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Abstract

Given a propositional theory T and a proposition ¢, a sufficient
condition of ¢ is one that will make ¢ true under T, and a necessary
condition of ¢ is one that has to be true for ¢ to be true under 7. In
this paper, we propose a notion of strongest necessary and weakest
sufficient conditions. Intuitively, the strongest necessary condition
of a proposition is the most general consequence that we can deduce
from the proposition under the given theory, and the weakest sufficient
condition is the most general abduction that we can make from the
proposition under the given theory. We show that these two conditions
are dual ones, and can be naturally extended to arbitrary formulas.
We investigate some computational properties of these two conditions
and discuss some of their potential applications.
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Introduction

Given a propositional theory T and a proposition ¢, a sufficient condition «

of ¢ is one that will make ¢ true under 7: T |= a O ¢. Symmetrically, a

necessary condition «a of ¢ is one that has to be true for ¢ to be true under
T: TEq¢Da.

For instance, consider the following theory 7'

rain O grassWet,
sprinklerOn D grassWet.

A sufficient condition for grassWet to be true under 7' is for rain to be true.
Another (trivial) one is grassWet itself. Yet another one is sprinklerOn.

And yet another one is rain V sprinklerOn.

In this paper we shall propose a notion of weakest sufficient and strongest

necessary conditions, study their properties, and consider ways of comput-

ing them. There are many potential applications. The following are two

examples:

e Abduction As we can see from the above example, given an observa-

tion, there many be more than one abductive conclusions that we can
draw. It should be useful to find the weakest of such conclusions, i.e.
the weakest sufficient condition of the observation.

Definability It is often necessary to determine whether a given theory
yields a definition of a proposition in terms of a set of other proposi-
tions. For example, such computation is essential in both Simon’s [12]
and Pearl’s [10] approaches to causation. This is also what is needed
in order to compute successor state axioms [11] from causal theories.
We believe definability is best handled using our proposed two condi-
tions. While a proposition may or may not be definable in terms of a
set of base propositions, our strongest necessary and weakest sufficient
conditions, as we shall show, always exist and are unique up to logical
equivalence. Furthermore, these two conditions are useful to have even
when a proposition cannot be defined in terms of others. For instance,
in the context of reasoning about actions, this situation arises when an
action has an indeterminate effect on a proposition. In this case, the
strongest necessary and weakest sufficient conditions of this proposi-
tion can be used to completely capture the effect of this action on the
proposition.



This paper is organized as follows. We include logical preliminaries in
section 2. In section 3, we define the notion of strongest necessary and
weakest sufficient conditions, and prove some results that characterize these
conditions. In section 4, we extend these two conditions to that of arbitrary
formulas. In Section 5 we outline some algorithms for computing these two
conditions and discuss some experimental results. Finally, we make some
concluding remarks in section 6.

2 Logical preliminaries

We assume a propositional language. As usual, a truth assignment is a
function from the set of propositions in the language to {true, false}, and the
satisfiability relation M = ¢ is defined as usual between a truth assignment
M and a formula ¢.

Given a set P of propositions, a formula that mentions only propositions
in P is called a formula of P. 1t is clear that the truth value of such a formula
is determined by the truth values of the propositions in P only.

Given a formula ¢, and a proposition p, we denote by ¢(p/true) the result
of replacing every p in ¢ by true. We extend this notation to a set of formulas
as well: if T"is a set of formulas, then by T'(p/true) we mean the formula

/\ w(p/true).

€T

We define ¢(p/false) and T'(p/false) similarly. It is clear that for any
truth assignment M, M | o(p/true) iff M' |= ¢, where M’ is the truth
assignment that is exactly like M but M'(p) = true. A similar result holds

for ¢(p/false).

A notion of forgetting, or eliminations of “middle terms” as Boole ([2],
page 99) called it, will be essential here. Given a formula ¢, and a proposition
p, the result of forgetting pin ¢, written forget(e;p), is the following formula:

@(p/true) V o(p/ false).

Now given a finite set of propositions P, the result of forgetting P in ¢,
written forget(p; P), is defined inductively as:

forget(p;0) = ¢,
forget(o; PU{q}) = forget(forget(p;q); P).



It can be shown that for any formula ¢ and any propositions p; and py,
forget(forget(w;p1);p2) and forget(forget(v;pz);p1) are equivalent. So
forget(e; P) is well defined.

Since Boole [2] first defined it in 1854, this notion of forgetting, or elim-
inations of middle terms, has been re-discovered several times. Weber [14]
re-introduced it and used it for updating propositional knowledge bases. It is
also a special case of a more general notion of forgetting defined on first-order
language by Lin and Reiter [8] for capturing database regression [7] and cer-
tain notion of relevance in problem solving. Lewis [5] (page 155) observed
that “For purposes of application of the algebra! to ordinary reasoning, elim-
ination is a process more important than solution, since most processes of
reasoning take place through the elimination of ‘'middle’ terms.” As we shall
see, this notion of “the elimination of middle terms” is certainly central for
us here.

3 Strongest necessary and weakest sufficient
conditions

We begin with strongest necessary conditions. As we shall see, weakest suf-
ficient conditions are dual ones.

Definition 1 Let T be a theory, P a set of propositions in T, and q a propo-
sition in T but not in P. A formula ¢ of P is said to be a necessary condition
of g on P under T if T |= q D ¢. Il is said lo be a strongest necessary condi-
tion if it is a necessary condition, and for any other necessary condition ¢,
we have that T = ¢ D ¢'.

The following proposition is straightforward:

Proposition 1 If both ¢ and ¢’ are strongest necessary conditions of q on
P under T, then T |E ¢ = ¢'.

This means that if there is a strongest necessary condition, then it is
unique up to logical equivalence under the background theory. So sometimes,
we also call a strongest necessary condition the strongest one. As we shall
see, strongest necessary conditions always exist.

!The author’s note: “the algebra” = Boolean algebra as we know it today.



Example 1 The following examples provide some intuitions about our no-
tion of strongest necessary conditions.

1. Ty = {q D (p1 Ap2)}. The strongest necessary condition of g on {py, p2}
under 77 is p; A pq, and the strongest necessary condition of g on {p;}

s p1.

2. Ty ={q D (p1Vp2)}. The strongest necessary condition of g on {p1, p2}
is p1 V p2, and the strongest necessary condition of ¢ on {p;} is true
because neither p; nor —p; follow from ¢ under 7.

3. Ts = {q D p1,q}. A strongest necessary condition of ¢ on {p} is p;.
Another one is true. Of course, T3 = p; = true.

The following theorem captures this notion of strongest necessary condi-
tions in terms of truth assignments. It says that a necessary condition ¢ of
q is a strongest one on P under 7' if and only if for any model of T, if it
satisfies @, then it can be modified into a model of ¢ without changing the
truth values of the propositions in P:

Theorem 1 Let T, P, and q be as in Definition 1. Let ¢ be a necessary
condition of g on P under T'. Then ¢ is a strongest necessary condition of
g on P under T iff for any model M of T and ¢ there is an assignment M’
such that:

1. for anyp € P, M'(p) = M(p).
2. M' =T UA{q}.

We can use this theorem to verify that a certain necessary condition is in
fact the strongest. For instance, consider 77 = {qg D p; A p2} in Example 1
above. Clearly, p; is a necessary condition of g on {p;}. It’s a strongest one
because given any model of Ty, if it satisfies p;, then we can modify it into
another model of T} and g while preserving the truth value of p;. However,
although it is also a necessary condition of g on {p1, p2}, it is not the strongest
one this time, because if M = p; A =py A =g, then M |= Ty, but it cannot be
modified into a model of ¢ and T} without changing the truth value of p,.

We can similarly define the notion of weakest sufficient conditions:



Definition 2 Let T be a theory, P a set of propositions in T, and q a propo-
sition in T but not in P. A formula 1) of P is said to be a sufficient condition
of g on P under T if T =1 D q. Il is said to be a weakest sufficient condi-
tion if it is a sufficient condition, and for any other sufficient condition ',

we have that T =" D .

Strongest necessary and weakest sufficient conditions are in fact dual
conditions. The easiest way to make this dual relationship precise is to extend
these conditions from propositions to arbitrary formulas and to show that
for any formula A, a formula ¢ is a strongest necessary (weakest sufficient)
condition of A iff = is a weakest sufficient (strongest necessary) condition
of =A. This will be done in section 4

We now relate these two conditions to the notion of definability. We say
that a theory T defines a proposition ¢ on a set P of propositions iff there
is a formula ¢ of P such that T' = ¢ = ¢. The following proposition is
straightforward:

Proposition 2 A theory T defines a proposition ¢ on P iff T = ¢ D ¢,
where @ is any strongest necessary condition of ¢ on P and ¢ any weakest
sufficient condition of ¢ on P, both under the theory T'.

This basically reduces the problem of computing definability to that of
computing strongest necessary and weakest sufficient conditions. An advan-
tage of working with the latter is that the two conditions always exist and are
unique up to logical equivalence under any given theory. Furthermore, they
are useful to have even when they do not yield a definition of a proposition.

4 Strongest necessary and weakest sufficient
conditions of a formula

Our notion of strongest necessary and weakest sufficient conditions can be
extended from a proposition to an arbitrary formula.

Definition 3 Let T be a propositional theory, o a formula, and P a set of
propositions in T'U{a}. A formula ¢ of P is said to be a necessary condition
ofa on P iff T'l= a D ¢. It is said to be a strongest necessary condition if
for any other necessary condition @', we have that T = ¢ D ¢'. Sufficient
conditions and weakest sufficient conditions are defined similarly.



Computing the strongest necessary and the weakest sufficient conditions
of a formula can be reduced to that of a proposition, as the following propo-
sition shows.

Proposition 3 Let T', P, and « be as in Definition 3. A formula ¢ of P
is the strongest necessary (weakest sufficient) condition of o on P under the
theory T' iff it is the strongest necessary (weakest sufficient) condition of q
on P under the theory T' = T' U {q = a}, where q is a new proposition not
in T and «a.

Although not necessary in principle, the notion of sufficient and necessary
conditions of a formula is very useful in expressing many properties. The
following are some interesting ones.

The first one says that, as expected, if two formulas are equivalent un-
der T, then they have the same strongest necessary and weakest sufficient
conditions:

Proposition 4 If T |= a = 3, then for any sel of propositions P, a formula
@ is a strongest necessary (weakest sufficient) condition of o on P iff it is a
strongest necessary (weakest sufficient) condition of 3 on P.

The following proposition makes precise the dual relation between strongest
necessary and weakest sufficient conditions:

Proposition 5 A formula ¢ is the strongest necessary (weakest sufficient)
condition of q iff —p is the weakest sufficient (strongest necessary) condition
of —q, where all the conditions are on a common set of propositions and
under a common theory.

Proposition 6 Ifpy, ..., ¢ are the strongest necessary conditions of ay, ..., ag,
respectively, then ¢ = @1 V -+ V @ is the strongest necessary condition of
a1 V-V ag, where all the conditions are on a common sel of propositions

and under a common theory.
Symmetrically, for weakest sufficient conditions, we have:

Proposition 7 If 1, ..., pr are the weakest sufficient conditions of aq, ..., ax,
respectively, then ¢ = @1 A -+ A @ ts the weakest sufficient condition of
a1 A - A ag, where all the conditions are on a common sel of propositions
and under a common theory.



This proposition is particularly useful in planning when we do not have
a successor state axiom for every fluent: given a conjunctive goal g; A --- A
Jn, to achieve it using action A, we need to compute the weakest sufficient
condition of this conjunction, and reduce the conjunctive goal to it. By this
proposition, instead of having to compute the weakest sufficient condition for
every possible conjunction, it is enough to compute the condition for each
conjunct ahead of time.

5 Computing strongest necessary and weak-
est sufficient conditions

There are several ways of computing these two conditions. We begin with
prime implicates [13]. As with most reasoning tasks, strongest necessary and
weakest sufficient conditions can be easily computed using prime implicates.

Proposition 8 Let T be a theory, g a proposilion, and P a sel of proposi-
tions. Let Il be the set of prime implicates of T' that mention only propositions

in PU{q}.

1. The strongest necessary condition of ¢ on P under T is equivalent to
the following conjunction:

NC | ~qV C eI}

2. The weakest sufficient condition of g on P under T is equivalent to the
following disjunction:

\V{=C | ¢vCell}.

However, computing the strongest necessary (similarly weakest sufficient)
condition of a proposition using prime implicates is almost always a bad idea,
unless one wants these conditions for all propositions on all possible sets of
propositions and want them in the form of prime implicates. This is because,
in general, there is no viable way of computing the set Il in Proposition 8
short of computing the set of all prime implicates of a theory, and once having
the set of prime implicates, one can just “read” out these two conditions using
Proposition 8.

A better way is in terms of the notion of forgetting that we defined in
Section 2, by using the following theorem:



Theorem 2 Let T be a theory, P a set of propositions, and q a proposition
in T but not in P. Let P' be the set of propositions that are in T but not in
PU{q}. Then we have:

1. The strongest necessary condition of q on P is forget(T(q/true); P').

2. The weakest sufficient condition of ¢ on P is = forget(T(q/ false); P').
We illustrate the use of this theorem using the following theory

T ={qDpVpa}

According to the theorem, the strongest necessary condition of ¢ on {py, p2}
is forget(T(q/true); D), which is T(q/true) and equivalent to p; V py, the
same as given in Example 1. The strongest necessary condition of ¢ on {p;}
is forget(T(q/true); {p2}), which is equivalent to forget(p;Vps;{p2}), which
by definition is (p; V true) V (p1 V false), thus equivalent to true.

By its definition, for any formula ¢ and proposition p, forget(y;p) re-
turns a formula that is twice the size of ¢; and for a set P of propositions,
forget(p; P) returns a formula whose size is 2" times the size of ¢, where n
is the size of P. Indeed, computing forgetting in the worst case is expensive.
For instance, it is easy to see that a formula is satisfiable iff forgetting all
propositions in it returns {rue, and a formula is not satisfiable iff forgetting
all propositions in it returns false. However, forget(y;p) can often be sim-
plified. For instance, if ¢ is in disjunctive normal form, then forget(y;p) can
be computed efficiently to yield a formula that is shorter than ¢: it is the
result of replacing both p and —p in ¢ by true. More generally, as Darwiche
[3] showed, if ¢ is what he called decomposable negation normal form, then
forget(e;p) can be computed efficiently.

In this paper, we consider two ways of computing forgetting: directly
using its definition or through (again) prime implicates. They are embodied
below as Algorithms 1 and 2 for computing strongest necessary conditions.
The ones for weakest sufficient conditions are similar.

Input A set T of axioms, a set P of propositions, and a proposition ¢ not in

P.

Output A formula of P that is the strongest necessary condition of ¢ on P
under 7.



Algorithm 1

1. Let Ty = {¢ | ¢ € T is a sentence of P}, and T, = T — T'1. Replace
g in Ty by true, and transform the resulting theory into a minimal set
of clauses C' (see below for a definition). Similarly, transform 7} into a
minimal set of clauses Cj.

2. Let P’ be the set of propositions in C' but not in P.

3. If P"is empty, then go to post-processing, otherwise select a proposition
pin P’, and delete it from P’

4. Transform C(p/true)V C(p/false) into a minimal set of clauses, assign
it to (', and go back to step 3.

5. Post-processing: the resulting C' is, although a strongest necessary con-
dition of ¢, often an unwieldy set of clauses; it can be simplified as
follows:

o eliminate those clauses in C' that are subsumed by one of the
clauses in Cy;

e for each clause a in C, transform (C' — {a}) U Cy into a minimal
set of clauses C,, and eliminate o from C' if it is subsumed by one
of the clauses in C,.

Where a minimal set of clauses is one such that:

e all unit clauses are resolved;

e none of the clauses is subsumed by any other clause in the set.

Our experience with this algorithm has been that it spends the bulk of time
on computing minimal sets of clauses in step 4. But if we do not require a
set of clauses to be minimal, then the program quickly runs out of space.

Notice that according to our definition, for a set of clauses C' to be a
minimal one, only unit clauses in it need to be resolved. It is easy to see
that given a set of clauses, transforming it into a minimal set can be done in
polynomial time.

Alternatively, we can use prime implicates to compute forgetting. The
following algorithm makes use of the fact that for any ¢ and P, forget(y; P)
is equivalent to the conjunction of prime implicates of  that do not mention
any propositions in P.



Algorithm 3

1. Let Ty = {¢ | ¢ € T is a sentence of P}, and Ty =T —T'1. Transform
T} into a minimal set of clauses Cj.

2. Generate the prime implicates of Ty(q/true) using Tison’s procedure
[13], and let C be the set of those prime implicates that mention only
propositions in P.

3. Go to post-processing as in Algorithm 1.

We have implemented the above two algorithms in SWI-Prolog?, and
run them on both random 3CNFs® and action theories used for computing
successor state axioms in various action domains [6]. It turned out that
Algorithm 2 is always slower than Algorithm 1, with on average a slow down
of between 10 to 15 times. The reason is that computing prime implicates is
expensive. Qur notion of minimal sets of clauses seems to serve our purpose
well here in cutting down the number and sizes of clauses without incurring
too much cost in time.

Notice that in step 4 of Algorithm 1, after we have chosen a proposition
to forget, we compute immediately the result of forgetting this proposition,
C(p/true) vV C(p/false), by a set of minimal clauses. This is like breadth-
first search, and as we have mentioned, is the bottle neck of this algorithm.
Alternatively, we could work on each disjunct separately, and compute dis-
junctions only after all those propositions that need to be forgotten have
been eliminated. As it turned out, this variant of Algorithm 1 performed
far better than Algorithm 1 on random 3CNFs. For random 3CNFs with 50
variables and 215 clauses, this variant of Algorithm 1 spent on average 15
minutes* to return a strongest necessary condition of a proposition on a set
of 10 other propositions, while Algorithm 1 did not return a solution after
running overnight. However, this variant of Algorithm 1 is about 20% slower
on action theories. The key is with the disjunction C'(p/true) Vv C(p/ false):
it can be simplified a lot for many benchmark action theories, but not much
for random theories.

Regardless of which approach one uses, we have found that sometimes, it
is a lot easier to compute the strongest necessary condition than the weakest

2SWI-Prolog is developed by Jan Wielemaker at University of Amsterdam
3Generated using a program by Kautz and Selman.

40On a SPARC Ultra2 machine running SWI-Prolog.
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sufficient condition, and sometimes, it is the other way around. For instance,
we have found that for may action theories, strongest necessary conditions
are a lot easier to compute than weakest sufficient conditions. When one
condition is much easier to compute, the following proposition will be very
useful in computing the other one.

Proposition 9 Let T be a theory, q a proposilion, and P a sel of proposi-
tions.

1. If v is a necessary condition of q on P under T, and v a weakest
sufficient condition of ¢ on P under T'U {p}, then ¢ A ¢ is a weakest
sufficient condition of ¢ on P under T'.

2. If ¥ s a sufficient condition of ¢ on P under T, and ¢ a strongest
necessary condilion of ¢ on P under T'U{=¢}, then oV is a strongest
necessary condition of ¢ on P under T'.

Figure 1 shows this phenomenon for the problem of generating successor
state axioms in a logistics domain using domain constraints such as “an ob-
ject can be only at one location” and “if a package is inside a vehicle, and
the vehicle is moved from one location to another, then the package is moved
as well.” In the figure, the x axle is the number of locations, and y axle the
cpu run time in seconds on a SPARC Ultra 2 using Algorithm 1. The line la-
beled by snec corresponds to the strongest necessary condition of g on P, the
one labeled by wsc the weakest sufficient condition of ¢ on P, and wscl the
weakest sufficient condition of ¢ on P once the strongest sufficient condition
has been added to the theory, where ¢ stands for the proposition that the
package is at location 2 after the action of moving the vehicle from location
1 to location 2 is successfully performed, and B is the set of propositions
about the initial situation before the action is performed. Thus the weakest
sufficient condition of ¢ on B is the weakest condition about the initial situ-
ation that would ensure that the package is at location 2 after the action is
performed, and the strongest condition is the strongest conclusion that one
can infer about the initial situation once one knows that the package is at
location 2 after the action is performed. The speedup of wscl over wsc is
quite obvious, and the same is true for other action domains that we have
experimented with, which include most of the benchmark planning domain

in McDermott’s PDDL library [9].
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Figure 1: Logistics domain

6 Concluding remarks and future work

We have proposed a notion of strongest necessary and weakest sufficient
conditions of a proposition, and considered ways of computing them. We
believe these conditions have many potential applications in various areas
including abduction and reasoning about actions.

There are several directions for future work. One of them is to extend the
results here to the first-order case. This can be a difficult task. For instance,
a result in [7] shows that forgetting in first-order case cannot in general be
expressible in first-order logic. As a consequence, we expect that strongest
necessary conditions of a proposition under a first-order theory cannot in
general be expressible in first-order logic either. It seems that the best hope
for dealing with the first-order case is to reduce it to the propositional one.

Finally, we have mentioned a few times that it is useful to compute
strongest necessary and weakest sufficient conditions even when they do not
yield a definition of a proposition. An example is in handling indeterminate
actions, as discussed in [1, 4]. Another example is in handling incomplete
knowledge bases. We believe the results here will be useful there.
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