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Motivation

[Decision-makers often need tercope With an
URCErtaln environment.

= News,venador
s Alliné fleet assignment
s Facllity location

A had decision new: may: cest a lot later:.




Motivation

o make a “goed™ decision, one has: to:

= acguire seme knowledge: off the underying
distrutien (Imedeling)

experience
market research

= “Optimize” hased on| this knewledge
(optimization)

Il this talk; we wWill focus on the; latter

AspPect, assuming that we “knew* the

distripution.




Setting

SeWhat are We tiying teroptimize?

s Let X be the set of possible actions, (2, B, P) be
the underying proekakility, space.

= The outcome is given by f : XxQ —> R, (e.q.
COSt).
In particular, for each x e X, f(x, a)) IS a randem
Varianle.
= Choose an x*e X s.t. ®(f(x*,@)) is minimized,
WhEre @ s some; fitnctional en RVS.
expectation
[ax




An Example

A 3
B 2

It IS easy torSee thai:
s action Bl minimizes expected cost; whlle
= Action A mMIRIMIZEes, WorSt-case: cost

Note that: we need to pick one action and
stick with It, I.e. We cannot Wait-and-see.




Model

I thls; talk;, we will feclst o) a class, of
stechastic programs; called =“2-stage
Medels WIthl recourse”.

x One commits toer seme. initial action Xe X,

incurring a cost of ¢(x)>0.

x [lhen, the uncertain; parameters @ are
revealed.

= OnRe can then respend by taking seme: fiukther
action (recourse) r e X', thus Incurring a cost
of q(x,r,®)>0.




Model

OUIF olJective Is:
min c(x) + Elg'(x, o)]

where ¢'(x,@)=ming(x,r, »)

[Fhis; class captures a wide range: of
applicatiens.




Example: Stechastic Set Cover

Universe U={€y, ...}
Sets S, ..., S, cU with first stage costs c;
and second stage Costs C; ;

ScenarioAcU with' preld. p,; hence Q=2




Example: Stechastic Set Cover

The proeklem:
= FIrst stage: buy seme sets

s Second stage: after a secenario) A Is; revealed,
Uy seme more sets (If necessary) te ensure
that A'IS; coveread

s Goal: minimize total expected cost

Note that the usual (deterministic) Set
COVEN: prehliem! reguires one te cever U.




Example: Stechastic Set Cover

Here! Is ther P! relaxation:

min ch,ixi 7, Z PACy il
i Al

st. Y x+ > r;>1forallAecA

iZEeSi |e€S|

X, Iy =0 forall Al

IR general; there ane expoernentially: many
vVariables and censtraints!




Example: Stechastic Set Cover

Equivalently,
min» ¢, ;X + Y pg'(x,A) st x>0
[ A

where

q'(x, A)=min» ¢, I,

st. Y r,;21- > x forallee A

i:eESi i:eesi

for all




How to: Selve 1it?

There have been significant: research
effierts Inl the OR community, 6nralgerthams
for the 2-stage moedels.

s However, there are no time bounds fior moest
Off the prepesed algerthms.

Only faidy: recently, peeplerhave: started to
loek fielF prevakly fast algenithms for these
preklems:




Obstacles to Fast Algorthms

IRtuitvely, there cam e a lot eff different
ealizations) Se’ that evenr evaluating the
ehjective ftnction at a given xe X may: he
a proniem!

heorem (Pyer, Steugie 2003); 2-stage
stechastic pregramming With: discrete
distrputions; en| the: parameters Is #+P=

hard.




Obstacles to Fast

Algorithms

IHOW, albeul reducing the: number: of

SCenarios?

s Replace the erginal ecnpjective:

minc(x)+E

Xe X

q'(x, )]

Py IS Sample average approximation: (SAA):
\

min c(x)+i2q'(x,a)k)
Xe X N ]

where o',...,o" are i.i.d. samples from the
distrbution (assuming we can do that).




Ohstacles te Fast Algorithms

By LLNG, the SAA converges to the true
GRJECctIVE POINHWISE.

Thus; the guestion; s, hoew Big sheuldiN ke
N erdeY to) get, say, ¢-clese (additively)

WIth! prenanility 1—o 7

= For discrete X, N ~ poly(log\x\,g‘l,log 5‘1,V),
where V. is the max variance of the RVs g'(x, @)
over all xe X (Kleywegt et al. 2001.).

x However, V' needs noet be polynomially beunded
In the Input size, and can be hard to compute.




What Can We Do?

Restrict the: proklem!

Eirst Idea: Teer many: scenaros? Use enly.
SUCCInGHY representanie distrbuitions.

x Sceparoe Model: The set off scenarios and thelr

prebkanilities are: explicitly, given.
Can take tine polynemial in the size ofi the set.
s |Independent Decisions NModel: Eachi scenanoris

d Set of elements;, each ol WhHICHAIIS CRAOSEN
Independently: With some prokalility.




SSC Under the Scenario Model

Selve the LR relaxation: (polynemial size).

NOW, anrelement e ISicoVvered eitner:
u at'least 1/ 2 Dy the Varalnles . or
= at least 1/2 by the variables Iy ; In eveny A s.t.

eec A
et

Then, 2x IS a firactional set cover solution
for the nstance with universe: E.




SSC Under the Scenario Model

SUPPESE: that We have a precedure: for set
COVer: that: gives p-OPTe; Wit the LP
elaxation.

Then, we get an integral cover for E with

cost at most »-2.2¢,x.
Similarly for A\E fielf each scenario A.

Fhus;, we get an 2p-approximaton
algertham.




What Else Can We Do?

The abeyve Scenaro moedelssare very
[estrictive.

Wihat we really want:Is the Black=-lex
mMoedel; WhEere one can sample frem:the

UnRderying distrlkution:




What Else Can We Do?

Secoend ldea: Dependent on seme
URnaturali parameter V2 Replace i withra
mere naturalfene.

» Inilation fiacter: The second stage cost of a set

S is (@) times more expensive than its first
stage cost. Let A =max{l, A (o)}

s Intuitively, A centrols the max variatien off the
ehjective.

x Alse, while V' can be hard to compute, A IS a
parameter of the problem.




Recent Breakthroeugh |

GlUpta,

2 Hane
Aron

Pall Ravi, Sinha: STOC 2004

les; several stochastic network design
ems (Steiner tree, facility’ lecation, ete.).

= Fixec

inflation factor 1= A (®) .

u| BESIC framewerk:
Draw A samples te obtain: clients D;

Apply: knewn! appreximation algosthn en the
problem instance D=| D, tol get a first-stage
solution,

Once the set ofi clients Is realized, augment.




Recent Breakthrough ||

Shmeys, Swamy: EOCS 2004

x \Works with 2 Blead class ofi 2=Stage: stechastic
linear pregrams:.

x Allewrscenano-depenaent infiaton iacter:.

s Adaptation ofithe: ellipseid methoed.
Recall: hyperplane cut IS generated oy (1) vielated
IReguality;, or (INsubgradient ofi the ehjective
function at the current ellipsoid center.

Eer (1), 0ne can Use anapproximate sukhgradient
nstead.




An lllustration (from SS’04)

subgradient cut:

\ w-subgradient cut:

“di(z—13) <0
Ny

Region where d; - (z—x;) >0

/"
d;: subgradient at x;
d;: w-subgradient at x;
I Pi+1 = unshaded portion of P;

a) b)

Figure 1: a) Cut derived from a violated inequality. b) Subgradient and w-subgradient cuts.




Main ldeas off the SS Algenthm

The appreximate subgradient: can: e
compuited in randemized pely-time via
sampling.

Convergence cam still e guaranteed.

Einally, tse the feasible ellipsoid centers te
generate a near-epuinal selutien Withrhigh
prekabIliby.




Solving SSC w/ the SS Algorithm

Use the SS algorithm te selve the LP
relaxation.

= Running time; an (1+¢)-OPT solution with
orobability at least 1—-0(5) in time

poly(input size, 1,& ", log 5‘1)

= [he dependence en 4 IS necessary. In the
Black-EX MOdEl.

Ohsenve that the: previous reunding
precedure only reguires us to examine the
first-stage varianles!




Recent Breakthrough 11

Charnkar, Chekurl, Pal: APPROX 2005

x Handles generall 2-stage Stechastic programs.

a Estanlishr approximation quality. for the exact
MIRIMIZEr: ofi the: SAA:

min c(x)+—Zq (x W )

Xxe X

URder the assumpuiens thait:
there exists an g€ X s.t ¢(¢)=0 and q'(x,®)< q'(4, @)
there exists an A1>1 s.t. q'(¢, @)—q'(x, @) < Ac(x)




Recent Breakthrough 11

An (L+0O(e))-OPT soelution with' prebability at
least 1-0(5) needs

poly(log\x ,A4,e7,log 5‘1)

samples.

Note that this; Says Rething anout Rew: te
solve the SAA.




Recent Breakthrough 11

Slppese that We can enly solve the SAA
approximately, say. by a fiactor of .

We can get an (1+0(g))-7-OPT solution with

probability at least 1-0(s) by solving

k=0(s"logs™) SAAs, each requiring
poly(log\x\,ﬂ,g‘l, [ols 5‘1,k)

SampIes.




Wy Expectation?

10 a risk-averse Persen, expectation could
9e a lhad Idea.

Recently, Dhamdhere et al. (EOCS 2005)
PropPoesed te; censider the relhust preblen:

minc(x) +max g (x, ®)

=9

Fhey propesed appreximation algerthms
oK Several netwerik design: prekiems under
the scenario model:




Sampling| and Relbustness

Sampling dees; not Work fer the: min=max
prekblem:.

Can ene Incorperate seme repuStness In
e’ black-ex medel?

= In some sense, YES! (S., Zhang, Ye: APPROX
20/0]6)




Motivation of a Risk Measure

IHeW: de! the aforementionead; proplems
nandle repuStnesS?

g (A | G (XA)
P2 2
(l (l
0 0 0

Assign moere welght tera risky. (1.e. costily)
euUtcome.




Motivation of a Risk Measure

Eereachi xe X, consider a Weighing
function f,:Q— R, with E.[f,]=1.
sSince ES[iF|=1; Wercan defing a new
prebanility measurer @, =1 B-

ConsIder the pronlem:
minc(x) + o[ f,(0)q' (x, o))

xeX

=minc(x) + E, [0'(x,®)]

XxeX




Motivation of a Risk Measure

Wihat Wouldre: argeod: choice: off fi, 2 i
should:

= Mmake sense
x computatienally: tractanie

Let @ €[01) be the risk-aversion level.

Qz{f:ogf(a))g )

l-«

f. =argmax E,[f (o)q' (x,0)]
feQ

E.|f]=1




Wihat Doees f, Do?

< > q'(X,a)) < " ” Q'(X,a))
Zero Boos Zero Boost

Continuous Distribution Discrete Distribution

f, =argmax E,[f (o) (x, )]
feQ




Further Observations

Ohsenve that whenia =0, We have
expectation; when « 11, we have max.

Note that We' can alse; Speciiy our: faverie
@) Witheut Using any Weighing function.

s Under certain' conaitions;, suchran @, will give
fise ter a weighing functien (In; particular, the
WeIghingl ilnction; s the: se-called Radon:
Nikedymi dervative: off @, Wit P).




IHew: 1o Optimize?

We lhave a ot eff Welghing fUnCcliens — one
for each xe X!

Alse, determining the cutoefi: dees not
SEem ehvieus!lirwe: can only sample frem
e Black-10oX.




A Representation TTheorem

The fellowing theorem due: to: Reckatellar
and Unyasev: (2002) Comes 1o Ul Irescue.

£ [t () (x.0)| = mm{miep[(q-(x,w)_ w]}

BeR l-«

e simplify netation;, Wirite:

?.(0' (x, @))= E;[f, (o) (x, ®)]
9, IS known as ConditionallValue-at-Risk in
the mathematical finance literature.




The Upshot

Ourr original prokleni PECOmES:
minc(x)+ ¢, (o' (<)

— min {c(x) +ﬂ+ﬁ5p[(¢(x’w)—ﬂ)+]}

xeX,peR

BUit this Just lecks like the ene we have at
e beginning ef the talk!




The Upshot

\WWe caniprove a sampling theerem similar
10 that eff Chalkar et al. Under the new
felhust setting.

s Sample complexity. fer discrete X:

poly(log X|, A, &7, log 5‘1,(1—04)‘1)
Alse, We have a convex program (Jeimty in
(x,)) if c,g,X are convex.




How: About SSC?

Ohsenve: that @, IS pesitive NemMegEeNEeols
and monotone, i.e.¢ (cU)=ce, (U) and
o U)<ep (V)if U <V.

Fhus; We can preceed as hefore.

x Selve the convex relaxation) of the sampled
preblem.

x Examine the first=stage varanles, to; determine
the rounding.




Conclusion and Open Problems

Ve have shewn:

2 [eW L@ InCerporate renpustness In stechastic
programs;

= SAmMpPliNgG Is pessikle even withl rolpustness!

A great Way. te make simple preblems
ard (and Rence create epen preblems)!

Eind nore: applications,




Thank You!




