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Problem definition Consider a point set D of size n on a u X u grid. We want
to build a data structure (summary) such that given a orthogonal rectangle
range R, we can estimate the number of points in R N D with error en. We are
interested in the size of the data structure.

e-approximation An g-approximation for the point set D is a subset P such
that for any rectangle range R, we have
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So given an e-approximation P for D, we can use to estimate the count
|[RND|.

The best constructive e-approximation for 2-dimensional orthogonal rectan-
gles has size O(1 log* 1) [5]. Matousek proved a better nonconstructive bound

of O(% log*?® 1) [3]. The best known lower bound is (2 log 1) [2].

Construction based on ec-net An e-net for the point set D is a subset P,
such that for any orthogonal rectangle R with |[R N D| > en, there is at least
one point in RN P. For 2-dimensional orthogonal rectangles, there exists an
e-net of size O(2loglog 1) [1]. A matching lower bound is proved by Pach and
Tardos [4].

Based on the e-net, we have a two upper bounds. The first construction uses
an e-net of size O(é log log é), and each point in the e-net is associated with a
structure of O(é log log %) bits. The total number of bits used is
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A trivial lower bound of Q(Xlogu) bits We group the n points into 1/e
“fat points”, each consisting of en points. We place the fat points on the u x u
grid. The number of different configurations is u?/¢, since each fat point can
be placed in u? positions. For two different configurations C; and Cjy, there
exists a position (z,y), such that the numbers of fat points in this position are
different in C; and Cs. This implies that given a rectangle containing only
(z,y), the range counts returned by the summaries for C; and Cy must be
different. So the summaries for the two configurations must be different, and
the information-theoretic lower bound for representing the u?/¢ configurations
is (2 logu) bits.

Conjecture The first upper bound tells us that we cannot get a much higher
lower bound than Q(é log u) bits if we do not impose any constraint on u. So
we set © = n, and ¢ = logn/n. Under this setting, we conjecture that if a
summary can answer 2-dimensional orthogonal range counting query with abs
error at most logn, then it must use Q2(nlogn) bits. In other words, answering
2-dimensional orthogonal range counting query with error logn is as hard as
answering the query with no error. It is also interesting to close the gap be-
tween the upper bound and lower bound of e-approximation for 2-dimensional
orthogonal rectangles.
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