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Abstract

The well-founded semantics of logic programs is not only an importantiaéics but also serves as an
essential tool for program simplification in answer set computationserigcit has been shown that for
normal and disjunctive programs, the well-founded models can bgwi@t by unit propagation on pro-
gram completion and loop formulas of loops with no external supporttéaciive feature of this approach
is that when loop formulas of loops with exactly one external supporadded, consequences beyond the
well-founded model can be computed, which sometimes can significqahdaip answer set computation.
In this paper, we extend this approach to basic logic programs with absbrestraint atoms. We define pro-
gram completion and loop formulas and show how to capture the well-&zlsemantics that approximate
answer sets of basic logic programs. We show that by adding the looplfas of loops with one external
support, consequences beyond well-founded models can be cam@uteexperiments show that for cer-
tain logic programs with constraints accepted by Iparse, the consegussroputed by our algorithms can
speed up current ASP solvers smodels and clasp.

KEYWORDSIogic programs with abstract constraint atoms, loop formulas, wetided semantics

1 Introduction

The well-founded semantics (Van Gelder et al. 1991) and anset semantics (Gelfond and
Lifschitz 1988) are two most prominent semantics in logioggamming. To date, the well-
founded semantics has been extended to disjunctive logigrams (Wang and Zhou 2005),
logic programs with aggregates (or, aggregate progranety\(fet al. 2007), dl-programs (Eiter
et al. 2011; You et al. 2012), and basic logic programs witbtralst constraint atoms (c-atoms)
(Wang et al. 2012). In the literature, most definitions ofwedl-founded semantics are in terms
of unfounded sets or as the least fixpoint of a 3-valued imateaionsequence operator. In recent
papers, (Chen et al. 2008; Chen et al. 2009; Chen et al. 28b@)esl that the well-founded model
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of a normal logic program or a disjunctive logic program adaag to (Wang and Zhou 2005)
can be computed from its completion and loop formulas of $oejth no external support rules
by unit propagation. In this paper, our focus is on basicd@gograms with c-atoms.

In (Son et al. 2007), two different types of answer sets fgidgrograms with c-atoms are
proposed, calle@dnswer set by redudpor r-answer sétand answer set by complemefur c-
answer set(Son et al. 2007). These semantics differ from each othtbeitreatment of negation-
as-failure literals. In the literature, different welltfioded semantics have been formulated that
approximate r-answer sets (Wang et al. 2012) and c-answgeffseov et al. 2007), respectively.
In this paper, we show that the well-founded semantics wepan (Wang et al. 2012) can
be computed by unit propagation on program completion aod formulas of loops with no
external support rules. Since every c-answer set is als@aswer set, this result can be applied
to the computation of c-answer sets. In fact, we show thatdefinitions naturally lead to a
well-founded semantics that approximates c-answer sedethji.

In (Chen et al. 2013), the authors also showed that, for nloama disjunctive logic pro-
grams, loop formulas of loops with only one external suppde are equivalent to sets of binary
clauses, thus can be used effectively by unit propagatiomeder, this is not the case for basic
logic programs with c-atoms. In this paper, we identify ataierkind of loops with only one
external support rule whose loop formulas are equivalesets of binary clauses. Again, we
show that, using the loop formulas of loops with at most ortereral support rule, along with
completion, unit propagation can compute more conseqsehea well-founded semantics and
these extra consequences can help ASP solvers. This isrseg@xperimentally. For certain
logic programs, the computed consequences can speed pGlelsser et al. 2007) and smod-
els (Simons et al. 2002). Thus we believe that this work opkaesvindow for more efficient
computations of answer sets.

In the rest of this paper, we first review the results on whighwork is based. We then show
the main result that the well-founded semantics of (Wand.&t(d2) can be computed by unit
propagation on completion and loop formulas of loops witherternal support. We identify a
certain kind of loops whose loop formulas are equivalentts ef binary clauses, and formulate
an algorithm to compute these loops, which is followed by s@rperiments. The paper is
concluded with final remarks.

2 Preliminaries

We assume an underlying propositional language with azéeff atoms. Aliteral is either an
atom or an expression of the forsra, wherea is an atomLit is the set of all possible literals
in the language. Given a set of literdlswe usel ™ to denote the set of atoms inand|l~ =
{a] —a€l}; | is said to beconsistenif 1" N1~ = 0. A partial interpretation lis a consistent
set of literals; it istotal if 1T Ul = 7. Let M be a set of atoms. We denote GyM) the total
interpretationM U {-a | a ¢ M}, and denote by-.M the set{—a | a € M}. For a set of literals
I, we denote by the set{a| -ac |} U{—-a|ae I}. For convenience, here we identify a set
of literals with the propositional formula, , I. Let| be a set of literals ang a propositional
formula. That satisfies F denoted |= F, is defined as usual. A set of atofdsis amodelof F
if CM) =F.

An abstract constraint atom (c-atong an expression of the forifD,C), whereD is a finite
set of atoms an@ C 2P. In the following, given a c-atomA = (D, C), we useA, andA to refer
to its first and second components, respectively.ddraplementf a c-atomA, writtenA, is then
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a c-atom such thah, = A, andA; = 2%\ A;. A c-atom is said to belementanryif it is of the
form ({a},{{a}}), whereais an atom. In the following, an elementary c-atom of the alfovm
will be identified with ordinary atona.

A logic program with c-atomgogic programor program is a finite set ofulesof the form

A=A, ... ,AGNOtA ..., NOtA, (1)

whereA andA;’s are c-atoms. Given a ruteof the form (1), we definbeadr) = A, body(r) =
pogr) Unotnedr) wherepogr) = {A,..., A}, negr) = {A_4,...,An} andnot S= {notA|
A € S} for a setS of c-atoms. A rule of the form (1) ibasic(resp.positive if A is elementary
(respk=n). Alogic programP is basic(resp.positivg if every rule inP is basic (resp. positive).

A set of atomaMl C o7 satisfies a c-atorA, denotedM |= A, if Ay M € A.. M satisfiesnot A
denotedM = notA if A;NM ¢ Ac. M satisfies the body of a rukeof the form (1), denoted
M | body(r), if M = A (1<i<k)andM [=notA (k+1< j<n). M satisfies a rule if it
satisfieheadr) or if it does not satisfypody(r). M is amodelof a progranP if M satisfies every
rule of P. A rule is normalif every c-atom in it is elementary. A logic prografis normal if
every rule initis normal.

Here we briefly review the definitions of answer sets for begjc programs (Son et al. 2007).

LetM andSbe two sets of atoms. The setonditionally satisfiea c-atomA w.r.t. M, denoted
Sk A iff S|=Aandl belongs toA for everyl with SNA, C | andl € MNA,.

Let P be a positive basic program aktla model ofP. We define the operatd’fRM) as follows:

T(RM>(S) = {headr) | r € P such thaS|=,, body(r)}.

The operatoff o\, is monotonicinthag €S, C M impliesT<RM)(Sl) C T<RM)(%) C M. Thus
for any modelM of P, the least fixpoint ofr(PM> exists, writtenlfp(T(P_M)), which can be it-
eratively evaluated as foIIow§T<%M) =0, andT(ighj) = T(P.I\{I)(T(iRM)>’ wherei > 0. A model
M of a positive basic prograrR is ananswer sebf P if M is the least fixpoint Ofr(P.M)’ ie.,
M = pr(T(PM>). There are two different answer set semantics for basic lpgigrams. One is
defined by reduct, and the other is by complement.R_be a basic logic program amd C &7,
thereductof P w.r.t. M, written PM, is the positive program obtained frafrby

e eliminating each rule if M = B for someB < neqr);
e eliminating any negative literadot Bfrom the remaining rules.

The complemenbf a basic logic prograr®, written P, is the positive program obtained from
P by replacing eachot Bwith its complemen§. Itis clear that bottPM andP are positive and
basic. For a basic logic prografand a seM of atoms, we say tha¥l is ac-answer sefresp.
r-answer setof P iff M is an answer set 3 (resp.PM). It is known that every c-answer set
of a basic program is an r-answer set, but not vice versa (8ah 2007), and both semantics
generalize the stable model semantics for normal logicrarag.

Unit propagation is an inference rule on clauses. It can i@etk through a procedure that
simplifies a set of clauses. The procedure is based on ungedai.e. clauses that are composed
of a single literal. If a set of clauses contains the unit séduthe other clauses are simplified by
the application of the two following rules:

1. every clause (other than the unit clause itself) contgihis removed;
2. in every clause that contaihhis literal is deleted.

The procedure continues until neither of these two ruleseeapplied. It leads to a new set of
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clauses that is equivalent to the old one. Léte a set of clauses, below, we Ww(I") to denote
the set of literals (unit clauses) contained in the resudtpgflying the procedure dn

3 Wéll-Founded Semantics and L oop Formulas

We review the well-founded semantics of basic programs @/édmal. 2012), followed by defini-

tions of completion and loop formulas extended from (Liu @naszczynski 2006) and (You and
Liu 2008). Next, we show that the well-founded semanticsVifarig et al. 2012) can be com-
puted by unit propagation on completion and loop formuldss Tesult lays the foundation for
computing more consequences using loop formulas of looffsatimost one external support.
We then extend it to define a well-founded semantics thatoqipate c-answer sets directly.

3.1 WelI-Founded Semantics by Reduct and Loop Formulas for Basic Programs

The well-founded semantics for basic logic programs in (gManal. 2012) relies on a compact
representation of c-atoms proposed in (Shen et al. 2009).

Let SandJ be two disjoint sets of atoms, I8 J we denote the s€tS | SC S andS C SUJ}
called theS-prefixed powerset of. Let A be a c-atomSandJ two subsets of;. TheS-prefixed
powerset of] is maximalin Aif SwJ C A; and there is no other seBsandJ’ s.t.SwWJ C Ac and
SwJ c SwJ. By A; we denote the set of all maxim&lprefixed powerset af in A for any two
setsSandJ. From Theorem 3.2 in (Shen et al. 2008§,is unique. Thebstract representation
of a c-atomA is denoted byA" = (A, A¢), which relates to a propositional formula.

Theorem 3.1Theorem 4.2 (Shen et al. 2009)
Let Abe a c-atom ani be a set of atomd/ = Aif and only if C(M) satisfies

\/ SA-(Ag\ (SUD)). )
SHIeAE

Let A be a c-atom antla partial interpretation. We say thasatisfies Adenoted |=;; A, iff
for someSwJ € A;, SC I andA, \ (SUJ) C | —; | falsifies A denoted Ik ; A, iff SN~ #0
or (Ay\ (SUJ))NI* 0 for anySwJ € A;. | satisfies (resp. falsifiesiot Aiff | falsifies (resp.
satisfies)A. Given a set of c-atoms omot AwhereA is a c-atom] satisfies (resp. falsifies),
denoted = ; L (resp.l I L), if | satisfies (resp. falsifies) each formuleLin

Let P be a basic program arida partial interpretation. A set of atorhkis anunfounded set
of Pw.r.t.| iff for any a € U andr € P with headr) = a, one of the following conditions is true:

e | I ; notnedr);
o there exist € poqr) s.t. for anySwJ € A eitherU NS# D orl |= ~(SA—(Ay\ (SUJ)).

We define the operatofi, Up andW; as follows.

Tp(l) = {headr) |r € Pandl = ; body(r)};
Up(l) = the greatest unfounded set®iv.r.t. I;
Wo(1) = Tp(1) U=Up(1).

As Ty, Up, andW; are all monotonic, the least fixpoint ¥, denoted byfp(W,), always
exists and is called theell-founded modedf P by reductwrittenWFS (P).

(You and Liu 2008) provided the notions of loops and loop folas for positive basic pro-
grams which can be easily extended to general basic programs
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Let P be a basic program, trdependency grapbf P, denoted byG, = (V,E), is a directed
graph, wherd/ = o/ and(u,v) is a directed edge fromto vin E if there is a ruler € P such
thatu = headr) andv € S, for someSwJ € A; andA € body(r). A setL C &7 is aloop in Gp
if the subgraph o5, induced byl is strongly connected. We also say thés a loop ofP. Note
that, an atona € .« is always a loop oP, we call it asingleton

Let A be a c-atom antl C o7 Therestrictionof Ato L, denoted b)A‘L, is (Ad,Aa ), where
A= {SwJ e A; | LNS=0}. We used, to denote the formul®/ g, ;e SA-(A4\ (SUJ)), and
M, (L) to denote the formul&/SMGA,é‘L SA—(A4\ (SUJ)). If there is a c-atonA such thaih; = 0
(resp.A(’g|L =0), theng, = L (resp.m,(L) = 1).

Letr be a basic rule of the form (1). We define the form@ldr) = rrAl(L) ARV nAk(L) A
~Op,,, N\ A T0p

Let P be a basic program and a loop of P. A rule r € P is anexternal support of Lif
headr) € L and8 (r) # L. Below, letR™ (L) be the set of external support ruleslofTheloop
formulafor L of P, denoted Fy(L), is defined as

Va> \/ ().
acl reR=(L)
Note that if R™(L) = 0, then its loop formuldF,(L) is equivalent to-.L.
Thecompletiorof a basic prograrR, denoted byZomgP), consists of the following formulas:

® Aacposr) I\ Nacnegr) 794 2 headr), for eachr € P;
*ao vreP.,headr):a (/\Aepogr) O-A/\ /\Aeneg(r) jO-A), for eacha c «/.
LetP be a basic logic program. We defib@omgP) =CompgP) U{LF(L) | L is a loop ofP}.

Theorem 3.2
Let P be a basic program. A skt C &7 is an r-answer set & iff M is a model ol.ComgP).

3.2 Loopswithout External Support Rules

Now we define the naotion of loops with no external support uadset of literals. LeP be a basic
programL a loop ofP, andX a set of literals. We say that a rule R~ (L) is anexternal support
of L under Xif XA 6, (r) # L. In the following, we denote bR~ (L, X) the set of external support
rules ofL underX. Similarly, if a loopL has no external support rules undérthen undeix,
LF-(L) is equivalent to-.L. Let

loop, (P, X) = {—a|ac L foraloopL of P such thaR™ (L, X) = 0}.

It is equivalent to the set of loop formulas of the loops withexternal support undeX.
As in (Chen et al. 2008; Chen et al. 2013), we can comjugg, (P, X) in polynomial time in
the size ofP.
Function ML, (P, X, S)
ML := 0; G := theSinduced subgraph d&;
For each strongly connected componkmtf G:
if R(L,X) = 0then addL to ML
else append
ML,(P,X,L\ {headr) | r € R(L,X)}) to ML.
return ML.
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Proposition 3.1
Let P be a basic progranx C Lit, andSC «7. The functionML,(P, X, S) returns the following
set of loops iMO(n?) time, wheren is the size oP:

{L|LCSis aloop ofP s.t.R"(L,X) = 0 and there does not exist any such ladg.t.L C L'}

Proposition 3.2
Let P be a basic program aXiC Lit.

loop(PX)= (J ~.L

LeMLy(PX, )

3.3 Computing Consequences of a Basic Program

To apply unit propagation, we convert the completion to ao$etauses as follows. Ld? be a
basic program, andom@P) denote the following set of clauses:

1. for eacha € &, if there is no rule irP with a as its head, then adeh;
2. for each c-atomh occurring inP such thatA{ = {S, wJ,,...,Syt Jn}, introduce a new
variablea, andmnew variableg, , ..., B, and add the following clauses:

S5V By V-V B,

a, VB, foreach I<i <m,

B VVaes -aVv VbeAd\(qu.) b, foreach I<i<m,

—-B VI, foreach e SU{-b|becAj\(SUJ)}and I<i<m.

3. for each basic rule e P in the form of (1), add the following clause:
heao(r)\/ﬁaAl\/~~~\/ﬂaAk\/aAk+l\/-~~\/aAn.
4. ifaisanatomand,,...,r;,t >0, are all the rules if? with a as their head, then introduce
t new variables,, ...,v, and add the following clauses:

e —aVvv, V.-V,
oV \/\/Aepos(ri)ﬁaAv \/Aeneg(ri)aA, for each 1<i <t,
e —v. VI, foreachl € {a, | Ac pogr;)} U{—-a, |Aecnedr;)} and 1<i <t.

Note that, if the size oA for each c-atormA is less than a constant and the sizeSof— (A, \
(SUJ)) for eachSW J € A{ is also less than a constant, then the number of clausesmigP)
is polynomial in the size oP.

UsingcomP), loop, (P, X), andUP(C), we can provide a procedure as follows:

Y :=comgP)Uloop,(P,0); X :=0;
while X #£ UP(Y) do

X:=UP(Y); Y =Y Uloopy(P,X);
return X NLit.

Note that, the procedure terminates in polynomial time.vitre size ofP.
Formally, the above procedure computed®), the least fixpoint of the following operator:

UP(X) = UP(comiP) Uloopy(P,X) UX) NLit.

From Theorem 3.2J(P) is true in every r-answer set Bf
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3.4 Main Results

Let P be a basic program ardC Lit. The functionM(P,1) is the least fixpoint of the operator
M} defined as:

looph(P,X) = {a| there is a loop. of P s.t.a € L and for each € R™(L, 1), there exists
A c pogr) s.t. foreactBwJ € Ag, XNS# D orl = =(SA—(Ay\ (SUJ)))},
Mb(X) = X Uloog)(P, X).

Note that, for anyX C o, loopy(P,1) € —.looph(P,X) C loop,(P,1 UX).
Let us extend Theorem 3.1 to partial interpretations.

Corollary 3.1
Let A be a c-atom antla partial interpretation. = Aiff | |= g, andl I Aiff | |=—0,.

Lemma 3.1

Let P be a basic program, a partial interpretationX an unfounded set d?, andL a loop of
P. If for eachr € R™(L,1), there existsA € pogr) such that for eaclswJ € A;, XNS# 0 or
I = =(SA—=(A4\ (SUJ))), thenLU X is an unfounded set ¢t w.r.t. |.

The following theorem shows that, the greatest unfoundedfsebasic prograr®? w.r.t.| can
be computed from the iteration of the opera.

Theorem 3.3
Let P be a basic program arich partial interpretatiorp (1) = M(P,1).

Now we come to the main theorem - the well-founded semanfies lmasic progranP by
reduct can be computed by unit propagation on completiori@mformulas of loops with no
external support.

Theorem 3.4
Let P be a basic progranWVFS (P) = U (P).

3.5 Well-Founded Semantics by Complement

Given a basic prograr®, we can converP to its complemenﬁ, and then define the well-
founded semantics &f based orP, which results in a well-founded semantics of basic program
by complement. That is, we define thell-founded modedf a basic progran® by complement
to beWFS (P), written byWFS (P).
Example 3.1
Consider the following aggregate progr&mp(0) < notcouNT({(0: p(0)),(1: p(1))}) # 1.
We can use a c-atoAito represent the aggregate above, Ae~,(Ay,{0,{p(0), p(1)}}) where
Ay = {p(0),p(1)}, and its complement &= (A4, {{P(0)},{p(1)}}). One can verify thalP has
two r-answer sets, 0 anfp(0)}, andWFS (P) = {—p(1)}. On the other hand? has only one
c-answer set, 0, anVFS.(P) = {—p(1),—p(0)}. In this exampleWFS.(P) is more informative
thanWFS (P).

For a positive basic prograf, we know that models ofCom@P) are c-answer sets ¢f
(You and Liu 2008). As loop formulas of loops without extdredpport form a subset of all loop
formulas, by monotonicity of propositional logi/FS.(P) approximates all c-answer setsRf
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Proposition 3.3
Let P a basic program anMl a c-answer set dP. Then, for any atona, if a € WFS(P) then
aec M and if~a € WFS(P) thena ¢ M.

From Theorem 3.4 itis easy to see thiS.(P) can be computed fromompP) andloo po(l5, X)
using unit propagation for any basic progr&m

Corollary 3.2
Let P be a basic programVFS(P) = U (P).

Finally, we can show a relation with the (ultimate) well-faled semantics of (Pelov et al.
2007), based on a translatiar, which models an aggregate program as a basic program under
c-answer sets (Son et al. 2007).

Proposition 3.4
Let P be an aggregate program with only monotonic aggregate atMiS.(7a(P)) coincides
with the (ultimate) well-founded semantics®flefined in (Pelov et al. 2007).

4 Loopswith at Most One External Support

Unlike the case for normal and disjunctive programs, fortp@sbasic programs, the loop for-
mulas of loops that have exactly one external support ridenat always equivalent to sets of
binary clauses. However, there is a special case of theps hose loop formulas are equi-
valent to sets of binary clauses. In particular, Febe a positive basic program ahda loop
of P, a ruler € P is aunary external supporof L if headr) € L, andA(*:‘L has and only has
one element for eachA € body(r). Let R, (L) be the set of unary external support rules.of
Given a seiX of literals, we say that a rulee R™(L) is aunary external support of L under
X if for eachA € body(r), there is and only is on8wJ € A(*:|L such thatX is consistent with
SU—.(A4\ (SUJ)). We denote byR; (L, X) the set of all these rules. For each Rj (L, X), we
denote bybody (r) the union ofSU—-.(A,\ (SUJ)) for eachA € body(r), whereSwJ is the only
element inA’C‘“_ that is consistent witlX. It is easy to see that, loop formulas of loops with one
external support rule which is also unary correspond tocfdigary clauses. Note that,ffis a
normal logic program, theR; (L) = R~ (L) andR; (L, X) = R™ (L, X).

We now consider the set of loop formulas of the loops that fexeetly one unary external
support rule under a s&t of literals:

loopi{(P,X)={-aVl|aclL,l € body (r), for some loop. and ruler s.t.
RO(LX) =Ry (LX) ={r}}.
Modified fromML,(P, X, S), let us define the following procedure for computiogp, (P, X) U
loop} (P, X).
Function ML, (P, X,S)
ML := 0; G := the Sinduced subgraph db;
For each strongly connected componkmtf G:

LetV ={ac L |thereis and only is one rutec R~ (L, X) such thar € R (L, X) and
a=headr) },
W = {headr) |re R (L,X)}\V.
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if R (L,X) = 0then add—.L to ML;
dseif R (L,X) =Ry (L,X) = {r}
then add{—-aV| |acL,| € body (r)} and appendiL, (P, X,L\ {headr)}) to ML ;
elseif W # 0 then appendvL, (P, X,L\W) to ML;
elsefor eacha € V appendVL, (P, X, (L\V)uU{a}) to ML.
return ML.

Proposition 4.1

Let P be a positive basic progranx C Lit, and SC /. The set of formulas returned from
ML, (PX,7) is equivalent toloop,(P,X) Uloop(P,X). The procedure terminates @(n%),
wheren is the size oP.

Now if we addloop} (P, X) to the procedure for computirig(P), a more powerful operator
can be defined:

TP(X) = UP(comyP) Uloop,(P,X) Uloop (P, X) U X) NLit.

Denote byT (P) the least fixpoint off P(X). From Theorem 3.2, for any positive basic program
P, T(P) is true in every c-answer set, as well as every r-answer §Bt, 0

We have implemented the algorithms in this paper in a prptogystem that is available on
line. For any progranP that can be accepted by Iparse, it first comp(téB) and then adds
{«—notal]aeT(P)}u{— a| -a€ T(P)} to P. The resulting new program is then submitted
to an ASP solver. To test the effectiveness of our preproces® use the familiar Hamiltonian
Circuit (HC) problem encoded with the following cardinglgonstraints:

— 2{dhaX,Y) :arc(X,Y)}, vertexY).
— 2{dhdX,Y) : arc(X,Y)}, vertexX).

Our experimentsshowed that, for most programs, information frd@rtP) makes both smodels
and clasp run faster, when lookahead operators are turfied of

5 Final Remarks

We have proposed using unit propagation with program caipl@nd loop formulas of loops
with at most one external support to capture and extend fewetided model of a basic logic
programs, continuing our work along this line for normal atigjunctive logic programs (Chen
et al. 2013). We believe that this work is of not only thearaltivalue but practical uses.

For logic programs with constraints, the size of a constiaitypically measured by the size
of the constraint’s domain. Measured this way, our procesfatgorithms given in this paper are
theoretically exponential. However, just like in the caé@@rmal programs where researchers
have found practical benefits of using loop formulas evehef& could be exponentially many
loops, we have shown that the loop formula approach for Hagic programs with c-atoms
can also benefit answer set computation. We have confirmgedyhéxperiments using the HC
problem for graphs with a special structure to demonsttase The same should also hold for
logic programs whose dependency graphs have a similatsteuc

L http://staff.ustc.edu.cn/~jianmin/cloopC/
2http://staff.ustc.edu.cn/~jianmin/cloopC/cloopC/experiment . html
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