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Abstract

This paper reports our work on using computers to discover theorems about strongly
equivalent logic programs under the answer sets semantics. Specifically, with the help
of computers, we discovered exact conditions that capture the strong equivalence be-
tween a rule and the empty set, between two rules, between two rules and one of
the two rules, between two rules and another rule, and between three rules and two
of the three rules. We prove some general theorems that can help us discover these
conditions, and discuss the usefulness of these conditions for program simplification.

1 Introduction

This paper makes two contributions. First, itis another successful application of computer-
aided theorem discovery, this time in discovering theorems about strongly equivalent logic

*An extended abstract of this paper appeardaroteedings of IJCAI'’2005



programs under the answer sets semantics. Second, it contributes to the theory and prac-
tice of logic programming in that the discovered theorems that capture certain classes of
strongly equivalent logic programs are new, non-trivial, and lead to new program simplifi-
cation rules that preserve strong equivalence.

Theorem discovery is a highly creative human process. Generally speaking, we can
divide it into two steps: (i) conjecture formulation, and (ii) conjecture verification, and
computers can help in both of these two steps. For instance, machine learning tools can
be used in the first step, i.e. in coming up with reasonable conjectures, and automated
deduction tools can be used in the second step, i.e. in verifying the correctness of these
conjectures.

While theorem discovery may make use of learning, these two tasks are fundamen-
tally different. Theorem discovery starts with a theory, and aims at finchtegesting
consequences of the theory, while learning is mostly about induction, i.e. it starts with
examples/consequences, and aims at finding a theory that would explain the given exam-
ples/consequences.

Using computers to discover theorems is an old aspiration. There have been many suc-
cess stories. For instance, AlMenat, 1979was reported to be able to come up with some
interesting concepts and theorems in number theory, and the remarkable system described
in [Petkovseket al, 1994 automates the discovery and proofs of identities, especially
hypergeometric identities involving sums of binomial coefficients that are important for
the analyses of algorithms. Yet another example where “interesting” theorems can be dis-
covered almost fully automatically is a recent work by [[#004 on discovering state
invariants in planning domains. Lin showed that there are ways to classify potentially in-
teresting constraints according to their syntactic properties, and these constraints can be
easily enumerated for most domains. Furthermore, for many of these constraints whether
they are invariants can be checked automatically. As a result, the system descflbiad in
2004 could discover many common invariants in planning domains, and for the logistics
domain, it could even discover a set of “complete” state invariants.

In this paper, we consider the problem of discovering theorems about strongly equiva-
lent logic programs under answer set semantics.

The notion of strongly equivalent logic programs is interesting for a variety of reasons.
For instance, as Lifschitgt al. [2001] noted, if two sets of rules are strongly equivalent,
then one can be replaced by the other in any logic program regardless of the context. Thus
identifying strongly equivalent sets of rules is a useful exercise that may have applications
in program simplification, and the purpose of this paper is to discover conditions under
which a set of rules is strongly equivalent to another. It is important that these conditions
need to be computationally effective as in general checking if two sets of rules are strongly
equivalent is coNP-complete (¢Ifin, 2002).



To discover these conditions, we follow the methodologjiaf, 2004 by looking at
domains of small sizes first. For instance, to discover for what kinds of rulasdr, we
have thafr, } is strongly equivalent t¢r, }, we consider a language with, say three atoms,
and enumerate all possible pairs of rules in this language that are strongly equivalent. We
then conjecture a condition that would capture exactly this set of pairs of rules, and then
try to verify if this conjecture is true in the general caselllim, 2004, a general theorem
is proved to automate the verification part. We try to do the same here by proving some
general theorems that will make the verification part easier, almost semi-automatic.

This paper is organized as follows. In the next section, we briefly review the basic
concepts of logic programming under answer set semantics. Then in section 3 we state
in more precise terms the type of theorems that we want to discover. In section 4 we
prove some general theorems that will help us prove these theorems, and in section 5, we
describe some of the theorems that we discovered. We then discuss an application to logic
program simplification in section 6, and finally we conclude this paper in section 7.

2 Logic programming with answer set semantics

Let L be a propositional language, i.e. a set of atoms. In this paper we shall consider logic
programs with rules of the following form:

hii-- -3 hy <= D1, -+, Dmy MOt Pryr, - -+, O Py, (1)

whereh;’s andp;’s are atoms inl.. So a logic program here can have default negation
(not), constraints (wheh = 0), and disjunctions in the head of its rules. In the following,
if r is a rule of the above form, we writdd, to denote the sefh, ..., hy}, Ps, the set
{p1, .-, Pm}, @and Ny, the set{p,,11,...,p,}. Thus a ruler can also be written a8d, —
Ps,.,not Ng,.. The semantics of these programs are given by answer sets as defined in
[Gelfond and Lifschitz, 1991 To save space, we do not give the definition here.
Two such logic program#’, and P, are said to bequivalentif they have the same
answer sets, anstrongly equivalentLifschitz et al,, 2001 (under the languagg) if for
any logic progranm?” in L, P U P, and P U P, are equivalent. For examplé; — b} and
{a < ¢} are equivalent, but not strongly equivalent. It can be shown{that not a} and
{«< not a} are strongly equivalent. As in the abstract, we also say that a iglstrongly
equivalent to another rule if {r} and{r'} are strongly equivalent, and two rulesand
o are strongly equivalent to a rutef {r;, 7o} and{r} are strongly equivalent, and so on.
Lifschitz et al. [2001] showed that checking for strong equivalence between two logic
programs can be done in the logic of here-and-there, a three-valued non-classical logic
somewhere between classical logic and intuitionistic logic.[PD0J provided a mapping



from logic programs to propositional theories and showed that two logic programs are
strongly equivalent iff their corresponding theories in propositional logic are equivalent.
This result will be used here both for generating example pairs of strongly equivalent logic
programs, and for verifying a conjecture. We repeat it here.

Let P, and P, be two finite logic programs, an the set of atoms in them.

Theorem 1 [Lin, 2004 P, and P, are strongly equivalent iff in propositional logic, the
following sentence is valid:

(Ap2P) DA 6(r)= A ()], ()

peL reP; rePs

where for eactp € L, p’ is a new atom, and for each ruteof the form (1),6(r) is the
conjunction of the following two sentences:

PLA AP APy A s Ay DRy VeV oy, (3)
PLA - APy A Wrpn A Ampy DRV -V g (4)

Notice that ifm = n = 0, then the left sides of the implications in (3) and (4) are con-
sidered to berue, and ifk = 0, then the right sides of the implications in (3) and (4) are
considered to béalse.

3 The problem

As we mentioned above, one possible use of the notion of strongly equivalent logic pro-
grams is in program simplification. For instance, given a logic program, for each rule
in it, we may ask whether it can be deleted without knowing what other rules dfe in
i.e. whether{r} is strongly equivalent to the empty set. Or we may ask whether a-rule
in P can be deleted if one knows that another mdles already inP, i.e. whetherr, '}
is strongly equivalent td+'}. In general, we may ask the followingm-n question:
Is {r1, ..., "k, u1, ..., uy, } Strongly equivalent tdry, ..., 7%, vy, ..., v, }? Thus our theorem
discovery task is to come up, for a givérm-n problem, a computationally effective
condition that holds if and only if the answer to then-n question is positive.

Now suppose we have such a conditi@yand suppose thatwhén,, ..., 7y, w1, ..., U,
is strongly equivalent try, ..., 7, vy, ..., v, }, itis better to replacéuy, ..., u,, } by {v1, ..., v, }
in the presence of,, ..., r, for the purpose of, say computing the answer sets of a program.
One way to use this result to simplify a given progras to first choosé: rules in P,
and for any othefn rules in it, try to findn rules so that the conditiof’ holds, and then
replace then rules in P by the simplem rules.
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However, even if checking whethér holds would take a negligible constant time,
using the above procedure to simplify a given logic program will be practical only when
k,m,n are all very small or whe# is almost the same as the number of the rules in the
given program, andn andn are very small. Thus it seems to us that it is worthwhile
to solve thek-m-n problem only wherk, m,n are small. In particular, in this paper, we
shall concentrate on th&1-0 problem (whether a rule can always be deleted),Othel
problem (whether a rule can always be replaced by another one);itfieproblem (in
the presence of a rule, whether another rule can be deleted);itheproblem (in the
presence of two rules, whether a rule can always be deleted), anelthheproblem (if a
pair of rules can be replaced by a single rule).

An example of theorems that we want to discover about these problems is as follows:

For any ruler, {r} is strongly equivalent to the empty skiff (Hd, U Ng,) N
Ps, # 0. (%)

4 Some General Theorems

In this section, we prove some general theorems that will help us verify whether an asser-
tion like (x) above is true.

Let L be a propositional language, i.e. a set of atoms. Figronstruct a first-order
languagerF;, with equality, two unary predicated; and H,, three unary predicatedd,.,
Ps,, and Ng, for each logic program rule in L (we assume that each rule inhas a
unique name), and three unary predicatesY;, andZ; for each positive number

Notice that we have useHd,, Ps,, and Ng, to denote sets of atoms previously, but
now we overload them as unary predicates. Naturally, the intended interpretations of these
unary predicates are their respective sets.

Definition 1 Given a setl of atoms, anntended modedf I is one whose domain i5,
and for each rule- in L, the unary predicate#,., Hd,, and Ng, are interpreted by their
corresponding sets of atomBs,., Hd,., and Ng,., respectively.

Conditions on rules i, such as’s, N Ng, # (), will be expressed by special sentences
calledpropertiesin F..

Definition 2 A sentence of, is a property about: rules if it is constructed from equality
and predicatesX;, Y;, and Z;, 1 < i < n. A property® aboutn rules is true (holds) on
a sequenceé’ = [ry,...,r,] of n rules if ®[P] is true in an intended model df;, where
®[P] is obtained fromd by replacing eachX; by Hd,., Y; by Ps,,, and Z; by Ng,...



Notice that sinceb[P] does not mention predicate§, Y;, Z;, Hy, and H,, if it is true in
one intended model, then it is true in all intended models.

As we have mentioned above, we are interested in capturing the strong equivalence
between two programs by a computationally effective condition. More specifically, for
some smalk, m, andn, we are interested in finding a propefyaboutk + m + n rules
such that for any sequenceoft m + n rules,P = [ry, ..., Fi, U1y .oy Uy, U1, ovs Up),

{r1, o Ty UL, ooy U } ANy, o TR, U, o, U b
are strongly equivalent if and only @ is true onP. (5)

We shall now prove some general theorems that can help us verify the above assertion for
a class of formula®.

First of all, Theorem 1 can be reformulated/iip as follows by readindg?; (p) as “p
holds”, andH,(p) as “p’ holds”:

Theorem 2 P, and P, are strongly equivalent it iff the following sentence

Va(Hi(z) D Ha(x)) D [\ v(r) = A 7(r)] (6)

reP reP,

is true in all intended models df,, wherev(r) is the conjunction of the following two
sentences:

Va(Ps,(z) D Hi(z)) AVx(Ng,(x) D =H(z))] D

dx(Hd,(z) N Hi(z)), (7)
[V (Ps,(x) D Ho(z)) AV (Ng,(x) D ~Hs(z))] D

3 (i (2) A H()). ®)

In first order logic, if a prenex formula of the foraVyB is satisfiable, then it is
satisfiable in a structure with elements, where is the length of? if it is non-empty, and
1 whenZ is empty. We can prove a similar result for our first-order languages and their
intended models here.

Definition 3 A sentence of ', is an extendedproperty aboutr rules if it is constructed
from equality and predicated;, Y;, and Z;, 1 < ¢ < n, and H,; and H,. An extended
property & aboutn rules is true (holds) on a sequenée = [ry,...,7,] of n rules in a

model M if ®[P] is true in M, where®[P] is obtained from® by replacing eachX; by

Hd,.,Y; by Ps,.,andZ; by Ng,.,.



Definition 4 In the following, ifP = [ry, ..., r,] IS a tuple of rules in_, and L’ is a subset
of L, then we define theestrictionof P on L' to be[r, ..., .|, wherer, is

el

Hd,,N L'« Ps,, N L' not (Ng,, N L").

Lemma 1l Let ® be an extended property if;, aboutn rules, and of the formizVyQ,
whereZ is a tuple ofw variables, and? a formula that does not have any quantifiers. If
® holds on a sequence of n rules in an intended modéll of £, then there is a subset
L’ of L such thatl’ has at mostv atoms (or one atom when = 0), and® holds on the
restriction of P on L’ in an intended model aof’;,.

Proof: SupposeV/ is an intended model of;, such thatV/ |= ®[P]. Thus there is a tuple
p of w (or one whenv = 0) atoms inL such thatV/ = VyQ[P](Z/p). Now let L’ be the
set of atoms iy, and M’ defined as follows:

e Each of the predicate;, H,, X;, Y;, andZ;, i > 1, is interpreted as the restriction
of its interpretation in\/ on L.

e For each ruler in L/, the predicate$id,, Ps,, and Ng, are interpreted the same as
they are inM. This is well-defined as is also a rule in_,

ThenM' is an intended model df;,. Let P’ be the restriction of? on L’. ThenP’ is a tu-

ple of rules inL’. Since( has no quantifiers (and the language has no function symbols),
for any instantiationi of ¢ in L', M = Q[P|(Z/p)(Z/d) iff M' = Q[P'|(Z/p)(y/u).
SinceM = VyQI[P|(Z/p), we haveM’ = VyQ[P'|(Z/p), ThusM' = 3ZVyQ[P']. m

Using Theorem 2 and this lemma, we can show the following theorem which will
enable us to automate the verification of the “if” part of (5) when the propkityin the
prenex format.

Theorem 3 Without loss of generality, suppose > n. If ¢ is a property about k+m-+n
rules of the forndzVyQ, wherer is a tuple ofw variables, and a formula that does not
have any quantifiers, then the following two assertions are equivalent:

(a) For any sequence of ktm+n ruleB, = [ry, ..., 7k, U, ..., U, V1, ..., U], If P iS true
on P, then{ry, ..., ry, uq, ..., uy, } is strongly equivalent tr, ..., ry, vq, ..., v, }.

(b) (b.1) Ifn > 0, then for any sequence = [ry, ..., 7k, U1, ..., Up, V1, ..., Uy] Of rules
with at mostw + 2(k +m) atoms, if® is true onP, then{ry, ..., ri, u1, ..., U, }
is strongly equivalent try, ..., r, v1, ..., v, }.



(b.2) Ifn =0, then for any sequend@ = [rq, ..., ry, uy, ..., u,,] Of rules with at most
K atoms, if® is true onP, then{ry, ..., 7, uy, ..., u,, } is strongly equivalent
to {ry,...,7x}, whereK isw + 2k if w 4+ 2k > 0, and K’ = 1 otherwise.

Proof: If (a) then (b) is obvious. We assume that (b) is true, and show that (a) holds as
well. Suppose first that > 0. Suppose’® = [ry, ..., Tk, U1, ..., U, V1, ..., Uy] IS @ SEQUENCE

of £ + m + n rules in a languagé such thatd is true onP, and{ry, ..., rg, w1, ..., U }

is not strongly equivalent tor, ..., 7, vy, ..., v, }. Thus there is an intended model i6f

that satisfies[P], and an intended modél of £, that satisfies the following sentence:

(Va)Hy(x) D Hy(x) A=[ A\ v(r) =\ A(r)],

reP; rePs

where P, = {ry,....;7x, U1, .., U}, ANA Py = {rq, ..., 7%, v1, ..., 0, }. AS we noted after
Definition 2, M will also satisfy®[P]. ThusM satisfies the following sentence

O[PIA (Vo) Hy(z) D Ha(x) A{[ A\ v(r) A= A (7))

repP; rePs

VIA Ay A= A vl 9)

rePs rEPy

whereP; = {vy, ..., v, }, and Py = {uq, ..., up, }.

Now for any ruler, there is an extended properpfz,y) of one rule that does not
mention any quantifiers such thatr) is equivalent tadz, y.[r|. Thus for any tuple)
of ¢ rules, there is an extended propegtyf ¢ rules that does not mention any quantifiers
such that\,.. v(r) is equivalent tady.|Q], wherey/ is a tuple of2t variables.

Thus there is

e atuplez; of 2(k + m) variables, a tuple; of variables, an extended propety of
k + m + n rules that does not have any quantifiers, and whose free variables are in
z1 andzy; and

e atuplez; of 2(k + n) variables, a tuple; of variables, and an extended propesty
of k£ + m + n rules that does not have any quantifiers, and whose free variables are
in zZ3 andzy

such thati, v5, v3, v3 do not have common variables in them, and (9) is equivalent to the
following sentence:

{® AVx(Hi(x) D Ho(x)) A (322301 V 323V Z000) H P



Since we have assumed that> n, thus there is an extended propegtyaboutk +m +n

rules that does not mention any quantifiers and function symbols, and whose free vari-

ables are among;, 23, andz; such that the above sentence is equivalent to the following
sentence:
(O AV (Hq(z) D Hay(x)) A 32 (VZ3, 21)3) [ P).

Now given the form of® assumed in the theorem, there is a tuglef w + 2(k + m)
variables, a tupleg of variables, and an extended propebtyf k& + m + n rules that does
not mention any quantifiers, and whose free variables are amigm@adz; such that the
above sentence is equivalent(fx; ) (V) W[ P].

By Lemma 1, there is a subskt of L that has at most + 2(k + m) atoms such that
(325)(VZ) ¥ holds onP’, whereP’ is the restriction o on L'. If P' = [}, ..., ., vy, .. ul,, v),
then this will mean tha® is true onP’, and{r}, ..., r}, u}, ..., u/ } is not strongly equiva-
lentto{ry,...,r, v1, ..., v, }. This shows that if (b.1), then (a).

The proof that if (b.2) then (a) is exactly the same except now that

[A ()= A ()]

rePy rEP,

is equivalent to

(A ()2 A ()

repP; rePy

The “only if” part of (5) can often be proved with the help of the following theorem.

Theorem 4 Let L; and L, be two languages, and a function fromZL; to L,. If P,
and P, are two programs inL; that are strongly equivalent, thef\ P,) and f(P;) are
two programs inL, that are also strongly equivalent. Hey& P) is obtained fromP by
replacing each atom in it by f(p).

Proof: By Theorem 1 and the fact that in propositional logicpifs a tautology, and a
function fromL; to L,, thenf(y) is also a tautology, wherg(y) is the formula obtained
from ¢ by replacing each atomin it by f(p). m

U/

ey Uy

For an example of using the theorems in this section for proving assertions of the form

(5), see Section 5.1.

5 Computer aided theorem discovery

Given ak-m-n problem, our strategy for discovering theorems about it is as follows:

9
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1. Choose a small language L;

2. Generate all possible triples

({r1, ik {ug, o um b, {v1, .y v }) (10)

of sets of rules ir. such thaf{ry, ..., 7, uy, ..., u,, } is strongly equivalent tory, ..., ry, vq, ..., v, }
inL;

3. Formulate a conjecture on tthkem-n problem that holds in the languadg i.e. a
condition that is true for a triple of the form (10) iff it is generated in Step 2;

4. Verify the correctness of this conjecture in the general case.

This process may have to be iterated. For instance, a conjecture formulated in Step 3 may
fail to generalize in Step 4, so we either need to formulate a new conjecture or start all
over again in step 1 using a larger language.

Ideally, we would like this process to be automatic. However, it is difficult to automate
Steps 3 and 4 - the number of possible patterns that we need to examine in order to come
up with a good conjecture in Step 3 is huge, and we do not have a general theorem that
enables us to automate the verification part in Step 4. While Theorem 3 enables us to
automate the proof of the sufficient part of the assertion (5) for a class of forhulas
do not have a similar result for the necessary part - as we shall see below, Theorem 4 helps
a lot here, but it does not provide an automated procedure. Nonetheless, computers play
a crucial role in all steps, and in the following we report some of the theorems discovered
using the above procedure.

5.1 The0-1-0 problem

This problem asks if a given rule is strongly equivalent to the empty set, thus can always
be deleted from any program. We have the following experimental result:

Lemma 2 If arule r mentions at most three distinct atoms, tfeh is strongly equivalent
to 0 iff (Hd, U Ng,) N Ps, # 0.

Using Theorem 4, we can show the following result:
Lemma 3 If there is a ruler of the form (1) such thafr} is strongly equivalent t and

(Hd,. U Ng,) N Ps, # () is not true, then there is such a rule that mentions at most three
atoms.

10



Proof: Suppose{r} is strongly equivalent té, Hd, N Ps, = (), and Ps, N Ng, = .
Supposd. is the set of atoms in, anda, b, c are three new atoms. Let

a p € Hd,
flp)=4q D p € Ps,
c otherwise

By Theorem 4 f(r)} is also strongly equivalent tb. By the construction of, we also
haveHd(y N Psyy = 0, andPsg() N Ngsy = 0, and thatf () mentions at most three
distinct atomsm

Theorem 5 (The0-1-0 problem) Lemma 2 holds in the general case, i.e. without any
restriction on the number of atomsin

Proof: We notice that the condition in Lemma @id, U Ng,.) N Ps, # (), is equivalent to
the following property
Jz.(X1(x) V Z1(z)) A Yi(x)

being true orjr]. Thus the “if” part follows from Theorem 3 and Lemma 2. The “only if”
part follows from Lemma 2 and Lemma 8.

The “if” part of the theorem is already well-known, first proved by Osaio al.
[2001]. The “only if” part has also been proved recently by Inoue and Sak20@4.
While we did not discover anything new in this case, it is reassuring that the methodology
works.

We notice here that there is no need to considefthe) problem forn > 1, because
for anyn, {r,...,r,} is strongly equivalent t@ iff for each1 < i < n, {r;} is strongly
equivalent td).

5.2 Thel-1-0 and the0-1-1 problems

The1-1-0 problem asks if a rule can always be deleted in the presence of another rule, and
the0-1-1 problem asks if a rule can always be replaced by another one. We first solve the
1-1-0 problem, and the solution to titel-1 problem will come as a corollary.

We have the following experimental result for th&-0 problem:

Lemma 4 For any two rulesr; andr, that mentions at most three aton{s;, .} and
{r, } are strongly equivalent iff one of the following two conditions is true:

1. {ro} is strongly equivalent t@.

11



2. Ps,, C Ps,,, Ng,, € Ng,,, andHd,, C Hd,, U Ng,,.

Lemma 5 If there are two rules; andr, such that{r,, r,} and{ry} are strongly equiv-
alent, but none of the two conditions in Lemma 4 hold, then there are two such rules that
mention at most three atoms.

Proof: Suppose there are two rules r, such that{r;, 7.} and{r;} are strongly equiv-
alent, and none of the two conditions in Lemma 4 hold. Ldbe the set of atoms in
r1,7T2.

Without loss of generality, suppose is an atom that makes the condition (2) in
Lemma 4 false. IfPs,, \ {a1} is not empty, leti; be an atom in it. Lel.’ = {a4, as, as},
whereas is a new atom, and be a function froml to L’ as following:

aq a = ay
fla) =< as a € Ps., \ {a1}
as otherwise

clearly, f(r1) andf(r,) mention at most three distinct atoms, and by Theorefif4;,), f(r2)}
and{ f(r,)} are strongly equivalent. We show that none of the two conditions in Lemma 4
hold for f(r) and f(rs) either.

We show first thatf(r,) is not strongly equivalent t§. By Theorem 5, we need to
show thatS = Psy(,,) N (Hdf(r,) U Ngsiry)) is empty. Ifa; € S, then by the construction
of f,a; € Ps,,N(Hd,,U Ng,,), a contradiction with the assumption thais not strongly
equivalent td). Similarly, if a; € S, then by the construction of, a, € Ps,, N (Hd,, U
Ng., ), a contradiction with the assumption thatis not strongly equivalent td. But then
az cannot be inS asa; cannot be inPsy(,,. ThusS must be empty.

We now show that it is not the case th@t;,,) C Pss,), Nori) S Ngg(ry), and
Hdg(,y € Hdy,) U Ngg(r,). By Our assumptiory, is an atom that makes eithés, C
Ps,,, Ng,, € Ng,,, or Hd,, C Hd,, U Ng,, false. There are three cases here. Suppose
makesPs,, C Ps,, false, i.e.a; € Ps,, buta; € Ps,,. Then by our construction of, we
also have that, € Psy(,) buta; ¢ Psy(.,). The other two cases are similar.

Theorem 6 (Thel-1-0 problem) Lemma 4 holds in the general case, without any restric-
tion on the number of atoms in andr,.

Proof. The condition in Lemma 4 is equivalent to the following property

[Fz.(Xa(x) V Zy(x)) A Ya(x)] Vv
{Vz.Y1(z) D Ya(2)] A [Va.Z1(x) D Za(x)] A
V. X1(z) D (Xa(z) V Zs(x))]}

12



being true orry, r5]. Thus the “if” part follows from Theorem 3 and Lemma 4, by notic-
ing that the above property can be writterda¥y/.(Q as required by Theorem 3. The “only
if” part follows from Lemma 4 and Lemma &

Thus if a ruler, cannot be deleted on its own but can be deleted in the presence of
another rule-, then it must be the case thatis redundant given,: if the body ofr, is
satisfied, then the body of is satisfied as well; furthermore; can entail no more than
what can be entailed by (Hd,, € Hd,, U Ng,,).

Osorioet al. [200] proved that{r,,r,} and{r;} are strongly equivalent if either
Ps,, U Ng,, = 0 and Hd,, C Ng,, or Ps,, C Ps,,, Ng,, € Ng,,, andHd,, C Hd,,.

More recently, Eiteret al. [2004 showed thaf{r,,r,} and{r;} are strongly equivalent
if 7, s-impliesr, [Wang and Zhou, 20Q5i.e. if there exists a set C Ng,, such that
Hd,, C Hd,, U A, Ng,, € Ng,, \ A, andFPs,, C Ps,,.

As one can see, these are all special cases of the “if” part of Theorem 6. Our re-
sult is actually more general. For instance, these special cases do not agply<e
b,not c), (< b,not c)} and{c < b, not c}, but one can easily show that these two sets are
strongly equivalent using our theorem.

From our solution to thé-1-0 problem, we can derive a solution to thé-1 problem.

Theorem 7 (The0-1-1 problem) For any two rules-; andr,, {r,} and{r,} are strongly
equivalent iff one of the following two conditions is true:

1. {ry} and{r,} are both strongly equivalent tb

2. Ps,, = Ps,,, Ng,, = Ng,,, andHd,, U Ng,, = Hd,, U Ng,.,.

Proof: By Theorem 1, it is easy to see that,} and {r,} are strongly equivalent iff
{r1,m2} and{r, } are strongly equivalent anfd, v, } and{r,} are strongly equivalens

Thus two rulesr; andr, can always be interchanged if either both of them can be
deleted (strongly equivalent to the empty set) or they have the same body, and the same
consequences when the body is true. For instafice— B,nota} and{<— B, nota}
are strongly equivalent no matter whatis, because the two rules have the same body,
and when the body is true, the same consequence - a contradiction. As another example,
{a;b — nota} and{b <« not a} are strongly equivalent because the two rules have the
same body, and, when the body is true, the same consequence,

5.3 The2-1-0, 0-2-1, and 0-2-2 problems

The 2-1-0 problem asks if a rule can be deleted in the presence of another two rules, the
0-2-1 problem asks if two rules can be replaced by a single rule, an@2r2problem asks

13



if two rules can be replaced by another two rules. Similar to the previous subsection, the
solution to thed-2-1 and0-2-2 problems will follow from a solution to the-1-0 problem.
We have the following experimental result for thé-0 problem:

Lemma 6 For any three rules+, r, andr; that mentions at most six atom;;, 7o, 3 }
and{r, o} are strongly equivalent iff one of the following four conditions is true:

1. {r3} is strongly equivalent t@.

2. {r1,r3} is strongly equivalent t¢r, }.
3. {ry, 3} is strongly equivalent t¢r, }.
4. There is an atomp such that:

4.1 p € (Ps,, U Ps,,) N (Hd,, U Hd,., U Ng,, U Ng,,)

4.2 Hd. \{p} € Hd,,UNg,, andPs,. \ {p} C Ps,, andNg,, \ {p} C Ng.,, where
i=1,2

4.3 Ifp € Ps,, N Ng,,, thenHd,, N Hd,,

=0

4.4 Ifp € Ps,, N Ny,,, thenHd,., N Hd,, = ()

Notice that in principle, given a languade every subset of. can be thefd, Ps, or
Ng of a rule. Thus when the size dfis six, there are in principlé2)3 — 1 = 262, 143
possible rules, ang62, 1433 triples of them. Thus at first glance, it seems that verifying
Lemma 6 experimentally using the currently available computers would be impossible.
However, we can cut the numbers down significantly with the results that we already have
proved. First, we only have to consider rules that do not have common eleméfatsis,
andNg: if either Hd and Ps or Ps and Ng have a common element, then by Theorem 5, this
rule can be deleted; ifld and Ng have common elements, then according to Theorem 7,
we obtain a strongly equivalent rule by deleting the common elemeris.ilsecond, we
do not have to consider isomorphic rules: if there is a one-to-one onto functionZfrtom
L that maps{ry, ro, 3} to {r, ry, 5}, then these two sets of rules are essentially the same
except for the names of atoms in them. By using a certain normal form for triples of rules
that avoids these redundant cases, we ended up with roughly 120 million triples of rules
to consider for testing Lemma 6, which took about 10 hours on a Solaris server consisting
of 8 Sun Ultra-SPARC IlIl 900Mhz CPUs with 8GB RAM.

The following lemma is the reason why we need to consider a language with six atoms
for this problem.
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Lemma 7 If there are three rules,r, and rs such that{r;,r,,r3} and {ry,r,} are
strongly equivalent, but none of the four conditions in Lemma 6 hold, then there are three
such rules that mention at most six atoms.

Proof: The proof of this lemma is tedious as we have to consider four cases, corresponding
to the negation of the four conditions (4.1)-(4.4) in Lemma a210.
Consider the following statements about any three rules, r3:

() {r1,re,r3} and{ry, v} are strongly equivalent.
(1) 75 is not strongly equivalent t.

(my {rq,rs} and{r;} are not strongly equivalent, i.&%,, Z Ps,, or Ng,, Z Ng,, or
Hd,, U Ng,, € Hd,, U Ng,,

(IV) {rq,r3} and{r,} are not strongly equivalent, i.e?s,, Z Ps,, or Ng,, Z Ng,, or
Hd,, U Ng,, £ Hd,, U Ng,,

(V) (Ps,, UPs,,)N (Hd,, U Hd,, U Ng,, UNg,,) =0

(V1) There is an atorp in the set Ps,, U Ps,,) N (Hd,, U Hd,, U Ng,, U Ng,,), and another
different atomg such that eitheqy € Hd,, andq ¢ Hd,, U Ng,,, or g € Ps,, and
q & Ps,,, 0rq € Ng,, andq ¢ Ng,.,.

(VIl) Hd,, N Hd,, # (), and there is an atom € Ps,, N Ng,, such that fori = 1,2,
Hd, \ {p} C Hd,, U Ng,,, Ps;, \ {p} C Psy,, andNg,, \ {p} C Ng,,.

(vill)y Hd,, n Hd,, # (), and there is an atom € Ps,, N Ng,, such that fori = 1,2,
Hd, \ {p} C Hd,, U Ng,,, Ps;, \ {p} C Psy,, andNg,, \ {p} C Ng,,.

Then the lemma is equivalent to the conjunction of the following four assertions:

(a) If there are three rules,, r,, r3 that satisfies (I)-(V), then there are three rules
1, 4, 4 that mentions at most six atoms, and satisfies (I)-(V) as well.

(b) If there are three rules, r,, 3 that satisfies (I)-(IV)(VI), then there are three rules
1, 4, r4 that mentions at most six atoms, and satisfies (I)-(IV)(VI1) as well.

(c) If there are three rules, o, r3 that satisfies (1)-(1V)(VIl), then there are three rules
1, rh, r4 that mentions at most six atoms, and satisfies (I)-(1V)(VI1) as well.

(d) Ifthere are three rules, r, r3 that satisfies (1)-(IV)(VIII), then there are three rules
1, rh, r4 that mentions at most six atoms, and satisfies (I)-(1V)(VIII) as well.
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We now prove the above four assertions one by one

(a) Letay,ay are two atoms that make (l11) and (1V) be true ((s,, N (Ps,, U Ps,,)) \
{a1,as} is not empty, leti; is an atom in it. IfPs,., \ (Ps,, U Ps,, U {a1,as}) is not
empty, letay is an atom init. If(( Ps,, UPs,.,)\((Ps,;U{a1, as}) is notempty, let; is
an atom in it.ag is a new atom different te; to as. Let L' = {ay, as, as, a4, as, ag},
and f be a function fron. to L’ defined as following:

ap a = ay

(05} a = Q9

fla) = as a € ((Psyy N (Psyy U Ps,y)) \ {ag, a2}
ay a € Psy, \ (Psy, U Ps,., U{ai,a2})

as a € ((Psy, UPsy,) \ ((Psy, U{ai,as})

ag otherwise

— By Theorem 4 f(r1), f(r2), f(r3)} is strongly equivalent td f(r1), f(r2)}.
So (I) holds forf (ry), f(r2), f(r3).

— Atoms other tharu;, as in Ps,, are mapped tas, a,, and atoms other than
a1, az in Hd,,U Ng,, are mapped tas, ag. SOPs () N (Hd f(r5) UNGf () = 0.
By Theorem 5(r3) is not strongly equivalent th. So (1) holds forf(r3).

— From definition off, (IIl) and (IV) hold for f(ry), f(rs), f(rs).
— Atoms other tharm,, as in Ps,, U Ps,, are mapped tas, as, and atoms other

thanay, as in Hd,, U Hd,., U Ng,, U Ng,, are mapped ta,, ag. So (V) holds
for f(r1)7 f(TQ)v f(T’g)-

(b) Leta,,a, are two atoms that make (lll) and (V) be true. ket be the two atoms
in (V). If Pos(r) \ {a1,as,p,q} is not empty, letus is an atom in it.a, is a new
atom different tar; to ay. Let L' = {ay, as, a3, a4, p, ¢}, and f be a function from.
to L' defined as following:

ay a = a
a9 a = a2
p a=p
a) =
fy=g b ot
as CLEPST3\{CL17G/27P7Q}
ay otherwise

— By Theorem 4{f(r1), f(r2), f(r3)} is strongly equivalent td f (1), f(r2)}.
So (I) holds forf(r1), f(r2), f(rs).
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— (I) holds similarly to (a).
— From definition off, (IIH)(IV)(VI) hold for f(ry), f(r2), f(rs).

(c) Letay,ay are two atoms that make (1) and (IV) be true. dbe the atom in (VII),
andq € Hd,, N Hd,,. If Pos(r) \ {a1,a2,p, ¢} is not empty, let; is an atom in it.
Leta, is a new atom. Lel)/ = {ay,as, as, a4, p,q}, andf be a function from. to
L’ defined as following:

a1 a = ay
as a = ag
p a=p
a =
a,g a€P3r3\{a17a27p7q}
ay otherwise

— By Theorem 4{ f(r1), f(r2), f(r3)} is s.e. to{ f(r1), f(r2)} so (I) holds.
— (1) holds similarly to (a).
— From definition off, (IH)(IV)(VII) hold for f(r1), f(ra), f(rs).

(d) Symmetric to (c).

Theorem 8 (The2-1-0 problem) Lemma 6 holds in the general case, without any restric-
tion on the number of atoms in, ry, r3.

Proof: The condition in Lemma 6 is equivalent to the following property

{3x.(X3(x) V Z3(x)) A Ys(z)} V

{[Ve.Y1(x) D Y3(2z)]| A V.21 (z) D Zs(x)] A
V. X1 (z) D (X3(x) V Z3(x))]} V

{Ve.Ya(z) D Ys3(x)] A [Va.Zo(x) D Zz(x)] A
V. Xs(x) D (X3(z) V Zs5(x))]} V

32.[CON1(x) A CON2(x) A CON3(x) A CON4(x)]

being true orjry, rq, 73], whereCON1(x) stands for
(V1(z) V Ya(2)) A (Xa(2) V Xa(2) V 21 (2) V Z5(x))
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CON2(x) for

Vy.(z #y) D [(Xi(y) D (Xs(y) V Zs(y))) A
(Yi(y) D Ys(y)) A (Zi(y) D Zs(y)) A
(Xa2(y) D (Xs(y) V Z3(y))) A
(Ya(y) D Ys(y)) A (Za(y) D Z3(y))]

CON3(z) for
Yi(w) A Zy(x) D Vy.~(X1(y) A Xs(y)),

andCON4(x) for
Ya(x) A Zi(x) D Vy.~(Xa(y) A Xs(y)).

Thus the “if” part follows from Theorem 3 and Lemma 6, by noticing that the above prop-
erty can be written aszVy.(Q) as required by Theorem 3. The “only if” part follows from
Lemma 6 and Lemma &

The conditions in Lemma 6 (Theorem 8) are rather complex, and the reason why it
is difficult to automate Step 3 of the procedure at the beginning of the section. These
conditions capture all possible cases whers “subsumed” by, andr,, and are difficult
to describe concisely by words. We give some examples.

Consider the following three rulesry: (ay «— a1), m90 (a3 < notay), andrs:

(a3 < notasy). We have that{ry,ry,r3} and {ry,r,} are strongly equivalent because
the condition (4) in Lemma 6 holds.

However, if we changes into r, :  ay <« notas, thenP, = {ry,r, 7} and P, =
{r1, 2} are not strongly equivalent: one could check that condition (4.3) in Lemma 6 does
not hold, and indeed, whil®, U {a; < a2} has a unique answer set;}, P, U{a; < as}
has two answer sefgi;} and{a;, as}.

Itis also easy to show by Theorem 8 thgt— not a, is “subsumed” by{ (a; as; az «—

), (ag; asz < aq)}, andasg; ag < is “subsumed” by{ (as < a1), (a3 < not a;)}.

With the results that we have, the following theorem will yield a solution tootBel

problem.

Theorem 9 (the0-2-1 problem) For any three rules-, r, andrs, {r,7,} and{rs} are
strongly equivalent iff the following three conditions are true:

1. {ry,r2,r3} and{ry, ro} are strongly equivalent.

2. {r,r3} and{rs} are strongly equivalent.
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3. {ry, 3} and{rs} are strongly equivalent.

For example{(ay < aj,notas), (a1;as < notas)} is strongly equivalent tda, «—
not az}. While {(« ay,a3), (« as,not as)} is strongly equivalent td«— a3}, {(a; «—
as,as), (a1 < ag,notas)} is not strongly equivalent ta, < az}. Similarly, we have
the following theorem

Theorem 10 (the0-2-2 problem) For any four rulesry, ro, 3, 74, {r1, 72} and {rs, r4}
are strongly equivalent iff the following four conditions are true:

1. {ry,rm,r3} and{ry, ro} are strongly equivalent.
2. {ry,r,r4} @and{ry,r} are strongly equivalent.
3. {rs,r4,m } @and{rs, r4} are strongly equivalent.

4. {rs,ry,ro} and{rs, r4} are strongly equivalent.

6 Program simplification

We have mentioned that one possible use of the notion of strongly equivalent logic pro-
grams is in simplifying logic programs: ® and(@ are strongly equivalent, and th@tis
“simpler” than P, we can then replack in any program that contains it lgy.

Most answer set programming systems perform some program simplifications. How-
ever, only Smodel§Niemeh et al, 2004 has a stand-alone front-end called Iparse that
can be used to ground and simplify a given logic program. It seems that Iparse simpli-
fies a grounded logic program by computing first its well-founded model. It does not,
however, perform any program simplification using the notion of strong equivalence. For
instance, Iparse-1.0.13, the current version of Iparse, did nothing to the following set of
rules: {(a <« notb), (b < nota),(a < a)}. Nor does it replace the first rule in the
following progranmy{(a < nota), (a < notb), (b < not a)} by the constraint— not a.

It is unlikely that anyone would be intentionally writing rules like<— a or b «

a, not a. Butthese type of rules can arise as a result of grounding some rules with variables.
For instance, the following is a typical recursive rule used in logic programming encoding
of the Hamiltonian Circuit problerfNiemeh, 1999; Marek and Truszczynski, 1999

reached(X) « arc(Y, X), he(Y, X), reached(Y").

When instantiated on a graph with cyclic arcs like(a, a), this rule generates cyclic rules
of the formreached(X) <+ he(X, X), reached(X). Unless deleted explicitly, these rules
will slow down many systems, especially those based on SAT.
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It is thus useful to consider using the results that we have here for program simplifi-
cation. Indeed, transformation rules such as deleting those that contain common elements
in their heads and positive bodies have been propBes and Dix, 1999 and studied
from the perspective of strong equivaleh@sorioet al, 2001; Eiteret al., 2004. Our re-
sults add new such transformation rules. For instance, by Theorem 7, we can delete those
elements in the head of a rule that also appear in the negation-as-failure part of the rule.
Theorems 6, 8, and 9 can also be used to define some new transformation rules.

7 Concluding remarks and future work

Donald Knuth, in his Forward tfPetkovselet al, 1994, said

“Science is what we understand well enough to explain to a computer. Art
is everything else we do. ...Science advances whenever an Art becomes a
Science. And the state of the Art advances too, because people always leap
into new territory once they have understood more about the old.”

We hope that with this work, we are one step closer to making discovering classes of
strongly equivalent logic programs a Science.

We have mentioned that the methodology used in this paper is similar to tHahjn
2004. In both cases, plausible conjectures are generated by testing them in domains of
small sizes, and general theorems are proved to aid the verification of these conjectures
in the general case. However, while plausible conjectures are generated automatically in
[Lin, 2004, they are done manually here. While the verifications of most conjectures in
[Lin, 2004 are done automatically as well, they are done only semi-automatically here.
Overcoming these two weaknesses is the focus of our future work. Specifically, we would
like to make Step 3 of the procedure in Section 5 automatic, and prove a theorem similar
to Theorem 3 to automate the proofs of the “only if” parts of theorems like Theorems 5 -
8, in the same way that Theorem 3 makes the proofs of the “if” parts of these theorems
automatic. This way, we would be able to discover more interesting theorems in this area,
and more easily!
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