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Abstract. An O(rna(n) + n) time algorithm is given for finding row-maxima and minima in totally
monotone partial n n matrices. As a result, faster algorithms are obtained for some optimization problems
concerning distance and visibility between vertices of two convex polygons. Also shown is how the algorithm
can be modified to give an O(na(n)) algorithm for a class of dynamic programming problems satisfying convex
quadrangle inequalities. This results in faster algorithms for a number of problems arising in molecular biology,
speech recognition, and geology.

Key words, monotone matrix, algorithm, dynamic programming, Ackermann’s function

AMS(MOS) subject classifications. 68C05, 68E05, 90C39, 52A40

1. Introduction. A matrix M (Mij) is totally monotone if for every i, j, k, such
that < k, j < l, and M0 <= Mit, we have Mkj =< Mkz. A falling staircase matrix is a lower
triangular fragment of a totally monotone matrix. More precisely,

(M,{f(i):O<=i<=n+ 1})
is an n

m falling staircase matrix if

(a) fori=0,...,n+ 1,f(i) is an integer with 0 =f(0)<f(1)=<f(2)=<...=<
f(n) <f(n + 1) m + 1.
(b) M, is a real number if and only if =< =< n and =< j -< f(i). Otherwise, Mo.
is blank.

< k, j < l =< f(i), and Mg2 <= Mil, we have Mj <= Ml.
Similarly, (M, { f(i) 0 =< =< n + } is an n X rn rising staircase matrix if
n + 1, f(i) is an integer with
0,
(d) for

(c)

...,

0 =f(n + 1)<f(n)<=f(n

)<=...<=f(1) <f(0) m+ 1.
(e) Mo. is a real number if and only if =< -< n and _-< j -< f(i). Otherwise, M0
is blank.

< k, j < =< f(k), and Mi <= M, we have Mk <= Mkl.
The sequence { f(i) } is called the boundary sequence of the staircase matrix. When
the boundary sequence is clear we will simply use M to denote the staircase matrix.
Rising and falling staircase matrices are illustrated in Fig. 1.
Totally monotone matrices were introduced by Aggarwal et al. in AKMSW87 ],
who showed that a wide variety of problems in computational geometry could be reduced
to the problem of finding row-maxima or row-minima in totally monotone matrices.
Aggarwal et al. AKMSW87 give a simple O(m + n) algorithm for finding row-maxima
in totally monotone n X m matrices. It is easy to see that if we negate the entries of a
totally monotone matrix and reverse the order of the rows, we obtain another totally
monotone matrix. Thus any row-maxima finding algorithm can be trivially converted

(f)

Received by the editors June 15, 1988; accepted for publication (in revised form) May 1, 1989.
Department of Computer Science, University of British Columbia, Vancouver, British Columbia, Canada

V6T 1W5.

:

Department of Mathematics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139.
This research was partially supported by National Science Foundation grant DMS 86-06225 and Air Force
Office of Scientific Research grant OSR-86-0078.
81

82

MARIA M. KLAWE AND DANIEL J. KLEITMAN

7-7

FIG. (a). Falling staircase matrix.

FIG. (b). Rbsing staircase matrix.

to a row-minima finding algorithm and vice versa. Similarly, the problem of row-minima
finding in falling staircase matrices is equivalent to row-maxima finding in rising staircase
matrices. Following Wilber [W88 we will refer to the [AKMSW87 linear time algorithm
for finding row-minima in totally monotone matrices as the SMAWK algorithm.
In AK87 Aggarwal and Klawe introduce staircase matrices and show that if P and
Q are nonintersecting n and rn vertex convex polygons, respectively, then the problem
of finding, for each vertex of P, the farthest (nearest) vertex of Q which is invisible to it,
can be reduced to the problem of finding the row-maxima of rising staircase matrices. It
is not hard to see that any staircase matrix can be "completed" to form a totally monotone
matrix by replacing the blank entries by appropriate real numbers. An example is shown
in Fig. 2. However, it is generally not possible to "complete" a rising (falling) staircase
matrix without introducing new row-maxima (row-minima), and hence we cannot use
this technique for finding row-maxima (row-minima) in rising (falling) staircase matrices.
Aggarwal and Klawe also give an O( m log log n) time algorithm for finding row-maxima
in rising staircase matrices of size n m. This paper gives a somewhat more complicated
algorithm with O( ma(n) + n) running time, where c(n) is a very slowly growing function
often called the inverse of Ackermann’s function. We will give a precise definition of
c(n) in the next section, immediately preceding Theorem 2.6.
We will actually give an equivalent result, namely an O(ma(n) + n) time rowminima finding algorithm for falling staircase matrices, since the notation is slightly
simpler for this version. From now on all staircase matrices will be falling staircase matrices
so we will refer to them simply as staircase matrices.
Our row-minima finding algorithm can also be modified to give a fast solution for
some dynamic programming problems whose weight functions satisfy an inequality known

FIG. 2. Completing a staircase matrix.
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as the convex quadrangle inequality. The convex quadrangle inequality, and its opposite,
the concave quadrangle inequality, were introduced by Yao in [Y82], who showed that
certain dynamic programming problems, which have cubic time solutions using the usual
methods, could be solved in quadratic time if their weight functions satisfied a quadrangle
inequality and some fairly natural other conditions. In [HL87 ], Hirschberg and Larmore
obtained a similar result, showing that a slightly different class of dynamic programming
problems, which have quadratic time solutions via standard techniques, could be solved
in O(n log n) time if the weight functions satisfied the concave quadrangle inequality.
Hirschberg and Larmore also described a number of applications where their class of
problems arise including text formatting and data structures. Similarly, Eppstein, Galil,
and Giancarlo EGG88 give an O(n log n) algorithm for a class of dynamic programming
problems whose weight functions satisfy the convex quadrangle inequality, and describe
a number of applications in biology, speech recognition, and geology where such problems
arise. Since the quadrangle inequalities imply total monotonicity, it is not too surprising
that fast algorithms for searching totally monotone matrices can be helpful in solving
these types of dynamic programming problems. In particular, Wilber [W88] used the
SMAWK algorithm in a very clever way to obtain a linear time algorithm for the problems
presented by Hirschberg and Larmore, and by modifying our row-minima finding algorithm for staircase matrices, we obtain an O( nc(n)) algorithm for the Eppstein-GalilGiancarlo dynamic programming problems. This is done in 4, where we introduce a
generalization of the Eppstein-Galil-Giancarlo dynamic programming problems called
the dynamic matrix searching problem and show how our algorithm can be modified to
solve it.
2. A bound on the comparisons needed to find row-minima. We will use the term
row-minimum of a row R in a staircase matrix to mean the minimum nonblank value
in R. If there is more than one minimum value, we will take it to be the leftmost minimum
value. We will use the term processing a staircase matrix to mean finding the positions

and values of its row-minima.
Let (M, {f(i)} be a staircase matrix. We will call row a step-row of M if > 0
and f(i) < f(i + ), and will say that M has steps if it has exactly step-rows. Note
that by the definition in
(a) of a boundary sequence { f(i) ), the bottom row is always
a step-row. Thus a totally monotone matrix is a staircase matrix with one step, and Fig.
(a) shows a staircase matrix with four steps. We will call the staircase matrix consisting
of the step-rows of M the step-row matrix of M, and denote it by S(M). The step-row
matrix of the staircase matrix in Fig. (a) is shown in Fig. 3.
We say that a staircase matrix M has shape (t, n, m) if M has at most steps, at
most n rows, and at most m columns. Let q(t, n, m) be the worst-case amount of time
needed to process a staircase matrix of shape (t, n, m). We will prove a number of results
about the function q(t, n, m) which will eventually yield the desired row-minima finding
algorithm. To make the underlying structure of the algorithm clearer, in this section we

FIG. 3. The step-row matrix for
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will ignore the time needed to maintain data-structures, and instead concentrate on
bounding the comparisons required. We use q(t, n, m) to denote the worst-case number
of comparisons which must be made to determine the row-minima of staircase matrices
of shape (t, n, m). In 3 we will describe the data-structures used by the algorithm and
prove that the time spent by our algorithm in maintaining these data-structures is of the
same order as the number of comparisons made.
For =< k and j =< l, we will use the notation M[ i, k; j, l] to denote the staircase
k of M with columns j,
matrix obtained by taking the intersection of rows i,
a approximation of M to be
stepsize
we
define the
of M. For any positive integer a,
sequence
the submatrix of M with boundary
fa(i), where fa(i) is defined as fa(i)
of M by Ma. An example is illusa
approximation
stepsize
f(ti/aJa). We denote the
rows
aof
the
first
in
trated
Fig. 4. Although
Ma are blank, we will always treat
of rows as M though the lengths
same
set
will
the
that
have
so
as
in
these rows Ma
Ma
will
Thus
the
be
rows
of
different.
parts)
(of the nonblank
Ma is a staircase matrix of
shape (InJ, n, m). We define the a-border matrices of M, which we denote
1, n);
by M(a, i), for
1,..., [n/aq, by M(a, i) M[(i 1)a + 1, min (ia
of
also
is
illusmatrices
example
a-border
An
)a) + 1, f(min (ia 1, n)) ].
f((i
trated in Fig. 4. We will denote the set of a-border matrices of M by F(M, a). Clearly
each a-border matrix has at most a- rows. It is easy to see that the staircase maaq) disjointly cover the nonblank entries of M.
trices Ma, M( a, ),
M( a,
The stepsize approximation and border matrices are essential for our O(ma(n) +
n) algorithm which recurses on a function involving the ratio of number of steps to
number of rows. This is because the stepsize a approximation Ma has the same number
of rows as M but fewer steps. Moreover, if we find the row-minima in Ma and the
M(a, i) we can easily determine the row-minima in M. The actual recurrence, given in
Theorem 2.6 and Corollary 2.7, is somewhat complicated, so we start with some very
simple lemmas and immediate corollaries. Most of these preliminary observations are
in AKMSW87 or AK87 ], but we include them here for the sake of completeness and
clarity of presentation.
LEMMA 2.1. For any positive integer a, we have

,

,

n

qc(n,n,m) <=qc(n/a,n,m)+ O(am + n).

Proof. Let M be a staircase matrix of shape (n, n, m). Since the stepsize a approxMa is of shape (n/a, n, m), it can be processed in qc(n/a, n, m) time. Since

imation

FIG. 4. Stepwise approximation and border matrices.
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1,
the total number of nonblank entries in the a-border matrices M(a, i) for
l n/aJ, is less than am, we can process these border matrices in O(am) time. Finally in
O(n) comparisons we can compare the row-minima found in Ma with the row-minima
ff]
found in the a-border matrices, and hence determine the row-minima of M.
For each row we will use j(i) to denote the column of M which contains the
minimum in row of M.
LEMMA 2.2. If <= k with f(i) f(k), then there are no row-minima of M in the
regions M[i, k; 1,j(k) 1] andM[k, n;j(k) + 1,f(k)].
Proof. This follows immediately from properties (a) and (c) in the definition of a
(falling) staircase matrix. The two regions which cannot contain row-minima are shown
in Fig. 5.
COROLLARY 2.3. Let 0 ko < kl < k2 <
< kr n be such that the set of rows
r let J(ki) be the
1,
{ ki <= <= r } contains all the step-rows of M. For each
set of columns { j j ki <- j <= f ki and j L.J h z i- { j kh + 1,
f kh } }, and
let A(ki) be the matrix consisting of the intersection of rows ki- + 1,..., ki- of
M with the columns in J(ki). Then each A(ki) is a totally monotone matrix, and
=1 J(k;)l =< m + r.
Proof. It is easy to see that each A(ki) is totally monotone since it is a rectangular submatrix of M[ ki- + 1, ki; j(ki), f(ki) ], and M[ ki- + 1, ki; j(ki), f(ki)
contains no blank entries since every step-row is contained in k,
kr }. For each
let J’(ki) J(ki)\ {j(ki)}. It is easy to check that the J’(ki) are disjoint, and hence
IJ(ki) =< m + r as desired.
]J’(ki) =< m, which implies
[]
An example illustrating the matrices A (ki) is shown in Fig. 6.
COROLLARY 2.4. For any positive integer a, we have

_

=

=

qc( n, n, m) <= qc( n/ a,

n a, m) + O( am + n).

Proof. Let N be a staircase matrix of shape (n, n, rn), and let M Na. By Lemma
2.1 and its proof, it suffices to show that the number of comparisons needed to process
M is at most qc(n/a, n/a, m) + O(m + n). Let r In and let k0 0, kr n and
for =< =< r- 1. Let S be the staircase matrix consisting of rows k,
ki (i + )a
kr of M. Note that S contains all the step-rows of M, and is of shape n / a, n / a, rn).
Let A (ki) be defined as in Corollary 2.3. Since S is of shape (n/a, n/a, rn), the num-

FIG. 5. Regions not containing row-minima.
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FIG. 6. The matrices A k

ber of comparisons needed to process it is at most qe(n/a, n/a, M). After processing
S we know the A (ki) and hence can process them using SMAWK in O(n + m + r)
O( n + m) time, since the total number of rows in the A (ki) is n and the total number of
F1
columns is at most m + r.
COROLLARY 2.5. qe( n, n, m) <= q,( n / a 2, n / a 2, m) + O( am + n) for any a > O.
UI
Proof. Apply Corollary 2.4 twice.
Before giving the main theorem of this section, which yields the O(mc(n) + n)
algorithm, we present some further notation that we will need in the theorem and to
define the function c(n). We define the functions Li(n) for
recursively
1,0, 1, 2,
as follows. L_l(n) n/2, and for >= O, Li(n) mins {L_l(n) =< 1}. Thus Lo(n)
[log n q, L1 (n) is essentially log* (n), L2(n) is essentially log* * (n), etc. We now define
c(n) min{s Ls(n) <= s}. Next, if (M, f(i)) is a staircase matrix, we will call the
columns f(i
+ 1,
f(i) the ith slice of M. This is illustrated in Fig. 7.
We are now ready to prove the key result, which will lead to the O( m + a(n)) time
algorithm, and since both the theorem and its proof are quite technical, we first provide
a sketch of the underlying ideas. Let us regard the number of steps of a staircase matrix
M as a function t(n) of the number of rows n of M. If t(n) is the constant function 2,
then it is trivial to partition M into two totally monotone matrices and use SMAWK
to find the row-minima in linear time. On the other hand, the general case we want
our algorithm to handle is that t(n)= n, although by Lemma 2.1, to achieve an
O(mc(n) + n) upper bound on q(n, n, m) it would suffice for our algorithm to han-

FIG. 7. The ith slice of a staircase matrix.
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die the case that t(n) n/a(n). What we would like to be able to do is, given a staircase
matrix with t(n) n/Ls(n), in a linear number of comparisons reduce the problem to
processing a staircase matrix with t(n)=n/Ls_l(n). Since L,n)(n) a(n) and
L_ (n)
n / 2, by repeating this a(n) + times (and hence doing O (a(n) (n + m))
work), we could reduce processing a staircase matrix with t(n) n/a(n) to processing
a staircase matrix with t(n) 2, which could be done in linear time. This would thus
yield an O( a( n)( n + m)) upper bound on qc( n, n, m ). In reality things are slightly more
complicated. In particular, we actually reduce the processing of the staircase matrix M
with t(n) n/Ls(n) to the processing of a set, { Gi }, of staircase matrices, with each
t(ni) ni/L-l(ni). In doing this we must take care that the total number of rows
and columns in the Gi is not too much larger than the number of rows and columns in
M, and this is where some of the technicalities arise. To clarify the presentation, we separate the reduction into two pieces. In Theorem 2.6, we show how to reduce the processing of a staircase matrix of shape (n, n, m) to the processing of staircase matrices of
shape (ni/Ls-(ni), ni, mi) in such a way that the bounds on the comparisons needed,
the total number of rows, and the total number of columns are not too bad. Then in
Corollary 2.7 we combine this with Corollary 2.4 to achieve the desired reduction.
THEOREM 2.6. There is a constant c such that for each s >= 0 we have

q(n,n,m) <=cl(m + nL(n))

+ max 2

=

,i=ni<-_nL(n)
<
and i= lmi=m+nL(n)}.

qc(n/L-(n),ni, m)

,

Proof. Let M be a staircase matrix of shape (n, n, m). We will show that after some
preprocessing, which requires at most O(m + n L(n)) comparisons, we can reduce
the problem of determining the row-minima of M to determining the row-minima of
a set of submatrices G,
Gk, where Gi is of shape (ni/Ls- l(ni), n, mi), ,i= ni=<
n L(n) and /k= mi < m + nLs(n).
For
of staircase matrices recursively as
we define families
0,
Ls(n)
follows. For any staircase matrix B, let nB be the number of rows in B. Recall that, as
defined in the fourth paragraph of this section, F(B, a) denotes the set of a-border
matrices of B, and Ba denotes the stepsize a approximation of B. We define 30 { M },
and for > 0, 3i U { I’(B, L_ (nB)) B i_ }. In other words,
is formed by
taking border matrices of the appropriate size of the matrices in i-1. Now for
we define families g of staircase matrices by
1,
Ls(n)

;

li=U{Bzs_,nB):B-i-1 ).
In other words gi is formed by taking approximations of the appropriate stepsize of
the matrices in 3_ 1. Finally, let
Ls,)-1 LJ { 1i _-< =< L(n)
}. Write
k, let ni and Pi be the number of rows and
1,
{DI,
Dk} and for
columns in D, respectively. An example is shown in Fig. 8.
It is not hard to verify that has the following properties.
if/#j.
(i) Df3 Dj
(ii) Di has shape (ni/Ls- (ni), ni, Pi).
(iii) Every nonblank entry of M is in some D.
(iv) Every row of M intersects at most L(n) of the D.
(v) Every column of M intersects at most L(n) of the D.
The matrices D are almost the desired matrices G since they have the correct ratio
of steps to rows, and by (iv) we have that Z
ni=< n L(n) as desired. However, we
have /k= lPi =< mLs(n), and mL(n) may be larger than the desired upper bound of

=
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S=0

H

FIG. 8. D,

Dk }.

m + nLs(n). Thus, before processing the Di, we must do some preprocessing to delete
columns from the Di to obtain the matrices G; with the desired bound on the total
number of columns. We now describe this preprocessing.
For
1,
n, let Ei be the matrix formed by taking the intersection of the th
slice, i.e., columns f(
f(i), with each row r of M such that for some j we
+ 1,
have Mr,f(i) (F. Oj and Mr ,f(i) t Dj. In other words, Ei is formed by taking the intersection
of the ith slice with one row from each Dj which has a nonblank entry in the ith slice.
Moreover, the row taken is the uppermost row with a nonblank entry in the th slice.
An example is shown in Fig. 9. It is easy to check that by the definition of border
matrices and approximation matrices, if Mr,f(i) is in some Dj, then Mr! is also in that D9
1. Thus, for each i, Ei is a totally monotone matrix, and
4- _-< =< f(i)
for f(i
by (v), has at most Ls(n) rows. Since the columns of the Ei are disjoint, we can process
(i.e., find the row-minima of) all the Ei with O(m + nLs(n)) comparisons. After doing
this, we use (as described in Lemma 2.2) the information about the positions of rowminima in Ei to delete as many columns as possible from the D which intersect Ei. We
will call this cleaning the D9. An example is shown in Fig. 10. Moreover, by the arguments

FIG. 9. Ei.

89

GENERALIZED MATRIX SEARCHING

El
E/

FIG. 10. Cleaning the Dj.

used in the proof of Corollary 2.3, after deleting these columns, the total number of
columns remaining in the cleaned Dj. between f(
+ and f(i) inclusive is at most
+ Ls(n). If for each j, we let Gj be what remains of Dj after all cleaning
f(i) f(
possible from the processing of the Ei has been done, and let mj be the number ofcolumns
in G, we have
(f(i) -f(i- 1) + Ls(n)) <= m + nLs(n). Moreover, as
m -<
deleting columns cannot increase the number of steps in a staircase matrix, Gj is of shape
nj / Ls
nj nj, m
Finally, we process the G, and then determine the minimum value in each row r
of M by comparing the minima found in the appropriate row of each Gj which intersects
r. By (iv), this final step takes O(nLs(n)) comparisons. Combining all this, it is easy to
see that there is a constant c such that the total number of comparisons is at most
[]
c(m + nLs(n)) + Yi= qc(ni/Ls-(ni) ni, mi) as desired.
COROLLARY 2.7. There is a constant c2 such that for each s >= 0 we have

=

’=

qc(n/Ls(n),n,m) <-cz(m + n)

+ max { Z= qc(ni/L-(ni)

i=

ni,

mi)

<
i= mi=m+n}.
n, m) <= O( m + n) + qc( n / Ls( n

< and
ni=n

Proof. By Corollary 2.4 we have qc( n / Ls( n
n/Ls(n), m), and since (n/Ls(n))L(n/L(n)) <= n, by Theorem 2.6 we have
q(n/Ls(n),n/L(n),m) <=c(m + n)

+ max {,ki=lqc(ni/Ls_(ni),ni, mi)"
,i=ni<=nand ,i=lmi<- m+n}.
Combining these yields the desired result.
COROLLARY 2.8. There is a constant 3 such that for each s >-0 we have
q(n/Ls(n), n, m) <- c3((s + )m + (s + 1)2n).
Proof. The proof is by induction on s. First consider the case when s 0.
Since L-l(ni)
hi by Corollary 2.7 we have q(n/Lo(n), n, m) <= c2(m + n) +
< m + n }. As remarked earlier,
max { /= qc(2, ni, mi)" i= ni < n and /= mi-there is a positive constant Co such that q(2, ni, mi) <= co(mi + rli) for each i, since any

,
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staircase matrix with at most two steps can be partitioned into two totally monotone
matrices. Thus if we set c3 c2 + Co we have qc(n/Lo(n), n, m) <= c3(m + n) as desired.
with c3 Co + c2 as above.
Now suppose s >= and that the statement holds for s
By Corollary 2.7 and the inductive hypothesis we have

qc(n/Ls(n),n,m) <=c2(m + n)

+ max {

_._

qc(ni/L- l(ni)

< and
,i=- ni=n

=< c2

m + n) + max

=

ni, mi)

<
lmi=m+n}
{ /= c3 (smi + s2ni)
< and 2;/= mi=m+n}
<
,i= ni=n

<-c2(m + n)+ c3(s(m + n)+ s2n).
Finally

c2(m+n)+c3(s(m+n)+s2n)<-c3((s+ 1)m+(s+ 1)2n)
since C3 2.
THEOREM 2.9. q(n, n, m) O(ma(n) + n).
Proof. Let p n/(a(n))2. By Corollary 2.5 we have qc(n, n, m)
O(ma(n) + n). By Lemma 2.1 we have

<= q(p, p, m) +

qc(P,P, m) <- qc(P/ a(p),p, m) + O( a(p)m + n).

By Corollary 2.8 we have qc(p/a(p), p, m) <= c3((a(p) + 1)m + (a(p) + 1)2p).
Combining these yields qc(n, n, m) O(ma(n) + n) since a(p) <= a(n) and
[B
(a(p) + )2p O(n).
3. Data structures. Because of the recursive structure of our algorithm and the fact
that it operates on substaircase matrices of the original staircase matrix, and since any
staircase matrix can be extended to a totally monotone rectangular matrix, it makes
sense to represent all our staircase matrices as substaircase matrices of some large totally
monotone matrix U.
We will represent a staircase matrix M by the following set of data-structures, which
we will refer to as the initial data-structures for 54.
An integer variable #ROWM containing the number of rows.
An integer array, Rt, of length #ROW where Rt[ i] contains the number of the
row of U which contains the ith row of M.
A doubly-linked list Ct which contains the column information for M. More precisely, the ith item in Ct contains the number of the column of U which is the ith
column of M plus pointers to the (i
)st and (i + )st items in Ct. For simplicity we
will abuse our notation and use C[ i] to denote the number of the column of U which
is the ith column of M. We will always have Ct[ 1] <
< Ct[ m], where m is the
number of columns of M.
A pointer array Ft of length #ROW4 with Ft[ i] containing a pointer to thef(i)th
item of Ct where { f(i) } is the boundary sequence of M, i.e., column f(i) is the fightmost column in M with a nonblank entry in the th row of M.
The output information will be stored in a pointer array of length # RO Wt named
MINt. For each i, the entry MINt[ i] will contain a pointer to the j( i)th item of Ct,
where the j(i)th column of M contains the minimum value of the ith row of M.
Some of these data-structures are illustrated in Fig. 11. As well as verifying that our
algorithm can initialize and maintain these data-structures, it is necessary to make sure
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FIG. 1. Data-structures.

that the SMAWK algorithm will still run in linear time if the totally monotone matrix
is represented with these data-structures. However, this is straightforward to check, and
in fact is done in [AK87].
We now show that the upper bounds on the function qc in the previous section also
apply to the function q, up to constant multiplicative factors. In order to do this it suffices
to re-prove Lemma 2.1, Corollary 2.4, and Theorem 2.6 since these are the only bounds
in which an algorithm is actually used (rather than a simple manipulation of previous
bounds on qc). In each case is suffices to show that the time needed to create the initial
data-structures of each staircase matrix involved can be bounded (up to constant factors)
by the corresponding bound on the number of comparisons. Moreover, since the number
of rows of M can obviously be determined during the initialization of Rt, we need only
consider the time needed to initialize the data-structures Rt, Ct, and Ft. It is trivial
to see that creating and maintaining the data-structures needed for Lemma 2.1 can easily
be done in O(am + n) time so we can concentrate on Corollary 2.4 and Theorem 2.6.
PROPOSITION 3.1. For any positive integer a, we have
q(n, n,m) <= q(n/a,n/a,m) + O(am + n).

Proof. Let N, M, S, and { Aki: =< _-< r } be as in the proof of Corollary 2.4. Given

the initial data-structures for N it is straightforward to create the initial data-structures
for M and S in O(m + n) time, so it suffices to show that given these data-structures
and the positions of the row-minima for S, we can create the initial data-structures for
the Aki in O(n) time.
It is clear that in O(n) time we can initialize all of the RAk,, SO we will restrict our
attention to the initialization of the CAk, and FA,. Since each A, is a rectangular matrix,
all the entries of FA, will point to the last entry in CA,. Hence it suffices to show how to
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initialize the CAk,. We will use MINs to repeatedly modify the linked list Ct, and take
CAk, to be a piece of the (i- )st modification of CM, which we will denote by
into two lists, CA,
), we split CM(i
CM(
). Let CM(0) be Ct. Given CM(
and CM(i) as follows. Ca, is the sublist of CM(
consisting of all items between (and
including) the items pointed to by MINs[ i] and Fs[ i]. CM(i) is the list obtained by deleting all but the first item in CA, from CM(i
). Since the lists are doubly linked it
is clear that CA, and Ct(i) can be created from CM(i
in constant time. Thus the
total time needed is O(n).
For the purposes of the dynamic algorithm in 4 it is important to note
that in order to create the initial data structures for Ak it was only necessary to have
the initial portion of CM up to C/[ Fs[ i] ], and the pointers MINs[ ],
MINs[ i] and

Fs[1],

"", Fs[i].
PROPOSITION 3.2. There is a constant c4 such that for each s >= 0 we have

q(n,n,m) <-c4(m + nLs(n))

+ max /= q(ni/L-(ni) ni, mi)
i= ni < n L(n) and i= mi < m + nLs(n) }.
Proof. Let M, { Ei

<= <= n }, { hi" 0 <= <= Ls( n

},

{xeJi" <-i<-Ls(n)- l},
!, { Di, ni, Gi, mi" =< =< k } be as in the proof of Theorem 2.6. We must show that
in O(m + nLs(n))time we can create the initial data-structures for the E, and that given
{ MINe" -< =< n } we can create the initial data-structures for all { Gi" =< -< k } in
O(m + nLs(n)) time also. In creating the initial data structures we will need to evaluate
L_ l(X) for many integral values of x between and n. For s 0 and s
this is not
a problem since L_ (x)
2 and L0(x) Flog x]. For s >- 2 it is not hard to see that
a table of the values Ls-(1),
L_ l(n) can be built in O(n) time. Thus we will
assume that we can evaluate L_ (x) in constant time for any integer x between
and n.
We begin by creating data-structures for { Di" -< -< k } and { Ei" -< =< n }. It
is easy to see that we can create the column lists { Ce" =< -< n } in O(m + n) time
using CM and FM, and since the E are rectangular it will be trivial to initialize the Fe,
once the Re, have been created. We will create the Re, while building the data-structures
for the Di. Before doing this, in O(m + n) time we enhance the linked list CM by adding,
to each item which is pointed to by some FM[ i], a back pointer to the smallest with
FM[ i] pointing to it. Since the total number of columns in the D is too large, we will
not build separate column lists for the D. Instead we let F’D, be an array of pointers such
that F’D[0] points to the item in Ct which is the leftmost column in Di, and for j >= 1,
the entry F,[j] is a pointer to the item in Ct which represents the rightmost column
of the jth row of Di. It is easy to see that { RD," _--< =< k } and { Fb" =< -< k } provide
all the information we need but only require O(nLs(n)) storage.
As in Theorem 2.6 we will use nn to denote the number of rows in any staircase
matrix B. Recall that { D,
Dk } ,9]1 I,.J. "U ’L(n)- I,..J lLs(n 1, where 30
{M}, t [,.J{ ’(B, Ls-,(ns))" B 3i- }, and ’i tO {Bz,_,(,s)" B 3i_ }. Thus
it suffices to show that given Re and F for any B in some j, we can build Rs,,_,,,,
F,_,,,, and {RH, F/" H I’(B, L_(n))} in O(ns) time. However, this follows
immediately from the definitions of BL_(ns)and P(B, Ls_ (n)), and from being able
to evaluate L_ (ns) in constant time.

x ...,
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Finally, it is easy to see that for each Di, using Rgi, F]gi, Ft, and the back pointers
in the enhanced Ct, starting from the leftmost Ej intersecting Di, for each Ej. which
intersects Di we can initialize one entry in Rej, namely the number of the top row of Di
which intersects Ej.. In order to construct the data structures for the Gi we will also need
with back pointers to the Di. Specifically, for each entry in
to enhance the
we
include a back pointer to the Di to which it belongs. We will denote these enhanced data
structures by R’ej. This is illustrated in Fig. 12. It is not hard to see that all the initialization
of Rk arising from one particular Di can be done in O(nzi) time. Furthermore, if these
initializations are done starting with the Di in 3Ls(n)-, followed by the Di in
Lstn)-,then zs(n)-2, etc., the entries in each Rkj will be in the correct order. The
total time needed to initialize all the Rk is thus O{ Z/= nzg) O(nLs(n)).
Since Rai RD for each i, all that remains to be done is to build the CGi and the
Fa. Now we show how, given the MINe,...,MINe, in order, we can do this in
O(m + nLs(n)) time. Let and yj. be the number of rows and columns, respectively,
in Ej. Using the information in MINFt and Rk,, it is easy to see that in O(x + y time
we can split Ce into x sublists which are the beginnings of the column linked lists for
the Gj intersecting E. By checking whether the item in Ct which corresponds to the
last item in Ce, has a back pointer to a D, we can decide whether or not it is time to
initialize some pointers in the FG. By doing all this for each of the Ei in order, we
initialize the data-structures for the G in O(Z’= xg + y) O(nLs(n) + m)
time.
Remark 3.3. Although it was convenient to construct the
from the data-structures for the Di, it will be important in modifying our algorithm for the dynamic case
in the next section to note that we could do it with less information in the following
sense. If we know r, j, and n but not Ct or Ft, we can determine whether row r would
be in Ej. if the jth slice is nonempty, even though we cannot actually determine whether
the jth slice is nonempty. Moreover, determining this for all j and r can be done in
O(nL(n)) time.

Re

Re

x

Re

FIG. 12. Enhanced data-structures.
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4. Applications to dynamic programming. Eppstein, Galil, and Giancarlo

([EGG88 ]) give an O(n log n) time algorithm for the following problem. Suppose
for

=< j =<

wij

_-< n is a weight function which satisfies
Wij -Jr- Whk

Wik + Whj

for all j < k < h < i.

Determine

E[i]= min {D[j-1]+ wij}, =1,2,’’’,n,
j_i

where D[0] is given, and forj >= 1, D[j] can be calculated from E[j] in constant time.
We will call this problem the convex dynamic programming problem. (Our definition
differs slightly from that of Eppstein-Galil-Giancarlo in that we have reversed the role
of rows and columns and shifted the indexing by to be more consistent with our rowminima finding algorithms and definition of staircase matrix.)
Eppstein, Galil, and Giancarlo showed that several dynamic programming problems
arising in molecular biology, geology, and speech recognition can be reduced to solving
O(n) convex dynamic programming problems of size n, where n is the size of the original
dynamic programming problem. Eppstein, Galil, and Giancarlo thus obtained O(n 2 log n)
algorithms for the original dynamic programming problemsma substantial improvement
over the standard O(r/3) time algorithms. In this section we give an O(na(n)) time
algorithm for solving convex dynamic programming problems of size n, and hence improve the algorithms for the dynamic programming problems described by Eppstein,
Galil, and Giancarlo to O(n2c(n)).
Following Eppstein, Galil, and Giancarlo, we define M, D[j] + wi, and let M
be the lower triangular matrix (Mo). Obviously, calculating the E[j] is simply the problem
of finding the row-minima in M. As noted by Eppstein, Galil, and Giancarlo, from the
inequality satisfied by the wi, it is trivial to prove that whenever j < k < h < and
Mhj. =< Mhk, then Mij <= Mik. Thus M is a staircase matrix with boundary sequence
f(i) i. However, we cannot apply our row-minima finding algorithm to M directly,
since by the definition of Mij, we cannot evaluate the entry Mo until after we have
determined the minimum value in rowj 1. Thus, in order to apply our matrix searching
techniques to dynamic programming we need to introduce a new version of matrix
searching in which the timing of when an entry may be examined is restricted. As before,
we will restrict our attention to falling staircase matrices.
Let (M, { f(i)} be an n m staircase matrix. For each j with =< j =< m let
b(j) max { "f(i) < j }. We will call row b(j) the foundation row for column j. This
is illustrated in Fig. 13. Note that if we adopt the convention that the 0th row is a steprow which contains only blanks, then the foundation row for a column is the highest
numbered step-row with which the column’s intersection is blank. Recall that the ith
slice is the set of columns f(i
+ 1,
f(i). Note that the ith slice is nonempty if
and only if row
is a step-row. We will call a row-minima finding algorithm for
staircase matrices ordered if it satisfies the following two constraints.
For each j with b(j) > 0, the algorithm always determines the minima of rows
b(j) before querying values of the nonblank entries in column j. We will refer
1,
to this constraint as the evaluation constraint.
(2) The algorithm uses no information about the columns in the ith slice until
after the minimum in row
has been found. Thus when the algorithm begins processing the staircase matrix M, the only initial information it has is the set of rows of M
(i.e., the information in Rt), and the column information for the first slice. We will call
this the online constraint.
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FIG. 13. The foundation row b(j) for column j.

It is easy to see that an ordered row-minima finding algorithm can be used to solve
the convex dynamic programming problem, since we will be able to evaluate each entry
of the matrix when we need it.
We will use qo(t, n, m) to denote the worst-case time needed by an ordered algorithm
to find the row-minima of a staircase matrix of shape (t, n, m). We will show that
we can modify the algorithms of 2 so that they are ordered, and hence prove that
qo(n, n, m) O(ma(n) + n). Since it is generally not hard to check that the datastructures described in 3 can be made compatible with the evaluation and online constraints, for the most part, as in 2, we will ignore the operations needed to initialize
and maintain the data structures. As in 3, it will suffice to prove the analogous versions
of Lemma 2.1, Corollary 2.4, and Theorem 2.6 for the function qo since these are the
only results of 2 directly involving algorithms. In general we will construct an ordered
algorithm for a staircase matrix M by interleaving ordered algorithms for substaircase
matrices of M. In specifying how the interleaving is to occur, we will often use statements
of the form "run algorithm X on Y until the minimum of row w has been found. It is
possible that when this statement is applied, X will have already determined the minimum
of row w at an earlier stage, and in this case the statement is assumed to mean the null
statement, i.e., continue with the next step of the algorithm for M.
LEMMA 4.1. For any positive integer a, we have
qo(n,n,m) <=qo(n/a,n,m)+ O(am+ n).

Proof. Let M be a staircase matrix of shape (n, n, m). Let Za be an ordered rowminima finding algorithm for Ma, and for
1, 2,
[n/a], let Z(i) be an ordered
row-minima finding algorithm for M(a, i). It will suffice to show that with O(n) additional
work we can interleave Za with the Z(i) to obtain an ordered row-minima finding algorithm for M, since clearly we can choose Z(i) so that their total number of comparisons
is O(am).
[ n/a],
The ordered algorithm for M is as follows. We run Za, but for
1,
as soon as Za has determined the minimum in row min(ia 1, n) of Ma, we interrupt
Za and run Z(i) on M(a, i) with the following minor modification. While running Z(i)
on M(a, i), as soon as the minimum value in a row of M(a, i) is determined, this
minimum is compared with the minimum found by Za for the corresponding row

...,
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in Ma, thus determining the minimum value of that row for M. When Z(i) finishes, we resume running Za on Ma until Z has determined the minimum in row
min ((i + 1)a
1, n), and so on. Since Ma has no nonblank entries in rows 1,
a 1, we use the convention that Za has already determined the minima for these rows
of before it actually starts running. Thus the ordered algorithm for M actually begins
with Z( on M(a, ). It is not hard to check that this combination of Za and Z(i)
obeys the evaluation and online constraints, and clearly O(n) additional work is done
V]
in comparing the two possible minima for each row.
LEMMA 4.2. For any positive integer a, we have

ma

qo(n, n,m) <= qo(n/a,n/a,m) + O(am + n).

Proof. Let N, M, S, and { Akg: _--< =< }, be as in the proof of Corollary 2.4, and
let Zs be an ordered row-minima finding algorithm for S. As in the proof of Corollary
2.4, it will suffice to show that there is an ordered algorithm for M which requires at
most qo(n/a, n/a, rn) + O( rn + n) time. We will create an ordered algorithm for M by
interleaving Zs with running SMAWK on the Ak;. Note that given the row information
for N and a we can compute the row information for S before any processing begins,
and this computation can be done in O(n/a) time. In addition, note that the definition
of A (ki) depends only on the positions of the row-minima of rows

{ k"

_-<j_-< i- and k is a step-row }.

Since Zs cannot determine the minimum of row k; without already having determined
and kj is a step-row }, A (ki+ is known
the row-minima of all the rows { kj" =< j =<
minimum
row
has
in
found the
as soon as Zs
ki. In addition, the columns in S have the
in
do
Thus
rows
as
we can create an ordered row-minima
M.
same foundation
they
for
for
M
by running Zs, but
finding algorithm
0, 1,
1, as soon as the rowminima of row ki is determined, we interrupt Zs and run SMAWK on A (k; + ), resuming
Zs as soon as the row-minima of A (k; +1) are determined. Since the foundation row of
every column in A (ki + is among k0, k,
ki }, it is easy to check that this algorithm
Vq
satisfies the evaluation and online constraints.
THEOREM 4.3. There is a constant c5 such that for each s >= 0 we have

qo(n,n,m) <-cs(m + nLs(n))

+ max z/k= qo(ni/Ls-(ni),ni, mi)"

Ei=

,

ni < nLs(n) and

E=

mi < rn + nL(n) }.

Proof. We will use the notation M, {E;: =< _-< n }, { 3i: 0 <= <= L(n) 1},
Di, ni, Gi, mi: _-< -< k} as in the proof of Theorem
{ li: <= <= L(n) },
2.6. As before, we will interleave ordered algorithms for the Gi to obtain an ordered
algorithm Z for M. At the beginning of processing M, the algorithm Z only knows the
set of rows in M, but it is not hard to see (as noted in Remark 3.3) that from this
information the data structures, RDg Rag and R’g, can be created in O(nL(n)) time.
For each i, let { g( i, ),
g( i, hi) } { j G intersects row of M}, ordered so that
for <= h <= hi
the intersection of Gg(i,h) with row is to the left of the intersection
of Gg(i,n + with row i. It is not hard to see that a data structure containing this information
can also be initialized in O(nLs(n)) time.
k let Z be an ordered row-minima finding algorithm for Gi. It
For
1,
suffices to show that with an additional O(m + nL(n)) amount of work, we can interleave
the Zi to create Z. The general idea is as follows. We will view Z as having n phases,
where the ith phase will conclude with the determination of the minimum of row of
M. We now describe the ith phase of Z. Immediately after determining the minimum
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in row
1, we have the column information for the ith slice, and since we already
know the rows in El, we can find the row minima of Ei using SMAWK. After processing
Ei we know the intersection of each Gj with the th slice, and can initialize that part of
the column list for each Gj with nonempty intersection with the ith slice. After doing
this, continue running Zg(i,l) until the minimum of the intersection of row with Ggi,
is found, then run Zgi,2) on Gg(i,2) until the intersection of row with Gg(i,2) has been
found, and continue in this manner to find the minimum of the intersection of row
with each Gg,h) for h 1,
hi in increasing order of h. Finally, by comparing these
values, we find the minimum for all of row i.
In order for this algorithm to work (let alone be an ordered algorithm) it must be
true that while we are running Zg(i,h on Gg(i,h) during the ith phase, Zg(i,h does not
evaluate any entries of Gg<,h) which lie in columns to the fight of the ith slice of M. This
is necessary because during the ith phase we do not have any information about columns
of Mlying to the fight of the ith slice. However, this follows from Zg(i,h being an ordered
algorithm, since ifj is a column of Ggi,h) lying to the fight of the ith slice of M, then the
foundation row ofj in Gg<i,h) cannot lie above row since row terminates to the left of
column j. Thus Z g(i,h must determine the minimum of the intersection of row with
Ggti, h) before evaluating any entries in column j.
It is easy to see that this algorithm obeys the online constraint, so it suffices to show
that it obeys the evaluation constraint. We must show that Z does not evaluate
any entries in column j of M before the beginning of phase b(j) + 1. However, from
the definition of Z and the argument in the preceding paragraph, it is clear that
in phase i, Z does not evaluate any entries in columns to the fight of the i’th slice,
where i’ max { k the kth slice is nonempty and k =< }. Since column j is in the
(b(j) + 1)-st slice of M, this shows that Z does not evaluate entries in column j before
phase b(j) + 1.

5. Open problems. The most obvious open problem is to resolve the gap between
the trivial linear lower bound and this paper’s slightly superlinear upper bound for finding
row-minima in staircase matrices. Other natural questions include characterizing which
other shapes of totally monotone partial matrices can be handled by the techniques in
this paper and finding parallel algorithms with optimal speedup for row-minima finding
in staircase matrices. The first author has recently made some progress in extending this
paper’s almost linear time algorithm to more general shapes of totally monotone partial
matrices. In particular, the algorithm can be extended to matrices in which the nonblank
entries in each column form a continuous segment ending at the bottom row. Matrices
of this shape arise in optimization problems in computational geometry.
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