Minimum Multicut
Vazirani: Chapter 18

Let G = (V, E) be an undirected weighted graph with
weightsc, > 0 for all edges: € F.

Let {(s1,11), (so,t2), ..., (sk, tx)} bek specified pairs of
vertices. Amulticutis a set of edges whose removal sep-
arates all of the pairs. The problem is to find a minimum
weight multicut inG.

If we could solve this problem in polynomial time then
we could also solve theaultiway cutproblem in polyno-
mial time. Since multiway-cut is known to be NP-hard,
this problem is also NP-Hard.

In this lesson we will see how to use the Primal-Dual
Schema to design Zapproximation algorithm for the
special case whefy is a tree. This case can be poly-
nomially reduced taninimal vertex covefsee Vazirani,
Exercise 18.1) so it is also NP-Hard.

If G is atree then, for each,, t;) there is auniquepath
connectings; to ;. The minimum multicut removes at
least one edge from this path.



For eache € E'letd. € {0, 1} be a variable such that

d. = 11ff eis in the multicut.
Let p, denote the set of edges on the unique path con-
nectings; andt;.

The integer LP corresponding to minimum multicut is

Minimize ) . c.d,

subject to conditions
Vie{l,. ..kl e, de>1
Ve € E, d. € {0,1}

The relaxation of the LP is
Minimize . . c.d,

subject to conditions
Vie{l,... .kl e, de>1
Ve € E, d. >0

We now introduce a variablg corresponding tds;, ;).
Thedual of the relaxed LP is then

Maximize 2% | f;

subject to conditions

Ve € E, Zi:@épi fi <ce
Vied{l,...,k}, f, >0




U k
Maximize >, fi
subject to conditions

Ve € E, Zi:er,,; fl S C(ﬁ
Vie{l,...,k}, fi>0

This dual can be thought of as describing thelticom-
modity flowproblem. In this problem there akediffer-

ent commodities with théth commodity needing to be
shipped froms; to ¢;. The object is to maximize the to-
tal amount shipped. The constraint is that the sum of the
flows routed through any particular edge is at most

The maximum integer multicommodity flquvoblem is
the multicommodity flow problem with the further re-
strictions that thef; are all integers. Note that in this
problem we may assume that theare all integers as
well; if they are not, we can round them down (@ |
without changing the maximum.

We will use the primal dual schema to derive an algo-
rithm that simultaneously finds a multicut and an integer
multicommodity flow that are within a factor of two of
each other. This will give @-approximation algorithm
for the minimum multicut problenand a 1/2 “approx-
imation algorithm”for the maximum integer multicom-
modity flow one.



Primal:

Minimize . . c.d,
subject to conditions
Vied{l,....k}, > .. d.>1

e€p; € —

Ve € F, d. >0

Dual:

Maximize 3", f;

subject to conditions

Ve € F, Zi:eEpi fi <ce
Vie{l,...,k}, fi>0

Edgee € E will be saturated
if total flow througte is c,.

The complimentary slackness conditions will then be:

Primal:Ve € E, d. # 0, = >_,..c, fi = ce.
This meansny edge picked in the multicut must be sat-

urated

Relaxed Dual¥i, f; #0 = >

ecp;

de < 2.

This meansat most two edges can be picked from a path

carrying non-zero flow



We start by rooting the tre@ at an arbitrary vertex
Depthof v € V will be length of path from to the root.
Foru,v € V,

let/ca(u, v) be thelowest common ancestof « andv.
Lete, e be two edges on the same path from a vertex to
the root. Ife; occurs before, on this pathg, is deeper
thaneg.

Algorithm starts with an emptynulticut (satisfies pri-
mal c.s. conditionsandempty flow (feasible) It then
iteratively improves feasibility of primal solution and op-
timality of dual solution. The edges in the multicut so far
will be kept in a listD.

During an iteration it picks thdeepest unprocessed ver-
tex so far v and greedily routes integral flow between
pairs that have as theirica. When no more flow can

be routed between these pairs at least one edge has been
saturatedAll saturated edges are added/to

After all vertices have been processeavill be a multi-
cut. D might contain extra edges, though. The algorithm
ends by working through the edgesiofin reverse order

in which they were added; if after the removal of an edge
D remains a multicut, the edge is removed frém



Minimum Multicut/ Integer Multicommaodity Flow (Trees)
1.Vifi=0, D=0.
2. For all vertices), in non-increasing order of depth, do:

For every pair(s;, t;) with lca(s;, ;) = v

Greedily route integral flow from; to ¢;

Add to D all edges: that were saturated in this iteration.
3. Letey, ey, ..., ¢ be edges irD ordered by insertion time.
4. Forj = [ downtol do.

If D — {e;} is a multicut inG removee; from D.
5. Output flow and multicuD.

First note that the algorithm outputs a legal flow since it
starts with the empty (legal) flow and at every step main-
tains legality.

Next note that at the end of the algorithbnmust contain
a multicut since at least one edge on the unique’,)
path must have been added/fioWHY).

Now construct the integral/1 solutiond, = 1iff e € D.

Constructed primal and dual solutions are therefore both
feasible. Furthermore, since every edge picked in the
multicut was saturated, the solutions satisfy primal c.s.
conditions.ve € E, d. # 0, = >, ., [i = c..



Minimum Multicut/ Integer Multicommaodity Flow (Trees)
1.Vifi=0, D=0.
2. For all vertices), in non-increasing order of depth, do:

For every pair(s;, t;) with lca(s;, ;) = v

Greedily route integral flow from; to ¢;

Add to D all edges: that were saturated in this iteration.
3. Letey, ey, ..., ¢ be edges irD ordered by insertion time.
4. Forj = [ downtol do.

If D — {e;} is a multicut inG removee; from D.
5. Output flow and multicuD.

Constructed primal and dual solutions are both feasible
and satisfy the primal c.s. conditions.

Lemma: Let (s;,t;) be a pair with non-zero flow and let
lca(s;,t;) = v. Then at most one edge is picked in the
multicut from each of the two pathsto v andv to ¢;.

This lemma implies that, for each;,t;), at most two
edges fromD are on the path connectingto ¢;. Thus
the relaxed dual conditions

VZ,fl#Oi ZdeSQ

e.ecp;

are all satisfied as well.



Combining everything: sincé. and f; are feasible solu-
tions that satisfy the relaxed c.s. conditions with= 2
we have that

Zfigzcede§2'2fi

andD has weight within a factor of two optimal solution
of a minimum multicut.

This can also be read as

(&

implying that the solution is also ?“approximation”
algorithm for integral multicommaodity flow as well.



Lemma: Let (s;,t;) be a pair with non-zero flow and let
lca(s;,t;) = v. then at most one edge is picked in the
multicut from each of the two pathsto v andv to ¢;.

Proof:We prove for thes; to v path Proof forv to¢; path
is the same.

Suppose at the end of the algorithm there are two edges
e, e’ € D from the same; to v pathwith e being deeper.
By definitione’ must remain inD all through step 4.

Consider the moment in step 4 whers being testede

IS not thrown away so there must be a pair, ¢,) such
that is the only edge on thpath betwee; andt;. Let

u = lca(s;,t;). Sincee’ is not onpath between; andt;
(why) © must be deeper thahand therefore deeper than
V.

This in turn implies that after was processed must
have contained an edge from thath between; andt;.
Call this edge”.

Now, since non-zero flow was routed froanto ¢;, e must
have been added t© during or after the iteration that
processed. Sincewv is an ancestor of, ¢ is added after
¢’. But thene” must be inD whene is being tested,
contradicting fact that at this timeis only edge ofD
on thepath between; andt;.
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