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Abstract

We present an algorithm to compute shortest paths on polyhedral surfaces under convex
distance functions such that critical refractions between any geodesic and any surface edge
can be avoided. Let n be the total number of vertices, edges and faces of the surface. Our
algorithm can be used to compute L; and L, shortest paths on a polyhedral surface in
O(n?log* n) time. Given an ¢ € (0,1), our algorithm can find (1 + ¢)-approximate shortest

paths on a terrain with gradient constraints and under a cost model that combines path
length and total ascent. The running time is O (\/igrﬂ logn + n?log* n) This is the first

efficient PTAS for such a general setting of terrain navigation.

1 Introduction

There are numerous applications that require path planning on terrains and polyhedral surfaces
(e.g. 15 17 20) 211, 22 29]). On a polyhedral surface of n vertices, edges and faces, Mitchell,
Mount and Papadimitriou [23] presented an algorithm that runs in O(n?logn) time, which was
subsequently improved by Chen and Han [9] to O(n?). Varadarajan and Agarwal [32] proposed
two approximation algorithms that run in subquadratic time: 7(1+¢)- and 15(1+¢)-approximate
shortest paths can be found in O(n®/? log®/? n) and O(n®/° log®/? n) time, respectively. Schreiber
and Sharir [28] presented an O(nlogn)-time algorithm for convex polyhedral surfaces.

Terrain navigation has been studied from the perspectives of minimizing energy in robotics
(e.g. 13 26| BI]) or avoiding steep paths in spatial database and GIS (e.g. [22, B3]), but
either no complexity result is given or the complexities of the algorithms given depend on the
terrain geometry. De Berg and van Kreveld [6] pioneered the study of some height constrained
path query problems on terrains, and posed the handling of additional constraints as open
problems. The special case of finding a shortest descending path (SDP) has received attention
lately. Ahmed et al. [3] presented two algorithms to construct a (1 + ¢)-approximate SDP. The

running times are O (ngog 3 log san ) and O (”j—f log? %), where L is the largest edge length

cos ¢
in the terrain, £ is the smallest distance of a vertex from a non-incident edge in the same terrain

face, and ¢ is the largest acute angle between a non-horizontal edge and a vertical line. Other
related results can be found in [3, 4, [0, 27]. Recently, we developed a (1 + €)-approximate SDP
algorithm that runs in O(n*log(n/¢)) time [10], which is the first bound that is polynomial in
n and log(1/e) and independent of the terrain geometry. It seems hard to compute the exact
SDP and no such algorithm is known so far.

This paper presents an algorithm for a constrained shortest path problem on a polyhedral
surface with a special property. We call this problem the POLYPATH problem. Each surface
triangle f is associated with a convex polygon H that induces a convex distance function dy.
The length of a subpath in f is measured using dy. The constraint is an input upper bound
on the number of links in the output path. The special property is that any critical refraction
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Figure 1: Assume that we are in the L; metric. The bold path makes critical refractions at the
horizontal edge, which can be avoided using the dashed link without increasing the path cost.

between any geodesic and any surface edge can be avoided. That is, for every geodesic P,
there is another geodesic () with the same endpoints as P such that ) is not more costly
than P, ) passes through the same sequence of surface edges as P, and each of these edges
intersects @ transversally Figure [0 gives an example. Given two vertices s and ¢ and a
positive integer m, our algorithm returns the shortest path from s to ¢ with m links or less in
O(hmnlog mn + mnlog? mlog? hm) time, where h is the maximum size of the convex polygons
associated with the surface triangles. An immediate corollary is that an L1 or L, shortest path
on a polyhedral surface can be computed in O(n?log? n) time

On terrains, we can optimize ¢ - Euclidean path length 4 ¢ - total ascent with an e relative
error under gradient constraints for every positive constant ¢; and every non-negative constant
co. The total ascent is the total increase in heights of all ascending subpaths, which measures
the energy spent in increasing the potential energy. The weighted sum of the path length and
its total ascent gives rise to a convex distance function, which can be approximately induced
by a convex polygon of O(1/4/¢) size. This allows us to reduce the problem to an instance of
PoLYPATH such that m = O(n) and h = O(1/+/¢). Gradient constraints are specified by the
maximum ascent and descent gradients allowed in 7. (The ascent and descent gradient bounds
may be different, and they apply to all surface triangles.) This only changes the convex distance

function slightly. Section [ describes these reductions. In all, our algorithm can return a (1+¢)-

approximate shortest path in O (%nQ log n 4 n?log? n) time, which makes it the first PTAS

for such a general setting of terrain navigation. Our result implies that a (1 + €)-approximate

SDP can be computed in O (ﬁnQ log n 4+ n?log* n) time.

There are several key ideas in solving the POLYPATH problem. First, we discover how a
geodesic bends at a surface edge. In fact, there may be multiple ways for a geodesic to bend,
and we focus on a special type of geodesics in order to characterize the bending (Lemma B.3]).
Second, we show that a geodesic for an edge sequence o is completely characterized by the angles
of incidence and exit at the edges in o (Lemmas B:BH3T). A geodesic is thus preserved under
slidingﬁ, which enables us to construct one geodesic for some edge sequence and generate from it
other geodesics with the same edge sequence. This makes it possible to design a combinatorial
algorithm that composes a shortest path by combining shorter geodesics. Lastly, we design an
efficient hierarchical scheme for combining geodesics (Section [3.2)).

2 Preliminaries

Let T denote the input polyhedral surface with n vertices, edges and faces. W.l.o.g., assume that
each face of T is a triangle, and the source s and the destination ¢ are vertices of 7. Each face
f of T is associated with a convex polygon Hy, which contains the origin, lies in a plane parallel

!This property is not enjoyed by all convex distance functions because critical refractions are sometimes
unavoidable in shortest paths in the general case [11 [24].

2Not much is known about L; and L., shortest paths on polyhedral surfaces. We presented an L; shortest
path algorithm in [T0] that runs in O(n®logn) time.

3If critical refractions are allowed, it is difficult to deal with sliding a geodesic because one can slide the
subpaths before and after a critical refraction by different amounts.



to f, and induces the distance function dy. We allow the origin to be on the boundary of Hy.
The cost of the directed segment pg C f is cost(pg) = dy(p,q) = inf {A >0 %(q —p) € Hy},
which can be computed in O(log |H¢|) time by binary search.

We use @ to denote a vector and U to denote the unit vector in the same direction as .
Given @ and ¥, 6(, ¥') denotes the angle measured from # to ¢ in counter-clockwise order, which
takes value in [0,27). The inner product of @ and ¥/ is denoted by (i, 7).

All polygonal paths in this paper are oriented from their sources to their destinations. A
link of a polygonal path is a maximal segment in a face or on an edge of T, and its endpoints
are called nodes. We assume that every node is either a vertex or a point in the interior of an
edge because a node in the interior of a face can be removed by shortcutting without increasing
the path cost. By the requirement of the POLYPATH problem on the convex distance functions,
we can further assume that every node in the interior of an edge is a transversal node, that is,
its two incident links lie in the interiors of two distinct faces.

Let p;, i € [0, k], be the nodes in order along a path P. Let ¢; = p; —p;—1 for ¢ € [1,k]. The
direction vector of Pis (V1,..., V). We can specify P as (pg, p1,---,Pk) or as (po, (U1, .., Ug)).
The subpath of P from a point z to another point y is denoted by P[z,y]. The cost of P is
cost(P) =3 pace p cost(P N f). [P denotes the Euclidean length of P.

The edges that P crosses in order is the edge sequence of P. It includes the edge containing
P’s destination but not the edge containing P’s source. A path may have multiple edge se-
quences if its interior passes though a vertex. For example, suppose that the edges e, eq, ..., ¢eg
are incident to a vertex v in circular order. If a path moves from the face bounded by e; and e,
to v onward to the face bounded by e; and e;+1, then one edge sequence contains the substring
e1es...e;, and another edge sequence contains the substring exep_1...€;41.

A path P is a geodesic if it has the minimum cost among all paths with the same source,
destination, and edge sequence as P. The shortest path from s to ¢ is the shortest geodesic
from s to t over all possible edge sequences.

3 Solving PorLYPATH

We first characterize the geodesics by their direction vectors in Section Bl Then we propose
an algorithm in Section to solve the POLYPATH problem.

3.1 Properties of geodesics

Let 0 = (e1,e3,...,¢ex) be the edge sequence of some geodesic that starts from a point py on

the boundary of some face in 7 and ends at a point p; on the boundary of another face in

T. Thus, e; and e;;1 are distinct edges of the same face, and e; and e;;2 do not bound the

same face. Let ey denote an edge adjacent to e; that contains the source of the geodesic. For
€ [1, k], let f; denote the face bound by e;_1 and e;.

For i € [1, k], we define the positive and negative sides of a point on e; as follows. Orient e;
to obtain a directed segment a;b; so that f; and f; 1 are on the left and right of a;b;, respectively.
Let €; denote the vector b; — a;. Given two points p,q € e;, we say that g lies on the positive
or negative side of p if (¢ — p,€;) > 0 or (¢ — p,€;) < 0, respectively. The head and tail of the
oriented e; are the positive and negative endpoints of e;, respectively.

There may be multiple geodesics that start from pg, end at p, and share the same edge
sequence o. Let P = (po, (V1,..., 7)) and let Q = (po, (W1,...,wy)) be two such geodesics.
We say that v; is smaller than w; if 6(¢;, v;) < 0(€;,w;). The canonical geodesic from pg
and pg with edge sequence o is the geodesic that has the lexicographically smallest direction
vector. Intuitively, the canonical geodesic hits every oriented e; at a point closest to the negative
endpoint of e;. This gives rise to the next lemma (proof in Appendix [A)).



Lemma 3.1. Let P = (pg,p1,-...,pk) and Q = (o = po, q1,---,qx = pr) be two geodesics from
po to pr with the same edge sequence. If P is a canonical geodesic, then for i € [1,k — 1], ¢
does not lie on the negative side of p;.

We will characterize a canonical geodesic via the derivative of its cost, which may not
change smoothly as its destination moves. Thus, we define the derivative using limit and
it depends on how the limit is approached. Recall that o = (ej,...,er) and ¢p is an edge
adjacent to e; containing the source py of P. Let 0;; = (€i41,...,€j). For every point p €
e;, define a function €}, () to be the cost of a geodesic with edge sequence o;; from p
to a point x € e;. For every point ¢ € e;, define the function D, () be the cost of a
geodesic with edge sequence o;; from a point = € ¢; to ¢. We use 2/ — 2T and 2/ — z~

to denote z’ approaching x from the positive and negative sides of x, respectively. Define:
CP,Uij(x/)fcpﬁij (z) Cdij(pvx)fcpyo'ij(x/)

+ 1 - 1 + _
0Cy o, (@) = limgr 0t ezl 00, 5, (@) =limg - ] , 0Dy, (x) =
. Dy Ui'(ivl)_Dq iy () . Dy,0,;(@)=Dg,0;; (")
73 i - _ 73 73
lim, .+ ] ,and 0D, () = limg/ - T .

Lemma 3.2. C),.(z) and Dy, (x) are convex piecewise linear function in x. If y is on the
posz:m:ve S@:de of x m ej, then 0C, (y) > 9C,, (y) > 0C,, (v) > 0C,, (x). If y is on the
positive side of x in e;, then D, (y) > 0D, (y) > 0D, () > 0D, (z).

Proof. The function cost(zy_12¢) in 7,1 and z, is convex, piecewise linear. Since C ., (7) =
min{ZﬁziH cost(zp_1¢) + ¥ = p, x; =, 1¢ € e for £ € (i,§)}, Cpo,, () is the minimization
of the cross-section of a convex, piecewise linear function. This implies the properties of Cy, 5,;,

9C,,,. and OC,; = stated in the lemma. The same argument works for Dy 5, (2).

Our algorithm will form new geodesics by concatenating shorter ones. It is clear that if
we split a canonical geodesic (po,...,pr) at p;, we obtain two shorter canonical geodesics.

Lemma [3.3] below shows that the converse is true under some conditions. Its proof is based on
the fact that p; cannot be perturbed to reduce the cost (Appendix [A.2]).

Lemma 3.3. If a path P = (po,p1,---,Pk) 1S a canonical geodesic with edge sequence o, where
pi € €;, then the following conditions hold for everyi € [1,k — 1].

(i) Plpo,pi] and Plp;, pr] are canonical geodesics with edge sequences og; and oy, respectively.
(ii) p; is the positive endpoint of e; or 80;;’001_ (pi) + 8D;Mik (pi) > 0.

(iil) p; is the negative endpoint of e; or OC, , (pi) + 9D, , (p:) <O.

0,004

Conversely, if the conditions above hold for some i € [1,k — 1|, then P is a canonical geodesic
from pg to pr with edge sequence o.

By Lemmas and B3] once two canonical geodesics diverge, they will never cross.

Lemma 3.4. Let P = (po,...,px) and Q = (qo,--.,qx) be two canonical geodesics with edge
sequence o such that p; and q; lie in the interior of e; for i € [1,k —1]. If 0(p; — pi—1,€;) >
0(q; — qi—1,€;) for some i € [1,k — 1], then 0(p; — pj—1,€;) > 0(q; — qj—1,€;) for all j > i.

Lemma [3.5] below shows that when we slide a geodesic, the path cost changes linearly.

Lemma 3.5. Let P = (po,...,pr) be a geodesic with edge sequence o, where p; lies in the
interior of e; for i € [1,k|. Let Q = (qo,-..,qr) be another path such that q; € e; for i € [0, k]
and q;—1q; is parallel to p;_1p; fori € [1,k]|. Fori,j € [0,k] such thati < j, define §;; and ~;; by
the relations ||p;qill = 5 - |Ipjq;ll and cost(Qlgs, q;]) = cost(P[ps, ps]) +vij - (a5 — pj. €5 ). Then,
dij and ~y;; depend on the direction vector of Plp;,p;] only, di—1; and vi—1,; can be computed in
O(1) time, and for all £ € [i + 1,5 — 1], 6ij = 0ie0¢; and ~yij = O¢jYie + Ve;-

4
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Figure 2: Three cases depending on the position of r relative to p; and pj.

Proof. Let v; be the direction of p;_1p;. By the sine law, 6;_1,; = sin(6(v;, €;-1))/sin(6(v;, €;
)). The edges e;_1 and e; share a negative endpoint a or a positive endpoint b. In the first case,
lgi—1qi|| = sin(0(€;,€;-1)) - |lag;||/ sin(0(V;, €;-1)). In the second case, ||gi—1¢:|| = sin(6(€;_1
,?Z)) . ||qzb||/811’1(9(?17 ?171)). Thus, ’}/1;171‘ =C; - sin(@(?i, ?171))/8111(9(?“ ?171)), where C; is
the cost of a unit segment with direction v/; in the face bound by e;_1 and €;. So 6;—1,; and ;1 ;
depend on v; only. Assume that i < j—1. For all £ € (i,7), ||pit|| = die- ||peqell = 8iedej - 1psasl],
and cost(Q[gi,qj]) = cost(Qai, qe]) + cost(Qlae, qj]) = cost(Ppi,pel) + vie - (a0 — pe, €e) +
cost(P[pe, p;]) +vej - (a5 — pj» € ) = cost(P[pi, pj]) + (dej7vie +ve5) - (45 — pj, €5)- S0 dij = diede;
and 7y;; = d¢;vie +vej. Inductively, 6;; and ~;; depend on the direction vector of P[i, j] only.

We want to show that 9C , , 9C, .., OD;} . and D, , —depend on the direction
vector only, i.e., not on the location of py and pg. Then, Lemmas B3] and allow us to
form canonical geodesics by sliding and concatenating shorter ones. The first step is to prove
a conditional version of this result.

Lemma 3.6. Let P = (py,...,px) be a geodesic with edge sequence o, where p; lies in the inte-
rior of e; fori € [1,k]. Define §;; and v;; as in Lemmal30 If there existsi € [1,k—1] such that
OC+ and 0C, depend only on the director vector of P[po,p;] and 8DJr oy Ond 0D,

0,004 P0,004 Pk,0ik

depend only on the direction vector of Plp;,px), then: (i) 0Ct . (px) = min {oct i (Pk) 5

Po0,00k

Sik - OC, o (pi) + i} and OC, . (pr) = min {OC, . (pr), dik - OC, 5. (Pi) + Yik }» and
(ii) 8D 00, (P0) = min {8D;{“UOZ, (po), 52 0 ;{kmk (pi) + g—gz} and OD,, . (po) = min {8D1;¢,00i (po),

30D, 0, (01) + 32 |

Proof. (Sketch) Consider the derivation of dC, ,  (px) in (i). The derivation of dC,, ,  (px)
is symmetric. Take a point pj € e, on the positive side of pj and arbitrarily close to p;. For
€ [i,k—1], let p}; be the point in e; such that pip} ; is parallel to p;p;+1. Since pj is arbitrarily

close to pg, pj is also arbitrarily close to p;. Therefore,

Cpo.00:(Pi) + Cpioi (p;c) = Cpo,o0s (Pi) + Cpy o () + 80;,01,6( k) - ||pkp§€||

Crooor. (Pk) +0C o (pk) - [IPepll,
Cpooos P5) + Cot o 0k) = Cpo,00:(0i) + IC, 50, (0i) - 1Dl + Copiri (0k) + ik - 112 |
= Cpooon (i) + (Git  9C, o, (0i) + ite) - Pkl

Let @ be a geodesic from py to p) with edge sequence oo, = o. Let r be the node of @
on e;. We are done if we can show that Cp ., (p},) is equal to Cpy oy (pi) + Cp, o0 (D)) OF
Cpo,o0: (P;) + Cpt o, (D)) There are three cases in Figure 2] depending on the position of 7. We
discuss one case here and leave the rest to Appendix[A3l Suppose that r € p;p; (Figure 2l(c)).
Since ||p;r|| and ||rp}| are arbitrarily small, Cp, oo, (D)) = Cpo,o0: (T )—l—Dp/ o (1) = Cpy.o0; (0i) +
OC o0, (i) - lIPir || + Dy o, (7)) — 8Dp 0, (05) -+ [Ipir|l, which is a linear function in [|pir|| by

P0,004

our assumption that OC.f  and 4D, depend only on the direction vectors of P[py, p;] and

P0,00i Pk,0ik



Pli, k] respectively (hence oD, U_k(p;) = 0D, . (p;)). Thus, the last expression is minimized
kY%

Pk,0ik
when r = p; or r = p. Hence, Cp o, (p},) = Cpo,a0, (Pi) + Dy o (i) = Cpo,o0:(Pi) + Cpi,our (D))
or Cpovffok (p;c) = Cpoyffoi (p;) + Dpﬁc,aik (pé) = CPO,UOi (pé) + Cpg,aik (p;g)
The correctness of (ii) can be proved in a similar way.

Lemma clearly lends itself to an inductive proof to establish the same result uncondi-
tionally, as stated in Lemma [3.7] below. The proof is in Appendix [A4]

Lemma 3.7. Let P = (po,...,pr) be a geodesic path with edge sequence o, where p; lies in the
interior of e; fori € [1,k]. Let §;; and ;; be defined as in Lemma[33. Then 801;270%, IC,0 son
oD

orooes @nd 0Dy, depend only on the direction vector of P. Moreover, the formulae in

Lemma [38 hold for all i € [1,k —1].

3.2 Algorithm

Chen and Han introduced the sequence tree to capture the edge sequences of geodesics on a
polyhedral surface in the Lo case [9]. The tree is grown until the number of tree levels meets
the input upper bound on the number of links allowed in the solution path. The best path
discovered from s to t is the shortest path desired. Constructing a new tree node involves
finding a new shortest path with a particular edge sequence. The key is to use the structural
properties in the last subsection to carry out this step and do it fast.

A sequence tree node « is a vertez-node or an edge-node which represents a vertex, denoted
Vo, or an edge of T, denoted e,. A face corner (f,v) is the corner at a vertex v of a face f. An
edge-node a annezes a face corner (f,v) if e, is the edge of f opposite v and the parent of «
does not correspond to another vertex or edge of f. (Since e, is opposite two face corners, the
second condition ensures that o annexes the face corner just included by the growing tree.)

The root corresponds to the source s. The edge-nodes on the tree path from the root to «
correspond to an edge sequence, denoted o,. Let ag be the nearest ancestor vertex-node of a.
The edge-nodes on the tree path from g to « correspond to a suffix of o, denoted 5,. The
edge sequences o, and 7, are used in the analysis, but they are not stored at a. In the case
that « is a vertex-node, P, denotes the canonical geodesic from s to v, that passes through
the edges in 0,. We compute cost(P,) and stores it at «, but P, is used in the analysis only.

The sequence tree is grown in a breadth-first manner until the number of tree levels meets
the input upper bound m. When an edge-node annexing a face corner (f,v) is expanded, it
gains at most one vertex-node corresponding to v and two edge-nodes corresponding to the
edges of f incident to v. When a vertex-node « is expanded, it gains at most one vertex-node
for each vertex adjacent to v, and one edge-node for each edge opposite v,. Multiple nodes
may correspond to the same edge or vertex. To control the tree size, Chan and Han introduced
the one-corner one-split property: at any time, at most one verter-node corresponding to the
same vertex is allowed to have any child node; at most one edge-node annexing the same face
corner is allowed to have two child edge-nodes. This property ensures that at most O(n) tree
nodes are ever created at each level [9, Theorem 8|.

A notion of dominance is need to maintain the one-corner one-split property. Let « and (8
be two vertex-nodes corresponding to the same vertex v or two edge-nodes annexing the same
face corner (f,v). Let ap and Sy be the nearest ancestor vertex-nodes of a and 3, respectively.
Let P and @ be the canonical geodesics from v, and vg, to v that pass through the edges in 7,
and &g, respectively. We say that a dominates 3 if cost(Py,) + cost(P) < cost(Pgs,) + cost(Q),
or cost(Py,) + cost(P) = cost(Pg,) + cost(Q) but « is expanded before 5 in growing the tree.
Assume that o dominates 5. Suppose they are vertex-nodes. If 8 has been expanded, we remove
all tree nodes descending from it; otherwise, we will not expand 3. Suppose that a and 3 are
edge-nodes. There is an edge e incident to v such that every geodesic from vg, to e through



the edges in og crosses P. If § has been expanded, we prune the child node of 3 corresponding
to e; otherwise, when we expand 3, we will not generate a child node corresponding to e.
After we construct a new leaf o of the sequence tree, it takes O(log mn) amortized time
to test the dominance and prune the tree, modulo the time to compute the costs of geodesics:
cost(P,) if av is a vertex-node, or the costs of geodesics from v,, to e, with edge sequence &, if
a is an edge-node. Appendix[B.ldescribes the dominance testing and pruning. We give a proof
in [I0l Lemma 3.1] that the pruning preserves a shortest path from s to ¢ in the L., metric,
which is also applicable here. The correctness of our algorithm thus follows. In the rest of this
subsection, we describe how to compute the costs of geodesics when constructing a new leaf.

Edge-node creation. Let a be a new edge-node created at tree level £. Let oy be the nearest
ancestor vertex-node of « at tree level k < £. Let (eg, ..., ep) be the edges corresponding to the
edge-nodes on the tree path from ag to «, with e, denoting e, and e denoting an edge incident
to vo,. We do some processing at a to aid the future growth of the subtree rooted at «.

For all i > 0 such that & < ¢ — 2% and 2° divides ¢, we compute a data structure L, to
represent the canonical geodesics from any point in e, 5 to some point in ey, which can be
represented by their direction vectors by Lemmas and B.7. The insight is that only some
critical direction vectors matter, and the rest can be linearly interpolated from them.

Let I,v C ey_oi be the interval of origins of canonical geodesics that reach e, with direction

vector v and edge sequence (eg,QiJrl,...,eg)H Let Aqv : Iy — Rand aqy : Iov — €7 be
functions such that A,y (p) is the cost of the canonical geodesic from p to ey with direction
vector v and edge sequence (e;_oiyq,...,€¢), and aqv(p) is the destination of this geodesic.

Let Bov : Gavllay] = R and bav : @ov[lav] — €p_9 be functions such that B, v(q) is
the cost of the canonical geodesic from e,_5: to ¢ with direction vector v and edge sequence
(€r_9it1s---,€r), and by v(q) is the source of this geodesic. These four functions are affine and
they can be stored in O(1) space and evaluated in O(1) time. The direction vectors in L, are
stored in lexicographic order] The following properties are enforced on L :

e P1: Each direction vector in £!, is that of some canonical geodesic from e,_o: to ey.

e P2: Any two adjacent direction vectors differ in exactly one entry. These two different
directions point to the same edge of the convex polygon defining the distance function for
the corresponding face.

e P3: Let v and w be two adjacent direction vectors. For any p € Inv NI, w and any t €
[0, 1], the cost of a geodesic from p to t aq v(p)+(1—t)aaw(p) is tAav(p)+(1—1)Aqw (p)ﬁ

e P4: Let v and w be two adjacent direction vectors. For any ¢ € aa,v[lav] N @aw(law]
and any t € [0, 1], the cost of the geodesic from ¢ by v(q) + (1 —t)ba,w(q) to ¢ is tBav(q) +
(1 - t)Ba,w(q)'

The first direction vector in £! is stored in its full form. For any other direction vector,
we only store its first link, last link, and the difference from its predecessor in £!. By P2, the
storage required by L£¢, is O(2%) plus the number of direction vectors in the list.

The construction of £! proceeds in increasing i. The base case is £2. Let H, denote the
convex polygon that induces the distance function for the face bounded by e, 1 and e;. L2

1Let P be the canonical geodesic from I, to e, with direction vector v and edge sequence (ep_oiy1y---s€0).
By Lemma [37] we can slide P in both directions until it is stuck, and the path remains a canonical geodesic
during the sliding. Thus, I v is an interval, and so is the image of I v under aq,v.

5Two directions U; and W, for the links hitting e; are ordered by comparing 0(¢s, v;) and 0(€;, w;).

5By Lemma[33] given two canonical geodesics from p to e, with adjacent direction vectors v and w, then any
linearly interpolation of the two different directions yield another direction vector for which there is a canonical
geodesic from p to e;. The same holds for two canonical geodesics with adjacent direction vectors v and w from
ey_oi to the same point in eg. Therefore, Inv N Iaw £ 0 <= aav[lav] N aawl[la,w] 7# 0.



consists of the direction vector (—€y_1, €y) or (€,_1,— €4) depending on whether e, ; and
ey share a negative or positive endpoint, respectively, and every vector consisting of a single
direction that points to a vertex of H, and can be used to go from ey_1 to e;. For i > 0, let 8 be

the ancestor edge-node of a at level £ — 2~ (“midway” between a and «y), and let (uy,...,u;)
and (vi,...,v,) be the sequences of direction vectors in Elﬁfl and L4571 respectively. [,gl has
been computed as (3 is an ancestor of a. Choose an arbitrary point p € Igu, N Igy,,,. For

Ay (P)—Ap,u, (P)
05,05, (9) @5, )]
80;0 at agu, (p), where o = (€;_9i,1,...,€, 9i-1), which is consistent with Lemma B.7} 80;0
is independent of the source p and the destination. Similarly, take an arbitrary ¢ € aq v, [la,v,]N

Ba,vi 1 (@)=Bav, (2) ;
Ao Loy, ), and for k € [1,7" — 1], compute 741 = Ic ’:E;) e ’“(q)H. By Lemma 3.3 £,
o, v oVE L

consists of every concatenation ujvy such that A\g; + 7o > 0 and Mg ;1 + ma k-1 < 0. By
Lemma B2l A\g; < Agjt1 and g < 7o kt1, SO We can scan Agj in increasing j and 7, in
decreasing k to identify the good concatenations. We first find kg € [1,7'] such that A\g ; +7m4 1, >
0 and Ag1 + 7o ko—1 < 0, and so uyvy, is a good concatenation. Note that Agq + mq 1 < 0 for
all & < ko. Next, we find k1 < ko such that A\go + 71, > 0 and Ago + 7o r,—1 < 0. Thus,
Ag2+Tak > 0and Mg 1 +7q x—1 <0 forall k € [kq, ko], which makes upvy, a good concatenation
for all k € [k1, ko). Repeating the above gives £¢. When adding a concatenation uv, we compute
the auxiliary information in O(1) time: I uv = bg.ullavNagullsul ], Aauv = Agut+Aavoas.u,
Go,uv = Ga,v © A8 us Bauv = Bayv + Bgu © bav, and by uv = bgu © bav, where the operator o
composes two functions. Appendix [B.2] shows that the construction preserves P1-P4.

all k € [1,7 — 1], compute \gj = ‘ By P3, A\g, is a constant, so A} equals

Lemma 3.8. Creating an edge-node at level ¢ takes O(2'h) time, where 2° is the largest power
of 2 that divides £, and h is the mazimum size of the convex polygons associated with the faces.

Proof. Let a be a new edge-node at level £. LY stores O(h) direction vectors. For i > 0, let
B be the edge-node at level £ — 2071 the size of LY, is at most the total size of £4 ! and Ezﬁ_l.

Inductively, we obtain a time bound of Z;;}) O(2h) = O(2'h).

Compute a geodesic to a vertex. Suppose that we expand an edge-node «, which annexes
a face corner (f,v). Let ag be the nearest ancestor vertex-node of a at tree level £y < ¢. Let
(€gy+1,---,€r) be the edge sequence corresponding to the edge-nodes on the tree path from «yg
to a. We are to create a vertex-node (3 for v and compute the cost of the canonical geodesic
P3 from s to v through the edges (es+1, ..., €r).

Fori=1,2,---, find the largest ¢; such that ¢; < ¢ and ¢; — £;_1 is a power of 2 that divides
both ¢; and ¢;_1. This gives a sequence ¢y < {1 < ... < £, = £, where r = O(log¥). For i > 1,
let k; = ¢; — £;_1 and let a; be the ancestor edge-node of « at level ¢;. We also use «,- to denote
a. Let o; denote the edge sequence (eg,11,...,eq,) for i € [1,r]. Pg is the concatenation of P,,
and the canonical geodesic P from v,, to v through the edges (es 41, ..., er). We already know
cost(Py,). We compute cost(P) by combining the £X’s in at most r + 1 stages. At the end of
the i-th stage, i € [1,7], we fix the prefix @; of P up to egiEI

Assume that ;1 is fixed. Let x;_1 denote its destination. Assume that we have com-
puted 9C,F Vi (xi-1) and 0C, Vi (zi—1). Consider the canonical geodesics from v,,, through
(et;, y+1,--.,e¢) with Q;_1 as a common prefix. By Lemmas and 34 these geodesics spread
out from x;_1 to ey and form a fan that contains v,. We want to construct a path R from x; 1
to some point y € ey, such that @); = QQ;—1 R and the canonical geodesics that spread out from
y to e, form a fan that contains . Let u;_1 be the direction vector of ();_1. The idea is to
find the direction vector v in EIO“;Z by binary search such that uv is the direction vector of @Q);.

"We define the prefix @, of P only up to e, = e, instead of an edge of f incident to v. It is because we will
apply Lemmas [3.5H3.7] which require the nodes the path other than its source to be in the interior of edges.



The binary search works as follows. Let v be the “median” direction vector in the sublist
of EIO“;Z that we are working on. If z;_1 € I,, v, we remove half of the sublist of EIO“;Z and recurse.
Suppose that z;_1 € I,,v. We find the smallest direction vector w and the largest direction
vector w’ such that u;_;vw and u;_;vw’ extend @Q;_1 to two canonical geodesics through
(e, y+1,---,¢e¢) and the face f. (We will describe how to find w and w’ shortly.) If these two
geodesics lie on the same side of v, by Lemma [3:4], we can remove half of the sublist of EIOC;Z and
recurse. If these two geodesics sandwich v, then u;_1v extends ;1 to @);. The destination of
Qi is Yy = aa, v(zi—1) and cost(Q;) = cost(Qi—1) + Aq, v(zi—1). By Lemmas BI5H3.T] 80;;0’01_ (y)
and 0C, . (y) can be computed in O(1) time from 80,20701_71(:1:) and 80,;0701_71(:1:). Then we
fix the next prefix Q;+1. The binary search may also finish with two adjacent direction vectors
in [,”g;Z without fixing @;, a terminating case that we discuss after the next paragraph.

How do we find the smallest and largest direction vectors w and w'? By Lemma [B.3]
we find the smallest direction vector w;yq in E’;ﬁ by binary search such that vw;,q is the
direction vector of some canonical geodesic from z; 1 through (es,_,41,...,¢4,,). Let y =
Ao, v(Ti—1) and let 2z = aa,,, wiy, (¥). We apply Lemmas to compute AC; (2)

Vag,0i+1
and 801,;0’0“1(2) in O(1) time from 80120701, (y) and Cy,. o (y). Then, we find the smallest
Kito

direction vector w;io in Lq;,, by binary search and extend to vw; iw;;o. Repeating the
above gives Wi 1W; 2...w,. Finally, we apply pick the smallest direction ,,1 according to
Lemma [3.3] that extends w; 1w ... w, through f, and w; 1w, o...w, (10,11) is the desired
w. The largest direction vector w’ is obtained symmetrically.

Recall the terminating case that @); cannot be fixed and the binary search finishes with two
adjacent direction vectors v and v’ in EIO“;Z We find the smallest direction vector w as before
to extend v and v’ through (es,11,...,e¢) and f. Note that vw and v'w extend Q;_1 to two
canonical geodesics that sandwich v. The last direction w, 1 in w brings us from v to a point
z € ey, and the cost is cost(zr). We continue to b, w,(2) € e, and the cost accumulates
to cost(zv) + Ba, w,(2), and so on to a point y € ey, between aq, v(zi—1) and aq, v (xi—1),
where z;_1 is the destination of );_1. Let C be the cost of the path that we have retraced
from v to es. Suppose that y = (1 — t)aq, v(Ti—1) + taq, v (zi—1). By P3 and Lemma B.3]
COSt(P) = COSt(Qifl) + (1 - t)Aai,v(xifl) + tAai,V’(l‘ifl) + C.

Another terminating case is that we proceed all the way to stage r and fix @,. Then,
cost(P) = cost(Q,) + cost(z,v), where z, is the destination of Q.

Theorem 3.1. Let T be a polyhedral surface with n vertices in an instance of POLYPATH.
Given a source s, a destination t and an integer m, the shortest path from s tot on T with no
more than m links can be found in O(hmnlogmn 4+ mnlog® mlog® hm) time, where h is the
maximize size of the convexr polygons that define the distance functions in the faces of T.

Proof. (Sketch) The correctness follows from Lemma that the pruning of the sequence
tree preserves shortest paths. The details are given in Appendix We spend O(log mn)
amortized time in each invocation of dominance testing and pruning (Appendix [B]). At most
O(mn) tree nodes are created and thus O(mnlogmn) total time is spent.

Divide the edge-nodes into O(log m) groups such that an edge-node is in group 7 if its level is
a multiple of 2¢ but not 2°+1. Group i contains O(mn/2%) edge-nodes. By Lemma B8 creating
anode in group 7 takes O(2°h) time. So it takes O(hnmlogm) time to create all the edge-nodes.

To compute the cost of a geodesic for a vertex-node, we fix O(logm) prefixes @;’s. To
extend Q;—1 to @;, we binary search in £¥ in O(log2'h) = O(log (h) = O(log hm) probes by

Lemma Each probe requires O(log¢) = O(logm) binary searches among the lists Eloiifl,

Lgﬁé, .... So it takes O(log?mlog? hm) time to compute the cost of a geodesic. The total
time spent on all vertex-nodes is thus O(mn log® mlog® hm). We can reconstruct the direction
vector of the shortest path in similar way as in dealing with the terminating case of not fixing
some ;. So constructing the path takes only linear time, i.e. O(m).



4 Applications

Under the L; and Lo metrics, h = O(1). Under the L, metric for some p > 2, Dudley’s
result [I6] allows us to approximate the “unit disk” by a polygon of O(1/4/¢) vertices such that
the polygon diameter is approximated with an e relative error, i.e., h = O(1/4/¢). In the above
cases, m = O(n) because there exists a shortest path that visits a face no more than once.

Theorem 4.1. Given a polyhedral surface of size n, the L1 and Ly shortest paths between two
vertices can be computed in O(n? log* n) time, and for every constant p > 2 and every € € (0, 1),

a (1 + €)-approzimate L, shortest path can be computed in O (ﬁn2 logn + n?log? n) time.

¢f

Figure 3: Left: The face f makes an angle ¢, with the horizontal, and the ascent is len -
sin psin ¢y. Right: The bold segment represents the clipping.

Consider path planning on a terrain with the cost function ¢; - Euclidean length + ¢ -
total ascent for some constants ¢; > 0 and ¢y > 0. Refer to the left image in Figure Bl The
ascent within a face f is len - sinpsin ¢y, where len is the distance travelled in f, ¢y is the
gradient of a face f, and ¢ is the angle between the travel direction and the horizontal. Let Sy
denote the “unit disk” induced. On the uphill side, the boundary of Sy satisfies the equation
1 = (c1 + cosingsin¢y)len; on the downhill side, the boundary of Sy is the half-circle with
radius 1/c;. Sy is convex with bounded aspect ratio, so we can approximate it by Dudley’s
result [I6] to obtain a POLYPATH problem instance with h = O(1/y/¢) and m = O(n).

We can incorporate uphill gradient constraints. Let ¥ be the input limit on the uphill path
gradient. Let pg be an oriented segment in the interior of f that makes an angle larger than
1 with the horizontal. We can traverse a zigzag path from p to ¢ in which each link makes an
angle v with the horizontal. The path length is equal to the height difference between p and g
divided by sin 1), irrespective of the exact zigzag pattern. Each link can be as short as we wish,
and the zigzag path can stay inside f. Under this constraint, the top part of Sy that makes an
angle at least ¢ with the horizontal should be clipped. Refer to the right image in Figure Bl
We can similarly handle downhill gradient constraints.

The above suggests that we can transform a shortest path P such that it visits a face no
more than once. There are some technical issues though. Suppose that P visits f twice at
points p and ¢q. If p is in the interior of an edge, we may need to transform P to move from p to
a nearby point p’ € f and then move from p’ to ¢ by a zigzag path in f. Luckily, we can make
cost(pp’) negligible. If ¢ is a vertex of f, it may be impossible to move from the interior of f
straight to ¢q. In this case, P enters ¢ from another face f”. We transform P so that it moves
uphill from a point ¢’ near ¢ on an edge of f to a point ¢” near ¢ on an edge of f” and then to
q, such that every link in the detour has uphill gradient ¢). The detour cost is negligible, and
such detours around vertices introduce at most O(n) extra links. Thus, after transforming, the
path can be partitioned into two types of subpaths such that a subpath of the first type lies
within a face of 7 and a face does not contain two subpaths of the first type, and the subpaths
of the second type have O(n) links and negligible cost altogether. This produces an instance of
PorLyPATH with h = O(1/4/¢) and m = O(n). Appendix[Cl gives the details.

Theorem 4.2. Given a source s and a destination t on a polyhedral terrain of size n, we can
find a (1+¢)-approximate shortest path under the cost function of ci length + co ascent for some
constants ¢y > 0 and ca > 0, where length is the Fuclidean path length and ascent is the total

ascent. Gradient constraints can be imposed. The running time is O (ﬁn2 log n 4 n?log? n)
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Missing proofs

A.1 Proof of Lemma B.1]

Let j be the smallest integer such that p; # ¢;. Since P is the canonical geodesic and
Plpo,pj—1] = Qlqo,qj—1], p; must be on the negative side of ¢;. If for all i > j, p; = ¢; or

12



p; is on the negative side of ¢;, then we are done. Otherwise, let i be the smallest integer such
that p; is on the positive side of ¢;. Then p;_1p; must cross ¢;_1¢;, say at x. Since both P and
@ are geodesic paths, Pz, pi| and Q[z, px| are both geodesics and have the same cost.

cost(P[po, pi—1]) + df,(pi—1¢;) + cost(Q[gs, px]) < cost(Plpo, z]) + cost(Q[z, p]|) = cost(P)

We obtain a new geodesic R = (po,p1,--.,Di—1,%i,qi+1,---,qk). Note that (&, ¢ — pi—1) <
0(€;, pi — pi—1). Therefore, the direction vector of R is lexicographically smaller than that of P,
contradicting the assumption that P is a canonical geodesic.

A.2 Proof of Lemma

Suppose that P is a canonical geodesic. Then P[pg,p;| and P|p;, pi] are canonical geodesics
as well. If p; is not the positive endpoint of e;, pick a point p; on the positive side of p; and

arbitrarily close to p;. By the definition of the functions 80;57001. and OD;rkmk, we obtain

Cpo,o0; (p;) + Dy o1 (p;) = Cpo,o0; (pi) — Dy oin (pi)
= (0C} 00 (03) + 0D, 5., (12)) - IPpill

Since P is a geodesic, Cpo,aq,(P}) + Dpyo (P;) = Cpo,oo;(Pi) + Dy, (pi), Which implies that
OC;BJOZ, (pi) + OD;}waik (pi) > 0. If p; is not the negative endpoint of e;, we pick p; € e; on the
negative side of p; and sufficiently close to p;. Then,

Cpo,ffm (pl) + D;Dk,ffik (pz) - Cp070'0i (p;) + Dpk,crik (p;)
= (0Ch.00,(P)) + 0D, 5, (0)) - IPipill-

By Lemma BT} Cpy,o0, (P5) + Dpyoit (P5) > Cpo,oo; (Pi) + Dpy o (i), and therefore, 0C, ;. (i) +
8Dp_]Mk (pz) < 0.

Conversely, suppose that the three conditions are satisfied for some i € [0, k]. Let p} be the
intersection point between e; and the canonical geodesic from py to pg with edge sequence o.
If p, = p;, we are done. Suppose that p; # p;.

Consider the case of p) lying on the positive side of p;. By Lemma B2 Cp, o, and D,

are convex functions. Therefore,

kyOik

v

Cpo,o0; (p;) Cpo,o0: (pi) + 80;;;,00,1- (pi) - ||pzp;H
Dpyo (p;) 2> Dpoy (pi) + 8D;1—3:,aik (pi) - szp;H

Combining these two inequalities and condition (ii) in the lemma gives

Cp0700i (p;) + Dp0700i (p;) > Cp0700i (pl) + Dp0700i (pi)7

which shows that P is also a geodesic. However, p; is on the negative side of pf, which is a
contradiction to Lemma Bl

Consider the case of p] lying on the negative side of p;. By the convexity argument again,
we obtain

Y]

Cpo,00i (p;) Cpo,o0; (pi) + anfO’UO’i (pi) - szp;H
Dpkvo'ik (p;) > D;Dk,ffik (pl) + 8Dp_k,aik (pZ) ' szp;H

But then these two inequalities and condition (iii) in the lemma imply that

Cp0700i (p;) + Dp0700i (p;) > Cpoﬁm‘ (pl) + Dp0700i (pl)

This is impossible because P cannot be shorter than a geodesic.
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A.3 Proof of Lemma

Consider the derivation of dC,f , (px) in (i). The derivation of dC,, ,  (px) is symmetric. Take
a point p). € ej, on the positive side of pj and arbitrarily close to py. For j € [i, k], let p;- be the
point in e; such that pip ; is parallel to p;p;11. Since pj is arbitrarily close to py, p; is also

arbitrarily close to p;. Therefore,

Cpo,o0:(Pi) + Cpioi (p;c) = Cpo,o0s(Pi) + Cpy o () + 80;;;,alk( k) - Hpkp;cH
Po,Uok (pk) + 80;;01k( k) : Hpkpkuv
CpOﬁ'Oi (p;) + Cpg,aik (p;c) = ;Do 00i (pl) + 80;;(—),001( ) : szp;H + Cpi,Uik (pk) + ik ||pkp;c||

= Cpyooe (Pk) + (0 - 0Cy, 5. (Dr) + Yik) - [lDak I

Let @ be a geodesic path from pg to pj with edge sequence oo, = 0. Let r be the node of Q
on e;. We prove (ii) by showing that Cp, o, (1)) is equal to either Cpy oo, (Pi) + Cp; o (P}) OF
Cho,o0: (D) + Cy, o (P);)- There are three cases as shown in Figure 2] depending on the position
of r.

Suppose that r is on the negative side of p;. See Figure Z(a). Q[r,p;] and P[p;, px] must
cross in this case, say at point x. Since both P and ) are geodesics, their subpaths are also
geodesics. Therefore, cost(P[pg,x]) = cost(Q[po,x]), which yields Cp; o, (P}) = cost(Q) =
cost(P[po, z]) + cost(Qz,p}]) > Cpyoo; (i) + Cpiou (P))- A geodesic to pj, cannot be longer
than any path to p) via p;. Therefore, Cpy 50, (P%) = Cpo,o0: (Di) + Chpi i (PF)-

Suppose that r is on the positive side of pl. See Figure2(b). Since C, 4, is a convex function
by Lemma [3.2] Cpo,o0; (r) > Cpo,00i (pi) + 80;;),001( i) - lpar |l = Cpo,o0; (pz) + ac;(_),a()z( i) - ||pg7”||,
where the last equality follows from the fact that p/ is arbitrarily close to p;. Because p;-p;- IERE

parallel to p;p;41 for all j € [i,k — 1], we obtain 8D:/ o (p}) = 0D . (p;) by the assumption
9k

e
that 9D, . depends on the direction vector of P[i,j] only. Sopk p:,oik (r) > Dy o, (p) +
oD ;r o P3) - Dir ]l = Cop g, (0) + oD, . (pi) - |lpir||. Combining the two inequalities above
gives
Crooor k) = Cpo,ooi (1) + Dpy g, (1)

> o,aol(pé) +0C, o0 (i) D57l + Cpp o, (B) + 0D - 1Dl

= Cmaons ) + oo (0h) + (0C.0, (pi) + OD5, 1, (p1)) - I

2 po,aol(Pg) + Cproy (P - (. Lemma [33))

Suppose that r € p;p}. See Figure 2(c). Since |p;r|| and |rp}|| are arbitrarily small,
Cpo,Uok(p;c) :Cp070'01( )'i_Dpﬁc O’Zk( ) Cp0700i(p2)+acgz),aol(pi)'HpiTH"’_ pk,azk( ) 8D;r ak(p;)'
|pir|l. The last expression is a function linear in |p;r|| by our assumption that 80*

P0,00i
and 8D;k ., depend only on the direction vectors of P[po,p;] and Pli, k] respectively (hence
8D; Uk( p;) = 0D, ,. (pi)). Therefore, the last expression is minimized when r = p; or

r= pz It follows that either Cpoﬁo;c (p;c) = Cpoﬁ()i (pl) + Dp; crzk( ) = Cpoﬁ()i (pl) + Cpi,Uik (Pk)

or Cpovﬂok (pgc) = CpO#TOi (p;) + Dpﬁc,aik (p;) = CPO,UOi (pz) + Cp Tile (pk)
The correctness of (ii) can be proved in a similar way.

A.4 Proof of Lemma 3.7

We first show that 8C+ (e )(pi) depends only on the direction of p; —p;_1. Divide all directions
into cones, each being the set of directions from the origin to all points in one edge of the polygon
Hy, defining the distance function for the face f bound by e;_1 and e;.

If p; — p;—1 points to a vertex of Hy,, there are two cones that contain p; —p;_1. We use £_
to denote the support line of the edge of Hy, defining the cone that comes first in anticlockwise

14



Pi —Pi—1

Figure 4: Left: The ray in the direction of p; —p;_1 crosses the boundary of Hy, at a point that
is not a vertex. w; — = w; +. Right: The ray in the direction of p; — p;—1 crosses the boundary
of Hy, at a vertex, so w; — and w; 4 are defined by the edges of Hy, incident to that vertex.

order among these two cones, and ¢, denotes the support line of the edge of Hy, that defines
the other cone. If p; — p;_1 points to the interior of an edge of Hy,, then both /1 and /_ denote
the support line of this edge. Let w; + and ; — be the vectors that are orthogonal to ¢, and
¢_, respectively. See Figure @l

Then cost(pi—1p}) = (P} —pi—1, @i )/ @i 41| and cost(pi_1pi) = (pi—pi1, @it )/ 0+ So

80;71 (e_)(pi) = (€;, Wi+ )/||w; + |, which only depends on the direction of p; — p;—1. Similarly,
one can verify that
_ (€, Wi ) (€i—1, Wiy ) _ (€1, Wi—)
oC ) =" oDt i) =——~—"2"""2 9D )= e
peenten P = T T OPpueo Pimt) = = T O i) = T T

They all depend on the direction of p; — p;_1 only.

80;57001 (p1) and 9C, ,  (p1) depend only on the direction of p; — py by the discussion
above. Applying Lemma B6](ii) with i = 1 and k = 2 shows that dC,f , (p2) and OC,, , . (p2)
depend only on the directions of p; — pg and py — p1. By repeatedly applying Lemma [B.6](ii)
with k£ = ¢+ 1, one can show that 801;2700], (pj) and 0C,; 5 (p;) depend only on the direction
vector of P[po, p;l.

Analogously, using Lemma [3.6{(iii), we can show that 8D;{k70j . (p;) and D, . .(pj) depend
only on the direction vector of P[p;, pr]. Thus, the conditions on Lemma [B.6)(i) and (ii) can be
removed.

A.5 Proof of Lemma [3.4]

Without loss of generality, assume that 6(p;—pe—1,€r) = 0(qr—qe—1, €¢) for £ < i. By Lemmal[3.7],
we can assume that pg = qo. So g = py for £ < i and ¢; is on the positive side of p;.
By Lemma B2, 9C) , (¢:;) > 9C,, 5. (i) > 86_'1;;,001- (pi) > 801%’?01_ (pi), Which enforces that
0(pi+1 — pis€i41) = 0(¢i+1 — Gis €i41) by applying Lemma B3 with k& = i + 1. Then g1
is also on the positive side of the p;11, and therefore 86’%700’“1(%“) > 8Cp_()7aw+1(qi+1) >
OC 00001 Pit1) = 0C 5 (pit1). Repeating the argument, one can show 0(p; — pj—1,€;) >
H(Qj —qj-1, é}) for all j > i.

B Missing details of the algorithm

B.1 Dominance checking and tree pruning

The vertex-node case is easy. For each vertex of T, we record the current corresponding vertex-
node 3 that dominates all other vertex-nodes that correspond to vg. When a new vertex-node
a corresponding to vg is created, we compare o and 3 to see which of the two dominates the
other. Thus, it takes only O(1) time modulo the time for computing the geodesic cost from s
to v, with edge sequence oy,.
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It takes more time to handle edge-nodes. For every face corner (f,v), we record the edge-
node [ that annexes (f,v) and dominates all other edge-nodes annexing (f,v). We say that
B occupies (f,v). Suppose that a new edge-node a annexing (f,v) is generated. Let o’ and
B’ be the nearest proper ancestor vertex-nodes of « and 3, respectively. Let P and @ be the
geodesics from v, and vg to v through the edges in 6, and g, respectively. We must have
computed and recorded cost(Pg )+ cost(Q) beforehand as § occupies (f,v). Therefore, modulo
the time to compute cost(P), we can compare cost(Py) + cost(P) with cost(Pg/) + cost(Q) to
decide the dominance in O(1) time. Without loss of generality, assume that « dominates 3.
Then, « replaces 5 as the edge-node that occupies (f,v).

To decide which child edge-node of 5 to prune, we need to refine the notion of dominance.
Consider the two edge sequences o, and og. Let e denote the first edge in the longest common
suffix of o, and og.

e If 0, is not a suffix of o, let e, be the edge in o, before e. Then a dominates 3 on the
positive side (resp. negative side) if e, and e share the positive (resp. negative) endpoint.

o If 0, is a suffix of 0g, let eg be the edge in o5 before e, and @ dominates 8 on the positive
side (resp. negative side) if eg and e share the negative (resp. positive) endpoint.

Correspondingly, we use e™ and e~ to denote the two edges of f incident to v such that v is the
positive and negative endpoints of et and e, respectively. Suppose that o dominates 3 on the
positive side. If 5 has been already expanded, we delete the child edge-node of 3 corresponding
to e as well as its descendants. If 8 has not yet been expanded, we will not let 8 gain a child
edge-node corresponding to e™. The pruning is symmetric for the case of o dominating 3 on
the negative side.

Recall that we do not explicitly store og for a tree node 3. So we cannot just trace o, and
og to decide whether o dominates 8 on the positive or negative side. This tracing could be
time-consuming anyway. Instead, we introduce some auxiliary data structures for making this
decision. For every face corner (f,v), we maintain a ordered list of edge-nodes annexing it.
Note that these edge-nodes correspond to the same edge e of f, and e is oriented consistently
with respect to these edge-nodes. Let u* and u~ be the positive and negative endpoints of e,
respectively. Let o/ and 8’ be the parent nodes of o and 3, respectively. Let g = wutu~ be
the face of T that shares e with f. The ordering of two edge-nodes o and 3 in the ordered list
for (f,v) is determined as follows.

e Suppose that o/ and 3’ annex different face corners of g. If e, and e share the common
positive endpoint u™, then « precedes 3 in the ordered list for (f,v). Otherwise, e, and
e share the common negative endpoint u~, and  precedes « in the ordered list for (f,v).

e If o/ and ' are edge-nodes annexing the same corner of g, and o’ precedes 3’ in the
ordered list for that face corner, then « precedes (5 in the ordered list for (f,v).

e If o/ is an edge-node annexing (g,u") and 3’ is a vertex-node corresponding to w, then
a precedes [ in the ordered list for (f,v).

e If o is a vertex-node corresponding to w and (' is an edge-node annexing (g,u™), then
a precedes [ in the ordered list for (f,v).

Assume that «a dominates . If a precedes 5 in the ordered list for (f,v), then a@ dominates
B on the positive side; otherwise, @ dominates S on the negative side. The rules above are
based on the information at the parents of o and g in such a way that the decision process is
equivalent to tracing o, and og. This explains the correctness. Since an edge-node annexing
(f,v) can change, we need to represent the sorted list for (f,v) with a balanced binary search
tree. The sorted list is no more than the tree size which is O(mn). Therefore, the dominance
testing can be done in O(logmn) time.
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B.2 Preservation of properties P1-P4
Lemma B.1. For any i >0, L', satisfies P1-P4.

Proof. Consider the base case of i = 0. P1 clearly holds because any direction vector added has
only one link. P2 also holds by the choices of directions picked by the algorithm. Suppose that
v; = (v;) and v,41 = (Uj41) are two adjacent direction vectors. The direction of the oriented
segment from p to any point between aq,v,(p) and aq,v,,, (p) lies between v ; and v ;1. Since
v and U 41 point to the same edge of the convex polygon that defines the distance function,
the cost of the segment from p to a point between a,,v,(p) and aa,v,,, (p) is a linear interpolation
of Anv,(p) and Ay y;,,(p). Therefore, P3 holds. P4 can be proved similarly.

Consider the case of ¢ > 0. Let ¢ be the level of a. Let g be the ancestor edge-node of « at
level £ — 271, Assume that P1-P4 hold for both £i! and Eg_l. P1 holds for £! by the order
in which good concatenations are added.

Consider P2. Any two successive concatenations added to L, share either a prefix, i.e. uv
and uv’, or a suffix, i.e. uv and u’v. By P2, u and u’ differ in exactly one entry, and so do v
and v'. It follows that P2 is also satisfied by uv and uv’ and uv and u’v.

Consider P3. Take any two adjacent direction vectors in £4 ! and E?l. They differ at
one entry by P2 and we can write them as u = w (wg) w’ and v = w (w;)w’. Let P and Q
be the canonical geodesics from p to aqu(p) and aqv(p) respectively. Consider the canonical
geodesic R from p to a point ¢ = (1 — t)aq,u(p) + t aa,v(p) for some t € [0,1]. By Lemma B.3]
the direction vector of R is w (w)w’, where w lies between wy and ;. Let rx, ry and rz
be the segments of P, R and @, respectively, that have directions 2, 4 and 7, respectively.
Because R[y,q], Plz,aqu(p)] and Q[z,aqv(p)] have the same direction vector, we get y =
(1 —t)x + tz, and cost(R[y,q]) = (1 — t)cost(P[z,aqu(p)]) + tcost(Qz, anv(p)]). By P2,
cost(ry) = (1 — t) cost(rz) + t cost(rz). Therefore, cost(R) = (1 — t) cost(P) + t cost(Q).

P4 can be proved similarly.

B.3 Correctness of the algorithm

The following lemma was originally proved for Lo, metric. But the proof only uses the triangle
inequality, so the result can be naturally generalized to the distance functions defined in this

paper.

Lemma B.2 ([I0, Lemma 3.1]). Let o and 8 be two edge-nodes annexing the same face corner
(f,v) such that o dominates 8 on the positive side (resp. negative side). Let e be the edge in f
whose negative (resp. positive) endpoint is v.

(i) « is not a descendant of (3.

(ii) Let o/ and B’ be the nearest proper ancestor verter-nodes of o and (3, respectively. For
every point x € e and every geodesic Q with edge sequence 6g-(e) from vg to v, the geodesic
P with edge sequence G, - (e) from vy to v satisfies cost(Py) + cost(P) < cost(Pg) +
cost(Q), and if they are equal, then « is expanded before (.

Consider the correctness of the algorithm. Let Py be the shortest path from s to ¢ with no
more than m links. By the requirement of the POLYPATH problem, we can assume that every
node of P, is either a transversal node or a vertex of 7. If there are multiple choices for Py, we
pick Py to be one that has the fewest nodes.

The sequence tree is grown to contain the prefix of Py until the vertex-node corresponding
to t is reached or an edge-node «g is dominated by some other edge-node  such that the child
node of ag that would contain a longer prefix of Py is pruned. In the former case, the sequence
tree captures the edge sequence of Fy, and the algorithm computes the cost of the geodesic
with respect to that edge sequence, so we are done. Consider the latter case. Let x be the
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intersection point between Py and the edge corresponding to ag and 5. By Lemma [B.2, 3
contains a path @ to x that is at least as good as P[s,z]. Let P, = @ - P[x,t]. By our choice
of Py, cost(P;) = cost(Fy), P; has the same number of nodes as Fy, and 3 is at the same depth
as ap but expanded earlier. Note that § cannot be dominated by any other edge-node. The
subtree of 8 grows to contain Pj, or a descendant « of 8 is dominated by some other edge-node
and the child of oy that would contain a longer prefix of P; is pruned. We can then repeat the
analysis above, which can happen at most m times. The correctness thus follows.

C Reduction to a POLYPATH instance

Let P be a shortest path s to t that satisfies the gradient constraints. Consider the intersections
between P and a face f. Let p be the first point of entry. Let ¢ be the last point of exit. For
now assume that neither p nor ¢ is a vertex of f. Let pg and gg be in the interior of f arbitrarily
close to p and ¢, respectively, such that we can move from p to pg and from ¢y to ¢ with uphill
gradient ). We assume that the gradient of pq exceeds 1; otherwise, we can connect p and ¢
and skip P.

Without loss of generality, assume that ¢ is higher than p. Let 1 be the ascent gradient
bound. Let p’ be the last point on P after p such that p and p’ have the same height. That is,
the subpath after p’ never drops below the height of p. Let P’ be the longest ascending subpath
of P that starts at p’ and does not go above the height of q. Let x be the other endpoint of P’.

Let y be the point on the segment pg C f that has the same height as . We can follow a
zigzag path from p to py and then to y, and the length of this path is H/(sin ), where H is the
height difference between p and y. The subpath of P’ from p’ to x cannot be shorter because
the same height difference H is covered with a ascent gradient no greater than . It follows
that the subpath of P from p to z is not shorter than the zigzag path length from p to y. At
the same time, the ascent of the zigzag path is the smallest possible because it does not goes
monotonically upward.

We can repeat the above argument to the next ascending subpath of P that rises above the
point x. Eventually, we reach the conclusion that the a zigzag path from p to ¢ is as long as P,
and this zigzag path has the smallest ascent possible.

If p or q is a vertex of f, then we may have to first detour as described in the paragraph in
Section @] preceding Theorem before applying the detour in the above. Again, the detour
cost is negligible.

We have already described in Section @ how our approximate terrain navigation problem
gives rise to a convex distance function induced by a convex polygon of O(1//¢) vertices. We
have argued in the above that there exists a path with cost arbitrarily close to the optimum,
and it can be partitioned into subpaths of two types such that a subpath of the first type lies
within a face of 7 and a face does not contain two subpaths of the first type, and the subpaths
of the second type have O(n) links and negligible cost altogether. Although a subpath of the
first type has many links due to the zigzag, zigzagging is only needed for the physical path
on the terrain. Under the convex distance function metric induced by the problem, the zigzag
path from p to ¢ is replaced by an oriented segment from p to ¢. Similarly, a subpath of the
second type may also zigzag within a face, and the zigzagging is replaced by a single oriented
segment under the convex distance function metric. This produces an instance of POLYPATH

with h = O(1/y/e) and m = O(n).
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