < g1 < ... < g, = T recordsa setof literals
C = {90, ..., go—1} for proving g. We will write 7'({ g, -.., g.—1 }) andcall C' a context.

For simplicity, we assumehatwheneer — F' is generatedt is automaticallyreplaced
by T'(C), where(C' is the setof literals on the correspondingewrite chain,and—7' is
automaticallyreplacedoy F.

Notethatfor everyliteral in ary derivedgoal,therewrite chainleadingto it from aliteral
in the given goalis uniquely determined.As an example,supposene have the following
equialences{a <> —b A —¢, b + gV —p}. We thenhave arewrite sequence

a——bA-c— —gApA-c.
For thethreeliteralsin thelastgoal,we have thefollowing rewrite chainsfrom a:
a~<-b<-q, a<-b<p a=<-c

A rewrite chainshouldnot be confusedwith a rewrite sequenceThe former describes
adependengrelationshipbetweerliteralsfor bookkeepingpurposesvhereaghe latteris a
sequencef rewrite stepsbetweergoalformulas.
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Simplification Rules:

Let ®,’sbeary goalformulas,C' acontet, and/ aliteral.

SR1.FV® — &

SR oV F - &

SR2. FA® — F

SR2. OANF — F

SR3.T(Cy) ANT(Cy) — T(CyUCy) if Cy UCy s consistent
SR4. T(Cy)) NT(Cy) — Fif Cy U Cyisinconsistent
SRE.T(C)YANl— F if-leC

SRE.IANT(C)— F if-leC

SR6. &y A (B V B3) — (By A By) V (B A )

SR6'. ((I)l \% (I)Q) APz — ((I)l A (I)g) V ((I)Q A (I)g) O

The simplificationsystemis a nondeterministi¢ransformatiorsystem.The primedver-
sionof aruleis its symmetriccase.RulesSR1,SR1’, SR2,SR2’, SR6,andSR6’ areabout
thelogicalequialencebetweerthetwo sidesof arule (in 2-valuedaswell as3-valuedlogic).
SR3memestwo contexts if they are consistentptherwiseSR4 makesit a failure to prove.
SR5andSR5’ preventgeneratinganinconsistentontext beforeliteral / is evenproved.

It canbe seenintuitively thatthe effect of SR5and SR5’ is similar to thatof SR4. In
a sequentialmplementationjf no inconsistentiterals are ever allowed by SR50r SR5’ in
individual stepsthe conditionfor SR4is never met,renderingSR4redundantOn the other
hand,SR4aloneis sufficientto safeguardthe consisteng of generateadontexts, andit is not
restrictedto a sequentialmplementation.Theserulesrepresentlifferentwaysto guarantee
consisteng providing flexibility for implementation.

Notethat,in generalthe proof-theoretianeaningof agoalformulamaynotbethesame
asthelogical meaningof theformula. For example,thegoalformulaa vV —a (atautologyin
classiclogic) couldwell leadto an F' if neithera nor —a canbe proved.

For goalrewriting thatdoesnotinvolve loops,the systemdescribedsofar is sufficient.
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Example4.1 Let P be
g < nota.

a ¢ notbh,notc. a + b,notd.
b+ q. b < not p.
ThenComp(P) is:
g -a, a< (7bA-¢c)V (bA—=d), b gV p,
g F, pe F, deoF, ¢ F

Therewrite sequencéelowis generatedby focusingon the beginning part of a goal.

g — —a
— (bVe)A(=bV d)
— (qV=pVe)A(=bVd)

— (FV-pVe)A(=bVd)

— (7pVe)A(=bVd)

— (T(C)Ve)A(=bVvd) wheeC = {g,—a,b,—p}

= (T(C)N(=bVd))V (cA(=bVd))

= (T(C)A=b) V(T(C)Nd) V (c A (-bV d)) %apply SR5
— FV(T(C)Nd)V (cA(=bV d))

= (T(CYANd)V (e A (b V d))

) A
— (T(C)AF)V (¢ A(=bV d))
— FV(cA(-bVd))
—cA(-bVd)
— FA(—bV d)
— F

4.2 Loop rules

After aliteral [ is rewritten, it is possiblethatat somelater stageeither/ or —/ appearsagain
in agoalonthe samerewrite chain.Thus,aloopis arewrite chain{/,, ..., [, } wherel, = {,,,
[, = —l;,orly = —l,. A loop analysisinvolvesclassifyingall the casesof loops, andfor
eachone,determiningthe outcomeof a rewrite accordingto the underlyingsemantics.

To understandhe effectof loop rules,it is convenientto constructadependencgraphof
aprogram:for eachrule a « by, ..., b,,, not ¢y, ..., not ¢,, in the program thereis a positive
edgefrom « to eachb;, 1 <: < m, andanegatve edgefrom a to eache;, 1 < 5 < n.

For theproblemathand,thereareonly four case®f loops.Whenl, = =/, (orl, = —1[;),
the sign haschangedirom the beginning of the loop to the end. This loop yields a path
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from !/, to/; (orfrom/, tol,) in theprogramsdependencgraphthathasanodd numberof
negative edges.Sowe shallcall themoddloops. Oddloopsmustfail asonecannotprove a
propositionby assumingts complement.

When/, = [, eithereveryl;, 1 < i < n, hasthe samesignasthoseof /; and/,,, or not.
Whenall /; have the samesign, this signis eitherpositive or negative. They areidentified
astwo differentcasederesincethey mustbetreateddifferentlyaccordingo the semantics.
Otherwisethereis atleastonel;, 1 < : < n, whosesigndiffersfrom thoseof /; and/,,. In
this case,from the programs dependenggraph,aloop is formedthathasan evennumber
of nggative edgesln answersetprogramminggvenloopsareoftenusedasa mechanismo
generatalternatve candidateanswersets.

Definition 4.2 LetS = [, <% [,, bea rewrite chain.

e If =l =1,0rl, =-l,,thenS is calledan oddloop.
e If [, =1,, then

— Siscalledapositiveloopif /; and/, arebothatomsandead literal onl, <* [,
is alsoan atom;

— Sis calledanegative loop if /; and/, are bothnegativeliterals andead literal
onl/, <* [, is alsonegative;

— Otherwise,S is calledanevenloop.
In all thecasesabove/,, is calledaloop literal.

It turnsoutthatwe only needtwo rewrite rulesto handleall four cases.

Loop Rules: Letg, <* g, bearewrite chain.

LR1. g, — F
if g; <* g,, for somel < i < n, is apositive loop or anoddloop.

LR2. g, = T({g1, - u})
if g; <* g,, for somel < i < n, is anegative loop or anevenloop. O

Apparently aloop literal shouldalwaysbe rewritten by a loop rule. Our definitionof a
rewrite sequencéelon will ensurethatfor eachloop literal, thereis exactly oneloop rule
thatcanbeappliedto it.
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Example4.3 P, = {b < notc. ¢ « c.}. Below b is proveddueto a nggativeloop, andthe
prooffor —b is failed dueto a positiveloop:

b— —c— —c— T({b,—c})
-b—c—ec— F

P, = {d < nota. a < notb. b < nota.}. Bothd and—d are proved,dueto an even
loopin eithercase:
d— —a—b— -a—T{d, —a,b})
-d—a— -b—a—T({~d a, -b})

Ps = {a < notb. b <+ notb.}. Neithera nor —a is proveddueto an oddloop:

a——b—=>b—-F
-a—=b—=-b—=F

4.3 Goal rewrite systemsand their properties

In this subsectionywe showv that the goal rewrite systemsdefinedabove are confluentand
terminating,andthey aresoundandcompleteunderthe partial stablemodelsemantics.

Considerapropositionalanguagd. thatconsistof a(finite or infinite) numberof propo-
sitions andtheir negative counterpartsall of which have beencalledliterals, and special
symbols/' and7'(C') for eachconsistensetof literals C'. ProgramsP in the languageand
theircompletions” omp( P) aredefinedasusual with the exceptionthatary 7" appearingn
Comp(P) isreplacedoy 7'(}). Thesetof goals Q;, consistf formulasconstructednduc-
tively from literals and specialsymbolsby v andA. An initial goal, or givengoal, is one
without specialsymbols.

A rewrite sequencés asequencef zeroor morerewrite steps), — ... — @y, denoted
Qo —* Q, suchthat@, is aninitial goal,andfor each0 < : < k, ()4 is obtainedrom Q);

by
e literal rewriting atanon-loopliteral in );, or
¢ applyingasimplificationruleto Q; or asubformulan @;, or
¢ applyingaloopruleto aloopliteralin Q;.

Noticethatsinceliteral rewriting is doneonly on non-loopliterals,oncealoopis formed
duringarewriting processit hasto be eliminatedby alooprule. Soit is not possibleto have
arewrite chainthatcontainsmorethanoneloopin ary rewrite sequence.
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Withoutlossof generalitywe oftenassumehataninitial goalis justaliteral. In addition,
we maycall asubsequencg,; —* @, arewrite sequencén the understandinghatit is part
of somerewrite sequenceé), —* Q; —* Q) from aninitial goal Q.

Definition 4.4 A goal rewrite systemis a triple (Q;, Rp, —), whee Qy, is the setof all
goals, Rp is a setof rewrite rules which consistsof program rules from Comp(P), the
simplificationrulesandtheloop rules,and — is thesetof all rewrite sequences.

Goalrewrite systemarelike termrewriting systemg5] everywheresxceptatterminating
steps:aterminatingstepat a subgoaimaydependon the history of rewriting.

A setof rewrite sequencedefinesa binaryrelation,say R, on the setof goalformulas:
R(Q, Q") iff @ —* Q'. Hencea setof rewrite sequencesorrespondso a binaryrelation.

Two desirablepropertiesof rewrite systemsarethe propertiesof terminationandconflu-
ence.Rewrite systemdhat possesbothof thesepropertiesarecalledcanonicakystems A
canonicalkystemguaranteethatthefinal resultof rewriting from ary givengoalis unique,
independenodf ary orderof rewriting.

Definition 4.5 A goal rewrite system Q;,, Rp, —) is terminatingiff there existsno endless
rewrite sequenceé); — 2 — Qs — ...... in —.

Definition 4.6 Givena goal rewrite systema goal is called a normalform if it cannotbe
rewritten by anyrewrite rule.

Sincethe simplification systemis terminatingand literal rewriting only generatesion-
repeatedewrite chains,it is clearthata goal rewrite systemis terminatingwhenthe given
programis finite. Becausery literal hasa programrule in C'omp(P), noliteral will appear
in ary normalform. Furthermoreasthe simplificationsystemtransformsa goal eventually
to a disjunctive normalform (by SR6andSR6’), goal rewriting alwaysterminatesat either
F,orT(Cy)Vv...vT(Cy,) forsomem > 1. Thelatterindicatesoneor morewaysby which
thegivengoalis proved. We thereforehave

Proposition4.7 Let(Qy, Rp, —) beagoal rewrite systemlf P is finite theneveryrewrite
sequencen — is finite. Further for any rewrite sequence), —* Q, if Q; is a normal
form,theneither@, = ForQ, =T(Cy)V ...V T(C,,), forsomem > 1.

Theconfluencepropertyis lessobvious.

Definition 4.8 A goalrewrite system Qy,, Rp, —) is confluentff for anyrewrite sequences
t; —* ty andt; —* 13, there existty, € Q, andrewrite sequences, —* t, andiz —* 4.
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Theorem 4.9 Anygoal rewrite system Q;,, Rp, —) with afinite P is confluent.

Sincethe techniquedn proving this theoremare of little relevanceto the restof this
paperwe postpondhe proofto Appendix.
Thenext theoremstateghe soundnesandcompletenessf goalrewrite systems.

Theorem4.10 Let P bea finite programand(Q,, Rp, —) a goal rewrite system.

Soundness: For anyliteral ¢ andanyrewrite sequence —* 7'(Cy) vV ...V T(C,,), there
existsa partial stablemodelM; of P, for eath i € [1..m], sudrthatg € C; C M,.

Completeness: For any literal ¢ true in a partial stablemodel M of P, ther existsa
rewrite sequence —* T'(Cy) V...V T(C,,) sud thatther exists: € [1..m], g € C; C M.

Intuitively, the soundnessaysthatwheneer a literal ¢ is proved, thereexists a partial
stablemodel containingg, andthe completenessaysthatif ¢ is truein one partial stable
model,thentherealwaysexists a demonstratingproof. Notice that sincestablemodelsare
a specialcaseof partial stablemodels,this meansthatif ¢ is true in somestablemodel,
thenthereis a proof of it in therewrite system.However, the cornverseis nottruein general
becausstablemodelis aglobalnotionandour rewrite systemonly checkdocal consisteny.
We shallhave moreto sayaboutthis afterwe generalizéhetheoremto includeabducibles.

Beforewe prove the theorem Jet’s discussthe relationshipbetweengoal rewriting and
derivability. Givena programP anda setof defaultnggationsA, P U A is viewed asa
positive program.By a derivation of anatom¢ usingprogram?, we meanthe usualleast
fixpoint constructionof P U A. In thefollowing discussion,P refersto somefixed, finite
program,and (Qr,, Rp, —) is the goal rewrite systemw.r.t. P. A and A’ denotesetsof
defaultnggations.

We considerrewriting without usingloop rules,in which casdoop literalsarejustleft as
terminatingnodes.Any generated’((') is viewedasa conjunctionof theliteralsin C'. Goal
rewriting in this casepresereslogical equivalenceunder2-valuedaswell as3-valuedlogic
— ary generatecquivalenceogically follows from Comp(P). For this reasonwe arefree
to use<«» to expressarewrite sequencgenerateavithout usingloop rules.

Supposeherearen rulesin P with atoma asthehead:a + B;,not_C;,: € [1..n] (recall
that B; denoteshesetof positive literalsin thebodyandnot_C'; thesetof defaultnegations).
Thecompletionof « is then:

a5 (BuA=C)V ..V (By A =C)
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The disjunctive normalform (DNF) at the right handside of «» describesall the possible
waysto derive a usingprogrampP. For negative literal —a, we have

—a < ("Bi1VC)ANLA(B,VC,) ¥ V..V,

whereeachV¥; is a conjunctionof n literals/; A ... A [, wherel; is takenfrom (=B, Vv C;).
By the confluenceproperty sucha DNF canalwaysbe obtainedby repeatedhapplyingthe
distribution rulesSR6and SR6’. Intuitively, sucha DNF expresseghat ary possibility of
deriving a using P is blodkedif we candemonstrate derivation of eachpositive literal in
VU ;, andshaow thatit is impossibleto derive [ for ary negative literal =/ in ¥;. In addition,
we mustensurethe consisteng of ;. Withoutit, blockingin thesenseabove is ineffective,
e.g.,for theprogram{p < ¢. p «+ notgq.}.

Sinceary literal [ canbe expressecequivalentlyby aDNF, [ «+» ¥, V ...V ¥, in the
following, we saythat!/ is definedby ¥, v ... v ¥, (or, ¥; Vv ... V ¥, is thedefinitionof /).

Becausef theterminationandconfluencepropertiesgoal rewriting canbe carriedout
in ary order Here,we considera particularorderof rewriting underwhich the semantical
implicationsareeasierto understand:

Repeatedlyperforma literal rewriting andthentransformthe dervedgoalto a
DNF.

Any T'(C') in sucha DNF is viewed asa conjunctionof theliteralsin C'. As anillustration,
supposenve have g «» ¥, Vv ... V ¥,,. Without lossof generality supposehe next literal
rewriting takesplaceat/; of ¥, = /; A ... A [,. Letthedefinitionof /; be®; v ... v &,. We
thengetthenext DNF

Vi V.vy,
S (21 V. VO)A N i)V Y2 V. VT,
S (P A N L) Vo V(P A Nigpp g 1) VU2 VLV T,

Goalrewriting in this fashionterminatesat a DNF whereevery literal thereinis a loop
literal (afterremaoving ary disjunctthatcontainsan /). To completethe processwe only
needto apply loop rules, dealwith conjunctive contexts accordingto simplificationrules
SR3andSR4,andremove ary conjunctionthatcontainsan F' accordingto rulesSR1-2and
SR1’-2'. Let uscall sucha DNF apre-normalform. Clearly, a pre-normaform is unique.

Along with rewrite chains,a DNF representsi.collectionof derivationtrees

Definition 4.11 Let g bea literal, andg < ¥, Vv ... V ¥,, bea rewrite sequencéwithout
usingloop rules) whee eat V;, : € [1..m], is a conjunctionof literalsand 7'(C')’s. The
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Figurel: Derivationtrees

derivationtree (d-treefor abbreviation) of ¥; is a treewith ¢ astheroot node,and literals
and7'(C)'sin ¥, astheleafnodeswhee [’ is a child nodeof [ iff [ < I, or ' = T'(C') and
[ —=T(C).

In aderivationtree,eachbranchfrom ¢ to aleafnodel correspondso the rewrite chain
of /. It's called a derivationtree becausehe relation betweena positive nodep andthe
collectionof its child nodes® correspondso aderivationof p, i.e., P U ®* U ®N  p. This
derivationrelationis transitve over positive literals. For a negative literal —p, the collection
of its child nodesd’ expresse®lockingof thederivationof p.

Notethataderivationtreeof ¥, is unique,up to re-orderingof child nodes.

Example 4.12 Considerthefollowing program:

g < d,notec. b+ b.
c4<—notg,note. e < e.
¢+ b d.

Thepre-normalformfromg is genentedas:
g (T{g.d}) NgN=b)V (T({g,d}) A e —b).

Figure 1 depictsthe two derivationtreesof ¢, onefor ead conjunctionin the pre-normal
form. For instancethederivationtreeat theleft hastwo loop literals, oneof which is onan
evenloop andthe otheron a negativeloop. After applyingtheloop rules,thetreeat theleft
produces’'({g, d, ~c, —b}), wheeasthe oneat theright genertesan F', dueto a positive
loop.

In thefollowing,letg <> ¥y V...V V¥,, =*T(Dy)V..VT(Ds)where¥, v..VV¥, isa
pre-normaform. EachV¥,, j € [1..m], is reduceceitherto an ', orto a7'( D;) if eachloop
literal in ¥; is eitheron a negative loop or on anevenloop, andthe unionof all conjunctve
contetsis consistentClearly, sincesome¥; mayhavereducedo an /', wehave s < m. By
theassumptiorof theabove rewrite sequenceye know s > 1. Now supposel; —* T'(D;).
We thenhave thefollowing two lemmas.
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Lemma4.13 For eadh: € [1..s], DN C Fp(DN), PUDN+ Df,and P U Fp(DN) - D}.

Proof: Assumenot ¢ € DXN. SinceD; is consistent U DN I/ ¢, hencenot ¢ € Fp(DN),
and DY C Fp(DYN). It is clearthatfor ary positive literal p in D}, P U DN + p, as,in
the derivationtreeof ¥, every rewrite chain(branch)from p eitherendsata 7'(C') where
C C D, oris supportedoy a negative literal —¢ for whichnot ¢ € DN, i.e.,p <t =€, It
thenfollows from DN C Fp(DN) thatP U Fp(DY) F p, for ary positiveliteral p. m

Lemma4.14 For ead: € [1..s], DN C FA(DN).

Proof: Supposeherearen rulesin P with atoma asthehead:a + B;,not_C;, 1 € [1..n].
Forary nota € DN, toshav nota € FA(DY), weneedto shav P U Fp(DN) t/ a.

Forary A suchthat P U A F a, considerary minimal A’ C A suchthatP U A" F a. A’
beingminimal meanghat P U (A’ — {not ¢}) I/ a, for ary not £ € A’. Thus,eachof such
A’ correspondso a particularderivationof a. Ourgoalis to shawv thatfor eachof suchA’,
thereis atleastonedefaultnegationnot £ € A’ whichis neededor thederivationof « butis
notin Fp(DN).

It is clearthat A’ # (), asotherwiseP I a, andthusthereexists a rewrite chain,—a <*
F,in thed-treeof ¥, contradictingtheassumptionthatW,; —* 7'(D;).

Then, thereis a dervation of « via somerule with « asthe headrelying on A’, say
a < By, not_C;, suchthat A’ = not_C'; U A” for someminimal A” satisfyingP UA"” + By.
That A’ is non-emptyimplies eithernot _C';, is non-emptyor A” is non-empty Let the defi-
nition of —a bell, v ... VI, whereeachll, is of theform /; A ... Al,,, andfor eachi € [1..n],
[; € =B; orl; € C;. Considetthekth rule abore with « asthehead.If I, € C}, [, is positive
and—a < [ isin thed-treeof ¥,. Otherwise/; is negative, sayl, = —b, andl; € —By.
In thiscase,~a < —b isin thed-treeof V. By repeatinghe sameargumentfor -6, andso
on, sincethe d-treeof U, is finite, thereareonly two possibilities: every literal [ suchthat
—-b <t [is negative, or thereexistsa positive literal £ suchthat—b <* £. Clearly, theformer
casemplies P U A’ I/ b. Thisis acontradictionto P U A’ = By, whereb € By. Otherwise,
thereexistsapositive literal ¢ suchthat—a <* £. FromLemma4.13,weknow PU DN + ¢,
hencenot ¢ ¢ Fp(DY). Sincefor eachminimal A’ suchthat P U A’ + «, thereis at least
onenot ¢ € A’ thatis neededor the particularderivation of « but is notin Fr(DY), we
concludeP U Fp(DXN) I/ a. This completeghe proof. m

We arenow readyto prove thesoundness.
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Proof of Soundness:

Supposey —* T(Dy) V ...V T(Dy). We shawv that, for each: € [1..k], D; canbe
extendedto a partial stablemodel. We know DN C Fp(DN) (Lemma4.13),and DN C
FA(DN) (Lemma4.14). We alsoknow that /2 is monotonicand Fr is anti-monotonid(.e.
S1 C Sy implies Fp(S1) O Fp(S,)). We thereforehave thefollowing two sequences

DN C F3(DN) C FA(DY) ......
Fp(DY) 2 FR(DY) 2 FR(DY) ...

suchthat F(DN) C FEFY(DN), for ary evennumberk > 0, and F(DN) C FLH(DN),
for ary oddnumber; > 1. BecauseP is finite, we canrestrictthe function F» to thefinite
domainconsistingof atomsappearingn P (ary otheratomin the underlyinglanguages
falsein ary partial stablemodel). Thus,thetwo sequenceabove corverge at F2( DY), for
someevennumbern > 0, suchthat F5(DN) = Fpt*(DN), FETY(DN) = FE?(DN), and
Fr(DN) C FET'(DN). By definition, the 3-valuedinterpretationV thatcorrespondso the
fixpoint F£(DN), namelyM~ = {=¢ | not¢ € FE(DN)} andM+ = {¢ | PU FE(DN) I
¢}, is apartialstablemodelof P. m

We needthe following lemmafor the proof of completeness.
Lemma 4.15 A partial stablemodelM of a program P is a 3-valuedmodelof C'omp(P).

Proof: For ary atoma definedby a < Body;, i € [1..m], weshav M satisfiests comple-
tion: a <+ Body, V...V Body,,. Thiscanbeprovedby consideringall threecasesM (a) = t,
M(a) = f, and M (a) = u. Thefirst two casesarestraightforward.For the lastcase since
M isamodelof P, we know M (Body;) # t, for ary «. We shav M (Body;) = u, for some
i. Now assumeV (Body;) = f for all :. We show thatthis leadsto a contradiction.Under
this assumptionthereis ¢ € Body; suchthat M(¢) = f, for each:. ¢ is eitheranatom
or a defaultnegation. Supposep is anatom. Thenthat M(¢) = f impliesnot ¢ € MN.
SinceM is apartialstablemodelof P, we have MN = FZ(M™N) hencenot ¢ € FA(MN).
By the definition of /', we have P U Fp(MN) I/ ¢. If ¢ is adefaultnegationnot g, then
M(q) = t henceP U MN + 4. As apartial stablemodel, M satisfiesM™ C Fp(MN).
Thus,P U Fp(MN) I q. In eithercasewe have P U Fp(MN) I/ a hencenota € FA(MN),
i.e.,nota € MN and—-a € M. Thiscontradictsheassumptiothat M (a¢) = u. m

Proof of Completeness:
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Assumeg € M for somepartial stablemodel M. By Lemma4.15, M is a 3-valued
modelof C'omp(P). Due to the confluenceandterminationpropertiesary literal canbe
reducedo a pre-normaform suchthattheequialencey «++ ¥, v ... V ¥,, logically follows
from Comp(P). Below, RC(V;) denoteghe setof literals appearingon the rewrite chains
of theliteralsin ¥; (andis viewed asa conjunctionwhenappropriate).It follows from the
transitvity of « thatthefollowing areequivalent:

e M satisfiesy;
e M satisfiesRC(¥,) V...V RC(V,,);
e M satisfiessomeconsistent?C' (W) (ary inconsistent?C (V) canberemoved);

o M satisfiesomeRC'(V;) for which ¥; is odd-loopfree(ary ¥; onanoddloopimplies
RC(W¥;) isinconsistent).

Now supposel,V...vV¥,, —* T(Dy)V...vT(D,.). Then,M satisfiesD,V...v D, VU
wherel is the disjunctionof thoseV; thatareconsisten{i.e.,eachRC(V,) is consistent)
but onapositive loop. We aredoneif M satisfiesD, V...V D,,.. AssumeM doesnotsatisfy
Dy V..V D,.,. ThenM only satisfiesd/. Considerary ¢ in U thatis satisfiedoy M. For
ary loop literal ¢ in @, since¢ is on a positive loop, we know P U RC(®)N / £. As M
satisfiesp, we have RC(®) C M, hencet € M andP U MN  ¢. It followsthereexistsa
A suchthatA U RC(®)N € MN andP U A + £. Thatis, ¢ canbe reducedconsistently
with M, usinganalternatve rule with ¢ asthehead.Fromthedefinitionof £, we know that
no possibilityof deriving ¢ is missed.As eachloopliteral in @ canbe extendedhis way, we
canreplacethederivationsfrom (thefirst occurrencesf) suchloop literalsby thesealterna-
tives. Let ' be the conjunctionwhosed-treeis that of & exceptthe derivationsfrom such
literalsareremoved. Then,thereexists a rewrite sequenc&’ —* ¥’ suchthat ¥’ is in the
pre-normaform andnot on apositive loop,and RC'(¥’) is consistentlueto RC (V') C M.
Thus, V" —* T'(C') whereC' = RC(U'). Therefore,I'(C') mustbeoneof theT'(D;). This
contradictgheassumptiorthat M doesnotsatisfyD, v ...V D,,.. Wearedone.m

A partial stablemodel M is maximalif thereis no otherpartial stablemodel M’ such
that M C M’. Maximal partial stablemodelsminimize the undefined.A stablemodelis
clearlyamaximalpartialstablemodelthathasno undefined Maximal partial stablemodels
arealsoknown asregular modelsandpreferred extensiong6, 31, 37]. Clearly, ary literal g
is truein apartialstablemodelif andonly if ¢ is truein amaximalpartialstablemodel. We
thereforehave
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Corollary 4.16 Goal rewrite systemsre soundand completew.r.t. the regular modelse-
mantics.

4.4 Rewriting with non-ground programs

Therewriting framework introducecdhereis definedfor groundprogramslt however canbe
appliedto function-freeprogramsfor proving groundgoals. In abduction,obsenationsare
usuallyformulatedasgroundgoals.Theideais thatif every derivedgoalis ground,thenall
the mechanismgivenin this paperbecomeapplicableby addingan unificationalgorithm
(in fact, a simpleinstantiationprocesss sufficient). Obviously, if for everyrule in thegiven
programa variablethatappearsn thebodyalsoappearsn theheadthena groundgoalwill

berewritten to anothergroundgoal.

One classof programsthat can easily satisfy this propertyis the so-calleddomainre-
strictedprograms[27]. Theideaof domainrestrictionis thatif every variablethatappears
in arule appearsn a positive body literal of the rule, anddraws its valuefrom a finite do-
main,thentheinstantiationof therule canberestrictedto thesedomainvalues.Theinterest
in [27] is to instantiatea function-freeprogramto a possiblysmallergroundprogramwhile
preservinghestablemodelsemanticsFor our purposeof non-groundewriting over ground
goals,arule canbeinstantiatecbnly on domainpredicatedor variablesthat do not appear
in thehead.For example,to describehereachabilityfrom anodes in agraphwe maywrite

reached(U) < arc(s,U).
reached(U) < arc(V,U), reached(V).

alongwith somefactsaboutthe predicatearc(.X, Y'), which canbe considereda domain
predicate.Sincein the secondrule the variableV appearsnly in the body, we instantiate
theruleto

reached(U) < arc(a;,U),reached(a;).

for eachnodeq; suchthatarc(a;, U) is truefor somel/. Supposeherearen suchnodes
ay, ..., a,. Then,thecompletionof thepredicate-cached is:

reached(X)
arc(s, X) V [arc(ar, X) A reached(ay)] V ... V [arc(an, X) A reached(ay)].

Thus, a groundgoal, say reached(t) (to prove that¢ canbe reachedfrom s), is always
rewrittento anothergroundgoal.
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5 Rewrite Systemsfor Abduction

The rewriting framework thatwe definedin the precedingsectioncanbe extendedfor ab-
ductionin a straightforwardway: the only differencein the extendedframework is thatwe
do not apply the Clark completionto abducibles.Thatis, oncean abducibleappearsn a
goal,it will remainthereunlesst is eliminatedby the simplificationrule S k2 or S R2'.

As anabduciblemayappeaiin a goalpositively or negatively, we needa terminologyto
referto bothof them:anabducibleliteral is eitheranabducibles or its negative counterpart
—¢. Justlike arewrite to 7" is writtenas7'(C'), whereC' is theunderlyingrewrite chain(cf.
Sectiond.1),arewrite to anabduciblditeral / will bewrittenas/(C') whereC' is therewrite
chainleadingto, andincluding/. Thuswhenwe write [(('), it is understoodhatC' always
containg..

In the following we shalldenoteby (Q;, Rp, A, —) therewrite systemobtainedby the
logic programP andthe set A of abducibles. Theserewrite systemsare both soundand
completewith respecto the partial stablemodelssemantics.

Theorem5.1 Let P be a finite program, A a setof abducibles,and (Q;, Rp, A, —) the
goal rewrite systenwith respecto P and A.

Soundness: For anyliteral ¢ andanyrewrite sequence
g—="GVIL(CI)N- NE(Cr VG,

whee ead /; is eitheran abducibleliteral or 7', if C; U --- U (} is consistentthenthere
existsa partial stablemodelM of P U {/;, ..., l;} sudthatg € {J,,;, C: € M.

Completeness: For anysetof atomsS C A, andanyliteral g in a partial stablemodelM
of P U S, there existsa rewrite sequence

g—="GVILH(CI)N- NE(CR VG,
suhthatg € |J,;, C; € M.

Proof: Sincenoneof theabduciblesappeaiin the headof ary programrule, the statements
hereaboutsoundnesandcompletenesllow directly from thoseof Theoren4.10.m

We have againstatedour resultsin termsof the partialstablemodelsemanticsAgainthe
reasornthatour rewriting systemmay not be soundunderthe stablemodelsemanticss that
stablemodelscheckfor globalconsistenyg, but our systemchecksonly localones.Thereare
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severalwaysto maketherewriting systemalsosoundandcompleteor stablemodels.When
aconjunctionof abducibles
LCOH) N ANp(C)

is generatedpnecancheckif C' = | U --- U C} is consistenandcomplete.If it is, then
{li,...,1x} is anexplanation. If it is consistenbut not complete thenwe caneithercall a
stablemodelgeneratoto seeif C' canbe extendedto a stablemodelor we canchoosean
atomp suchthat neitherit nor its negationis in ', and continuethe rewriting with either
p(C') or =p(C), until acompletecontext is obtained.

Thereis howeveranimportantspeciaklassof logic programsvherepartialstablemodels
andstablemodelscoincide.We saythata programhasno oddloops(odd-loopfree)if there
is no oddloop startingwith ary literal. Sincegoal rewrite systemsareconfluent,ary odd-
loopin the programs dependengcgraphcanreplicateitself in a rewrite chainof somegoal
rewrite sequenceT herefore thereis no essentiatlifferencebetweerour notionof odd-loop
freeandthe notionof nggativecyclefreein theliterature[8, 32].

It hasbeenshown in [36] thatfor any nhonground negative cycle free programwith a
well-foundedstratification,its partial stablemodelsareall 2-valuedandthuscoincidewith
its stablemodels® A stratificationin this caseis a partial order of strataeachof which
containggroundatomsthatareinvolvedin someloopsamongthemseles.In awell-founded
stratification,thereis no infinite descendinghainin the partialorder Thatis, every such
chainmusthave abasestratum? Thispropertyallowsusto constructalongthewell-founded
stratificationin the bottom-upfashion,a 2-valuedjustifiable model (which is known to be
a stablemodel) from ary 3-valuedjustifiable model. In this way one canshav thereis
no partial stablemodelwith undefinedatoms. Sincefinite propositionalprogramsall have
a well-foundedstratification,for theseprogramsour rewriting systembecomessoundand
completeunderthe stablemodelsemanticsWe thushave thefollowing results.

Theorem5.2 Let P bea finite program,and (Q;, Rp, A, —) a goal rewrite system.Sup-
poseq is a propositionand

q —* [111(011) A A llkl(clkl)] V...V

3Theresultwasstatedfor maximalpartial stablemodels.However, the claim canbe extendedto all partial

stablemodelsby exactly the sameproof.
“Hereis a programthathasno well-foundedstratification:{p(a). p(z) + not p(f()).}.
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is arewrite sequencsud thatead /;; is either7" or anabducibldliteral, and C;; U- - - U Cyy,
is consistentor ead ;. If P hasno oddloopsthen

{{[117... Jlkl}"" 7{[7”17... 7lmkm}}

is a coverof ¢. In geneal, for arbitrary P wehave

\ el A NV Vil A Al
a€S

whee S is anycoverof q.

Proof: We shaw thatfor eachi, {/;1,--- ,l;, } is anexplanationof ¢. Let's denotethe set
by «, andlet 5 beary completehypothesighatextendsa. We needto shav thatthereis an
answersetof P U 87 thatincludesq. (Notice againthatwe have assumedhatnoneof the
propositionan A appeaiin the headof ary rulein P.) Sincethereis arewrite sequencef
theform:

g =" GV ia(Ca) AN AN, (Cip )]V G

in(Qr,Rp, A, —), thereisarewrite sequencef theformq —* T(C)VGin (Qr, Rpus+, —
), Where
C=CyhU- - UCiy,,

becausé’;; U- - -UCy, isconsistenand{/;, ..., iz, } isasubsedf 3. Thusby Theoren¥.10
thereis a partial stablemodel M of P U 3% suchthatq € M. Now sinceP doesnot have
ary oddloops,neitherdoesP U . SoM™* is ananswersetof P U 3*. This shavsthat/
is anexplanationof ¢q. So« is anexplanation.

Now let 5 beary completeexplanationof . We needto shav thatfor somes, {1, - - , Lix. }
is asubsebf 3. Let M beananswersetof P U 37 thatincludesq. By Theoremd.10,there
is arewrite sequencef theform ¢ —* T'(C) vV G'in (Q1, Rpus+, —). Thentheremustbea
rewrite sequencef theform: ¢ —* [[;(Cy) A --- AL (C;)] VG In (Qr, Rp, A, —) suchthat
{l,..,[;} € Tnp,andCy,...,C; areconsistent.So by Theorem4.9, it mustbe the case
that

LA ANGETuA AN VooVl A Alg,]

in propositionalogic. But {/,--- ,/;} is containedn 3, whichis acompletehypothesisso
theremustbean: suchthatg = l;; A -+ Aliy,. =

Consideragainthe boatexamplein Sectionl. The Clark completionof canCross is:

canCross = (boat A\ —leak) V (boat A leak N hasBucket).
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Sinceboat, leak andhas Bucket areabduciblesrewriting for canCross terminatesn one
step,andproduceghefollowing cover:

{boat A\ =leak, boat A\ leak N\ hasBucket}.

Noticethatthesecondxplanationis notminimal. To getminimaloneswe have to compute
primeimplicantsof thedisjunctionof explanationgn thecover, whichareboat A —leak and
boat N\ hasBucket.

6 RelatedWork

Traditionally, logic programmingproof procedureave beendefinedabstractlyin termsof
derivation andrefutation. Terminationhasbeenconsidered separateimplementations-
sue. On the onehand,this separations possiblesincethe semanticghattheseprocedures
computeallow thecompletenest® be statedwithoutresortingto termination.But complete-
nessis rarely guaranteedn an implementation.On the otherhand,the separatioris also
necessargincetheseproceduresiealwith non-groundorogramsfor which the problemof
loop-checkings undecidabléevenfor function-freeprogramg1]). However, for answerset
programmingvhereeachanswersetis takenasa solutionto a givenproblem,loop handling
becomesa semantidssue— a soundand completebackwardchainingprocedurecannotbe
definedwithoutit.

A numberof abductve procedureshave beenproposedfor the two-valuedaswell as
three-valuedcompletionsemanticg3, 4, 9], of which the systemby Consoleetal. [3] and
the IFF procedureby FungandKowalski [9] alsouserewriting asthe main mechanisnto
computeexplanations.Consoleet al. showv that,for non-recursie programgcalledhierar
chicalprograms)abductve explanationsanbe computedasa deductiornby rewriting using
iff-definitions. FungandKowalski extendthis ideato the classof all normalprogramsand
getcompletenessesultsthat canbe statedwithout resortingto termination. This improves
the completenestheoremdoy DeneckerandDe Schrge [4] which rely onterminationasa
condition. All of theseproceduresredefinedfor cautiousreasoning- computingbindings
for which an(existential)goalis truein all indentedmodels.In our casethereasoningnode
is brave— establishingvhethera queryis truein oneof the intendedmodels.For example,
with theprogram{a <« notb. b + nota.}, theanswerto querya shouldbenoin theircase
(however, noneof theseproceduresctually terminatesandreturnsthis answer),andtrue
in a stablemodelin our case. Apparently the differencesetweenthe proof methodsfor
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consequencending andthosefor brave reasonindie in thecorrecthandlingof loopsin the
latterin orderto captureeachof theintendedmodels.

Ourwork is closelyrelatedto anotherabductve procedurethe Eshghi-Kowalski proce-
dure(EKP) [7] (alsoseg[6]), whichis soundandcompletefor groundprogramsunderthe
finite-failurethree-\aluedstablemodelsemanticsn which loopscausingnfinite failure are
modeledby the truth valueundefined12]. It is known thatwith anappropriatehandlingof
positive loops(distinguishedaspositive andnegative loopsin this paper) EKP canbe made
completefor the partial stablemodelsemantics.To someextent, onecansaythatour goal
rewriting system(GRS)simulatesEKP in anontrivial way.

1. GRSincursnobacktracking!Backtrackings simulatedoy rewriting disjunctionse.g.,
FVo— 9.

2. Loopsthatgothroughnegationarehandledn EKP by nestedstructureshile in GRS
by a flat structureusingrewrite chains.

Thesefeatureplusloop handlingmadeit possibleto formalizeour systemasa rewriting
systembenefitingirom theknown propertieof rewrite systemsn theliterature.(Thisfurther
distinguishesour useof rewrite systemdrom the literature,e.g.,in [9].) To illustratethese
featuresconsiderthefollowing program

rl. g < nota. r3. b+ a.
r2. a ¢ notb,notc. r4. ¢ ¢ a.

andthe questionwhetherwe canprove g. We may answerthis questionby the following

reasoning:To have ¢ we musthave not a (rl); to have not « we musthave eitherb or ¢ (r2)

which requireshaving « (r3 andr4). This resultsin a contradiction. Therefore,g cannot
be proved. Note thatin this reasoningve needto remembemwhatwasrequiredpreviously
(not @ in this case).Thisis exactly how the proofis doneby GRS:

g—-a—bVe—waVe—FVe—sc—a— F

However, EKPwill gothroughsixnestedevels,anddoit twice throughbacktrackingbefore
thesameconclusioncanbereachedThatasinglederivationbranchin EKP couldbedeeply
nestedoringsno surprisethat ary attemptto lay out a proof presentsomechallenge gven
for smallprograms We notethatthe mechanisnof rewrite chainis indispensablé ary im-
plementatiorof atop-davn procedureaf terminationandcompletenesareto be presered.
For GRS, sucha mechanisnis usedbothfor terminationandfor the implementatiorof the
semanticstesultingin a muchsimpleryet morenaturalproof structure.
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Ourgoalrewriting procedureleparturefrom thetraditionalSLDNF-like procedureglso
in theuseof acomputationatule. Recallthatacomputationatuleis afunctionthatreturnsa
subgoaform agoal. Its interestoriginatedrom thesocalledindependencef computational
rulesfor Horn clausegprogramsywhich saysthatthe commitmento ary subgoaktanbemade
withouttheneedof looking back,becaus@&o solutionswill bemissed.For normalprograms,
sucha computationakule must be fair which requiresgenerationof an SLD-treethat is
eitherfinite, or every subgoalin it is eventuallyselected25]. Theseconditionsrequirea
fair computationrule to be implementedoy a form of breadth-firstsearchin orderto find
afinitely failed tree. In contrast,sincegoal rewrite systemsare confluentandterminating,
literal selectioncanbe arbitraryandis guaranteedo be fair. As anexample,considerthe

following program:

g < nota.

a < notb,notc. a < notd.
b < notd. d < note.
€ ¢ notd. c.

Theprogramhastwo stablemodels{c, d, g} and{a, b, ¢, e}. A completegprocedurdor brave
reasoninghouldgenerate prooffor g. Sucha proofis reflectednaturally andlogically, in

goalrewriting
g——a— (bVe)Ad— (mdVe)ANd — ...

Any of theliteralsin thelastgoalabose canbeselectedor literal rewriting, or the goalcan
betransformedo (—d A d) V (¢ A d). Evenif we canprove —d, its conflict with d will fail
thisalternatve® Thus(—d A d) V (¢ A d) will berewrittento 'V (¢ A d) andthento (c A d).

Continuing,we have
—cAd

—T{g,~a,c})Nd
— T({g,—a,c}) A —e
—T{g,~a,c})Nd
= T({g,~a,c}) NT({g,~a,d,—e})
— T({g,—a,c,d,—e})
In an SLDNF-procedurefor instancejn the Eshghi-Kowalski procedureto prove g we
needto prove thatary attemptto prove « fails. Thetwo possibilitiesof proving « arekeptin

agoalset
{¢ notb,note; <« notd}

5As atechnicalnote, this examplealsoexplainswhy in generalwe cannothave a rewrite rule of the form
T(C) Vv ® — T(C), evenif we contentwith oneproof.
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Both shouldfail in orderfor ¢ to succeedFromthefirst goal, supposeve choosenot b. To

fail this goal,we cangetaderiationof b usingnot d; sofar we have succeedeth choosing
not b for the currentgoal. However, this proof causesa conflict in orderto fail the second
goal by proving d. Thus,the choiceof not b in thefirst goal doesnot give us a proof that
both goalsfail. In fact, we mustchoosenot ¢ in thefirst goalin orderto fail both. Sincein

generalwe do not know which subgoaleadsto a proof,if aproceduras non-terminatinga
fair computationatule mustexploreall alternatvesin aninterleaving fashionin ordernotto

missananswerto aquery

7 Applications and Experimental Results

We have implementedhe writing framework in SWI-Prolog. Our implementatioradoptsa
stratgy basedon eagetliteral rewriting andlazy expansion,which resembleghe familiar
depth-firststratgy. The mainideais to delayapplyingdistribution rulesSR6andSR6’ as
much as possibleto avoid an exponentialblow up in goal size. We thusfix the order of
rewriting by focusingon the leftmostliteral of a goal. We saythatalliteral / in agoal () is
rewritable (for literal rewriting) if it is eitherat the leftmostpositionof @, or at the second
leftmostpositionwith a conjunct7'(C') attheleft wherel is not aloop literal andneither!
nor—/isin C. Thatis, aliteral / is rewritable only in goalsthatbegin with oneof thethree
forms:l v @, [ A ®,andT(C) A l, whered is aformula. If / is aloopliteral thenalooprule
is applied;if =/ € C thenrule SR5is appliedto producean F'; if [ € C, [ is alreadyproved,
thustherewrite chainof / is meigedwith C'. Beinglazy meanghata goalis simplifiedonly
whendoingsois necessaryo makethe goalrewritable. In particular thedistribution rules
SR6and SR6’ will be appliedonly whena goal is not rewritable, and none of the above
applies.

Underthis stratgy, we keeprewriting theliteral attheleftmostpositionof agoal. Even-
tually, it will becomean F' oraT(C). If itisaT(C'), we will keeprewriting the leftmost
literal / in conjunctionwith 7'(C'), duringwhich -/ € C'is checkedor consisteng. When
this/ is rewrittento 7'(C"), C' andC" aremerged;andrecursvely, we continueto focuson
theliteral attheleftmostpositionof thegoal,or the onein conjunctionwith 7'(C' U C”). The
reademay referto the rewrite sequencén Example4.1 asanexample,whichis generated
usingthis stratey.

In our currentimplementation the input is requiredto be a setof Clark completion
sentencespnefor eachnon-abduciblgroposition.In the following, we discusshe perfor
manceof our implementatioron one particularapplicationof abductionin logic program-
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ming, whichis the problemof computingsuccessostateaxiomsfrom a causakctiontheory
[22, 24,23].

Considera logisticsdomainin which we have a truck anda package We know thatthe
truck andthe packagecan eachbe at only onelocationat ary given time, andthatif the
packageis in the truck, thenwhenthe truck movesto a new location, so is the package.
Supposehatwe have thefollowing propositions:

e ta(z) —thetruckis atlocationz initially;

paz) —the packages atlocationz initially;

in —thepackagas in thetruckinitially;

ta(x,y, z) — the truck is at location = after the action of moving it from y to z is
performed;

pax,y, z) —thepackages atlocationz aftertheactionof moving thetruck from y to
z is performed;and

in(y, z) —thepackagés in thetruck aftertheactionof moving thetruckfrom y to z is
performed.

We thenhave thefollowing logic program:

ta( X, X1, X).

pal X, X1, X2) « ta(X, X1, X2),in(X1, X2).

ta( X, X1,X2) « X # X2 ta(X), nottaol( X, X1, X2).
taol X, X1, X2) « YV # X, taY, X1, X2).

pa X, X1, X2) « pa X), not paol X, X1, X2).
paol X, X1, X2) « Y # X, paY, X1, X2).

in(X,Y) «in.

Thefirstruleis theeffectaxiom. Theseconduleis acausalule whichsaysthatif apackage
isin thetruck, thenthe packageshouldbewherethetruckis. Therestareframeaxioms.For
instancethethird oneis theframeaxiomaboutta, with the helpof anew predicatetaol: if
thetruckis initially at X, andif onecannotprove thatit will be elsavhereafterthe actionis
performedthenit shouldstill beat X.
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As onecansee,the above program,whenfully instantiatecover ary givenfinite setD
of locations,hasno odd loops. So our rewrite systemwill generatea cover for ary query
Note thatin the programwe have omitteddomainpredicateoc(X') for eachvariable X in
thebody of arule (all thevariablesin the programreferto locations).Thus,the programis
domainrestrictedandwe only needto instantiatghevariableY” in thefourth andsixthrules
over thedomainof locations.

Now let the set A of abducibledethefollowing set:

{in} U {paz),ta(z) | = € D}.

Thefollowing tableshavs someof theresultsfor D = {1,2,3,4}:5

Query Result Time
ta(1,2,3) false 0.0
ta(3,2,3) true 0.0
pa(1,2,3) pa(l) A —in 0.05

-pa1,2,3) | —pal) vinVv pa2) v pa3) v pa4) | 0.2
pa2,2,3) pa(2) A —in 0.08
—pa2,2,3) | —pa2) vVinv pal) vpa3)vpad) | 0.1
pa(3,2,3) pa3) Vin 0.25
—-pa3,2,3) =in A =pa3) vV —in A pa(l)Vv

—in A pa2) vV —in A pa(4) 0.1

For instancetherow onpa(1, 2, 3) saysthatfor it to betrue,the packagemustinitially beat
1 andcannotbeinsidethetruck (otherwisejt would be movedalongwith thetruck), andthe
computatiortook 0.05seconds.Therow on pa3, 2, 3) saysthatfor it to betrue, eitherthe
packagewasinitially at3 or it wasinsidethe truck. The outputsfor larger Ds aresimilar.
Theperformancevariesfor differentqueries.For simplequeriedike ta(1, 2, 3), their covers
canbe computedalmostin constantime. The hardesbneis for pa(3, 2,3) which took 25
minuteswhen|D| = 7.

It is interestingto compareour systemwith analternatve for computingthe cover of a
guery As we mentionedn Section3, the setof abductve explanationsaccordingto Kakas
and Mancarellais actuallya cover. Oneway of computingtheseabductve explanations
is to add, for eachpropositionp € A, the following two clauseq[33]): p < not —p and
—p < notp into the original program,and use the fact that therewill be a oneto one
correspondencleetweerabductve explanationsof ¢ undertheoriginal programandanswer

50OnaPIll 1GHzPCwith 512MB RAM runningSWI-Prolog3.2.9.
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setsof the new programthatcontaing. Soonecanuseananswersetgeneratarfor example
smodelg35] or dlv [20] to computea cover of queryby generatingll theanswersetsin the
new programthat containthe query However, the problemhereis thattherearetoo mary

suchanswersetsin this case.For instance supposedherearen locations,thenthe number
of answersetsthat containary particularqueryis in the orderof 22, roughly one half of

the numberof completehypothesesgvenfor avery simplequerylike ta(1, 2, 3). We do not

know atthemomentf thereis ary efficientway of usingananswersetgeneratoto compute
acover setof aquery

8 Final Remarks

Without the minimality requirementa soundand completeprocedurefor abductionis re-
guiredto generatesometimesa large amountof essentiallyredundanexplanations.In this
paperwe have givena new definitionof abductionfor logic programminghatresolhesthis
problem.In practice for efficiency reason®neneednot alwayscomputethe setof minimal
explanationsput a cover, which may be consideredh semanticallyadequateepresentation
of all explanations.

Computationallywe have shavn that explanationscan be computedby confluentand
terminatingrewriting. Ontheonehand,ourwork exploresthewell-understoodelationships
amongthe completionsemanticsthe partial stablemodelsemanticsandthe answersetse-
mantics.Ontheotherhand,we combinesereralideasthathadonly beenstudiedpreviously
in separateontets. Namely we build loop checkinginto rewrite systemshatimplement
the completionsemanticdo obtainan abductve procedurdor the partial stablemodelse-
mantics.

Thereareseveral directionsfor extendingthis work. Oneof themis to considermrewrit-
ing for non-groundprogramdor somerestrictedyet decidableclasse®f non-groundgoals.
Thiswould extendour rewriting procedurego a moregeneraljuery-answeringrocedurdor
wider classe®f applications Anotherquestions onthe handlingof constraintof theform:

1 < ay,...,a;,notby,...,noth,.

Our new definition of abductioncan be extendedto include theseconstraintsstraightfor
wardly. Computationallyconstraintgnay be handledn our rewriting procedurgustlike in
otherabductve procedureg4, 16, 9]: agoalis proved alongwith all the constraints.This
ensuredhatall of the constraintsare satisfiedwhenthe goalis proved. This approachac-
tually producesa nev semantics:partial stablemodel semanticswvith constraints.This is
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distinguishedrom the partial stablemodelsemanticdecausea normalprogramunderthis
new semanticss no longerguaranteea partial stablemodel. The semanticalmplications
of partial stablemodelswith constraintavorth further study

To improve theefficiengy of thegoalrewriting procedurespacepruningtechniqueshall
be investigatedand incorporated. Scalability may be improved by consideringdifferent
stratgiesof maintaininga goal sothatthe run time spaceusagecanbereduced.For exam-
ple, onepossiblestratgy is not to expanda goalusingthedistribution rulesSR6andSR6’;
instead a collectionof literalsfrom the goalis selectedpneatatime, thatcorrespondso a
candidatesolution. This requiresbook keepingmechanismshatshouldbe closelyrelatedto
maintainingbacktrackpointsin implementingProloglanguages.
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10 Appendix

We prove that a goal rewrite systemwith a finite programis confluent. It is known in the
literature[13] that,a terminatingrewrite relationis confluentff it is locally confluent Local
confluences definedas: whenever t;, — t, andt; — i3, thereexist ¢, andrewrite se-
guencesuchthatt, —* ¢4 andiz —* t4. It thereforesufficesto shaw the propertyof local
confluence.

Theorem 10.1 Anygoal rewrite system Q;,, Rp, —) with afinite P is locally confluent.

We introducesomenotations.

A goalformulais viewedasatree. A subformulais identifiedby a sequencef positve
integersdescribingthe path from the root symbol to the headof the subformula. These
sequencesarecalledindices Thatanindex w identifiesa subformula® is expressedy a
mappingm(w) = ®. The emptysequencédentifiesthe formulaitself. For example,given
(I V1) N, wehavem(1) = [; V [, andm(1.2) = 5.

A rewrite sequencef zeroor more stepsis denotedas @y —* Q. Whenwe arein-
terestedn wherein a given goal ); a rewrite occursandwhich rule is applied,we write
Qi —w,r Qiy1 to indicatethatrule r is appliedto thesubformulaatindex w.

Proof: Let Qo —* @ be arewrite sequencewherek > 0. Supposel; —., N and
Qr —w ~ N'. We considerall the casesf possiblydifferentrewriteson ).
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If the two rewrite stepsare independenpf eachother i.e., if their indicesare non-
overlapping thentrivially, thereexistsaformula M suchthatN — ., M andN’ —, . M.

Thefollowing arethe overlappingcases.

Casel. A loop rewrite at m(w) = [ andarewrite by SR5at m(w’') = T(C) Al (the
symmetriccaseof a rewrite by SR5’ is similar). Using SR5followed by SR2, we have
T(C)Nl — F ANl — F.Thatis,an F' is generatectw’. A looprule producesitheran £/,
in which casewehave T'(C') A ' — F sothatan F is atw’, or T'(C”) for someC” atw. The
latterleadsto 7'(C') A T'(C") — F dueto! € C"and—![ € (', sothatatw’ is alsoan F'.

Case2. Literal rewriting at m(w) = [ andarewrite by SR5atm(w’) = T(C') A [ (the
symmetriccaseof a rewrite by SR5’ is similar). Again SR5leadsto an F' atw’. Since P
is finite, it follows from Proposition4.7 that the sequenceerminatesat eitheran F', or a
T(Cy)Vv...vT(C,) for somem > 1. Hence,thereexists an extensionfrom Q; —.
N, sayQy, —., M —* M’ suchthat M’ is the sameas M exceptatw, m(w) = F or
m(w) =T(Cy) Vv ...vT(C,), forsomem > 1. Thatis, atw’ we have either7'(C') A F, or
T(CYN(T(C) V...V T(C,)) where=l € C'andl € C; for eachl < : < m. Clearly in
eithercasetherewrite sequenceanbeextendedto leadto an F" atw'.

Case3. Any rewrite insidea subformulathatis distributedby SR6 (the symmetriccase
is similar). SR6is ®; A (®; V @3) — (01 A D2) V (D A ®3). Any rewrite ata subformula
inside ®; A (&, vV ®3) causeverlapping. Clearly, distribution after the rewrite andthe
rewrite (or the duplicatedrewrites if inside ®,) after distribution leadto the sameresult.
Notethatdistribution doesnot changearewrite chainfor ary literal; it simply duplicateghe
rewrite chainfor eachoccurrencef the sameliteral.

Case4. A rule overlapswith its symmetriccounterpart. This includesthe following
casef arule andits symmetriccounterparbothbeingapplicable:SR1andSR1’ for goal
FVv F,SR2andSR2’for goal F' A F', andSR6andSR6’for goalW; A ¥, whereeach¥; is
adisjunction.Clearly, in eachcase thereexist rewrite sequencekeadingto acommongoal.
|
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