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Abstract. In this paper, we propose a new framework for active contour
and surface models. Based on the concepts of the elastic interaction between line defects in solids, this framework deﬁnes an image-based speed
ﬁeld for contour evolution. Diﬀerent from other level set based frameworks, the speed ﬁeld is global and deﬁned everywhere in the whole
space. It can oﬀer a long-range attractive interaction between object
boundary and evolving contour. The new framework is general because
it can be easily extended to higher dimension. Using the Fast Fourier
Transforms, we also introduce an eﬃcient algorithm for ﬁnding the values of the image-based speed ﬁeld. Some experiments on synthetic and
clinical images are shown to indicate the properties of our model.

1

Introduction

Extracting a surface from medical data is clinically an important step because the
extracted boundary surface can provide essential ssvisual and quantitative information about the shape and size of the biological objects, e.g. brains and vessels.
Active contour models have widely been used for image segmentation and surface extraction. The classical snakes approach evolves and ﬁnds object boundary
based on forces derived from the internal energy of the contour and local image
gradient [4].
If the moving contour is not close enough to the target object, the capture
range of the contour can be limited. Then, an additional constant balloon force
was introduced along the contour normal direction to accelerate the contour
motion and increase the capture range [1].
To oﬀer more ﬂexibility in handling multiple objects and their topological
changes, the level set framework [6,5] was used to model the moving contour.
The dynamic equation is given as




∇φ
∂φ
= g(∇I) ∇ ·
+ ν |∇φ|,
(1)
∂t
|∇φ|
where φ(x, y) is the level set function whose zero level set represents the contour.
All terms before |∇φ| gives the speed of the embedded contour along its normal
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∇φ
smooths and shortens the contour based on
direction. The ﬁrst term ∇ · |∇φ|
contour curvature. The second term ν is the constant balloon force making the
contour expand or shrink depending on its sign. The gradient function g(∇I)
gives very small value at the boundary and makes the speed of the moving
contour small. As such, the evolving contour will stop on the object boundary.
However, without the constant balloon force, the capture range can be short and
the contour cannot reach the narrow concave regions of the object boundary.
This is because the eﬀect of ∇I, deﬁned by g(∇I) in Eq. 1, is localized near the
boundary. While with the balloon force, there is a limitation that the balloon
force cannot make some parts of contour shrink while other parts of the contour
expand. Therefore, the initial contour must be placed entirely outside or inside
the object to be detected.
In this paper, inspired by the elastic interaction between line defects in solids,
we propose an active contour method oﬀering a long-range attractive interaction between two contours (object boundary and evolving contour). We shall
deﬁne a long-range attraction generated by the object boundary and acting on
the evolving contour for solving the segmentation problem. The speed ﬁeld due
to this interaction is calculated eﬃciently using the Fast Fourier Transforms,
and is deﬁned everywhere in the space. No force extension is needed, as it is
commonly needed in the conventional level set based active contour methods.
We also use the level set framework to handle the topological changes during
the contour evolution. This framework is general and can be applied to the Ndimensional segmentation problems. It is experimentally shown that the method
can be eﬀective in detecting elongated and tubular structures, e.g. brain vessels.

2
2.1

Method
2D Segmentation Based on Elastic Interaction

The main goal of this section is to deﬁne a speed ﬁeld v for encouraging attractive
interaction between object boundary and moving contour during the contour
evolution. The level set framework is employed to represent the moving contours
in 2D and surfaces in 3D [6]. Let φ be the level set function. The evolution
equation is given as ∂φ
∂t = v|∇φ|, where v represents a speed ﬁeld, in which the
values of speed are well deﬁned in the whole space.
We now deﬁne the speed ﬁeld v of a two dimensional moving contour. As shown
in Fig. 1, the (blue) contour γ(s) represents the object boundary and another (red)
contour represents the moving contour. At any point P on the moving contour, the
speed is derived based on the elastic interaction between line defects in solids [2]
and our previous work [10]. The speed ﬁeld v is deﬁned as

r·n
ds,
(2)
v=−
3
γ(s) r
where r is a vector between point P and a point on γ(s), r = |r| denotes the
Euclidean distance between these two points, and n represents the normal di-
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Fig. 1. Elastic interaction between object boundary (blue) and moving contour (red)

rection. Under this deﬁnition, the speed inside the object boundary and outside
the object boundary are diﬀerent in sign.
We describe how the speed function deﬁned above can be used for image segmentation problem. Let an image be I(x, y) located in the z = 0 plane, where
(x, y) ∈ Ω and Ω denotes the image domain. The speed ﬁeld is set to depend on
the intensity values in the image by replacing the normal direction n in Eq. 2
by the image gradient ∇I. However, the image-based speed function is singular
on the contour γ(s). The singularities can then be smeared out if the normal
direction n is replaced with the gradient of the smoothed image ∇(Gσ ∗I), where
Gσ represents a Gaussian smoothing ﬁlter with standard deviation σ. Therefore,
the image-based speed ﬁeld v is given as

r · ∇(Gσ ∗ I)
(3)
v=−
dxdy,
r3
Ω
where Ω denotes the image domain and (x, y) ∈ Ω.
Another important property of the speed ﬁeld v is that it is a long range
speed ﬁeld generated by the object boundary, and there is no need to place the
initial contour entirely inside or outside the object. Thus the moving contour can
“see” the far away boundary by the interaction between object boundary and
evolving contour boundary. Also, the sign of the speed depends on the direction
of the contour and the object boundary, so that the contour is not necessarily
to be placed entirely inside or near the object boundary. The direction of the
object boundary t is deﬁned as


∂(Gσ ∗ I) ∂(Gσ ∗ I)
1
,−
,0 .
(4)
t=
|∇(Gσ ∗ I)|
∂y
∂x
For instance, if an object has a stronger intensity than the background, the
direction of the object boundary is counterclockwise; and is clockwise vice versa.
The direction of the moving contour, i.e. the zero level contour of the level set
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function φ(x, y), can also be deﬁned similarly, with Gσ ∗ I replaced by φ in Eq.
4. The level set function is chosen such that the moving contour has an opposite
direction with respect to the object boundary. As a result, the moving contour
is attracted to the object boundary under the speed ﬁeld v.
In the above deﬁnition of speed function, the image noise also generates
a speed ﬁeld for the moving curve, resulting in spurious contours. The speed
generated by the noise is relatively small as compared with that by the object
boundary. We remove this contribution of the noise by adding the interaction
within the moving contour, so that the relative weak interaction between the
noise and the moving contour can be overcome. The speed ﬁeld v is now deﬁned
as

r · ∇(Gσ ∗ I + wH(φ))
(5)
dxdy,
v=−
r3
Ω
where w is an adjustable coeﬃcient and H is the Heaviside function, which is
deﬁned as
⎧
if φ ≤ −,
⎨0
(6)
H(φ) = 12 (sin( πφ
)
+
1)
if
−  < φ < ,
2
⎩
1
if φ ≥ ,
where  is a small constant.
The values of the speed ﬁeld v can be solved eﬃciently using the Fast Fourier
Transform (FFT) algorithm. It is well known that in three dimensional space,
−1/4πr is the solution of the Poisson equation,
−

1
= δ,
4πr

(7)

where δ is the three dimensional Dirac delta function. Performing the Fourier
transformations on both sides of the above equation, we can get
1
1
1
= 2
·
,
r
m + n2 + l2 2π 2

(8)

where m, n, and l are frequencies in the Fourier space. Thus
∇

1
(im, in, il)
1
= 2
·
.
r
m + n2 + l2 2π 2

(9)

In order to perform the FFT algorithm to get the values of speed (Eq. 5),
we have to change our formulation from two dimensional space to three dimensional space. To achieve this goal, we multiply a factor δ(z), where δ(z) is
one-dimensional Dirac delta-function. Therefore, Eq. 5 can be re-written as
 
r
· (∇(Gσ ∗ I(x, y) + wH(φ)(x, y)), 0)δ(z)dxdydz.
(10)
v=−
3
r
z Ω
Let the Fourier coeﬃcients of the function Gσ ∗ I + wH(φ) be {dmn }. The
Fourier coeﬃcients of the function (∇(Gσ ∗ I(x, y) + wH(φ)(x, y)), 0) are then
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{(imdmn , indmn , 0)}. Performing the Fourier transformation on both sides of Eq.
10, based on Eq. 9, we get
(im, in, il)
1
1
· (2π)2 ,
·
· (imdmn , indmn , 0) ·
m2 + n2 + l2 2π 2
2π
m2 + n 2
1
dmn .
=− · 2
π m + n2 + l 2

v=

(11)

Finally, we have


∞

1 m2 + n 2
d eimx einy dl,
2
2
2 mn
−∞ m,n π m + n + l
√
m2 + n 2
· dmn eimx einy .
=−
2
m,n

v(x, y) = −

(12)
(13)

To obtain a smooth moving contour, we can introduce a small curvature term
associated with a small weight µ. Now, the evolution equation is given as




∂φ
∇φ
= µ∇ ·
+ v |∇φ|.
(14)
∂t
|∇φ|
2.2

Extension to 3D Segmentation Problem

Similarly, we deﬁne our three dimensional speed ﬁeld v as

r·n
v=−
dA,
4
S r

(15)

where S represents the object boundary in 3D. By replacing the normal direction n by the gradient of the smoothed image ∇(Gσ ∗ I), the value of speed v is
now relying on the image intensity values in an image volume I(x, y, z), where
(x, y, z) ∈ Ω and Ω denotes the image domain. In order to perform FFT algorithm to solve the image-based speed function, we have to change the formulation
to 4D space. The speed function is re-written as
 
r
· (∇(Gσ ∗ I(x, y, z) + wH(φ)(x, y, z)), 0)δ(w)dxdydzdw, (16)
v=−
4
r
w Ω
where δ(w) is the one-dimensional Dirac delta-function. Let the Fourier coefﬁcients of the function Gσ ∗ I + wH(φ) be {dmnl }. Similarly to 2D problem
described in the previous section, performing FFT on both sides of Eq. 16 and
following by taking the inverse FFT, we get
√
m2 + n 2 + l 2
· dmnl eimx einy eilz ,
v(x, y, z) = −
(17)
8
m,n,l

where m, n, and l are frequencies in the Fourier space.
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Numerical Implementation

For the numerical implementation of Eq.(14), we use central diﬀerence for the
curvature term, Godunov’s scheme [7] combined with ﬁfth order WENO derivative [3] for the term v|∇φ|, and the forward Euler method in time. Re-initialization for φ is used to reduce the numerical errors [9]. The initial zero level contour
of φ is set to be the zero crossing of the speed ﬁeld generated by the image only,
i.e. φ = v/|v|, where v is calculated using w = 0. This gives an initial contour
very close to the object boundary, so that the object boundary can then be found
and the noise be removed eﬃciently after short-time evolution.

3

Results

The proposed method has been applied to synthetic images and four sets of 3D
Rotational Angiographic (RA) images. We have also implemented the gradient
vector ﬂow (GVF) method [12,11,8]. Since the results using these GVF methods [12,11,8] are similar in the comparisons, all results are obtained using the
modiﬁed GVF method with the balloon force [8].
3.1

Synthetic Images

In this section, all results were obtained using a numerical mesh with the size of
128 × 128 pixels. The width and length were equal to 2 units. The pixel width
was dx = dy = 2/128.
Fig. 2 shows the results on an image with multiple objects, which have different intensity and topology, but without noise. Given that the intensity values
range between 0(white) and 1(black), the intensity values of the four objects
were 3/9, 4/9, 5/9 and 6/9 (see Fig. 2(a)). As shown in the ﬁgure, the image has
thin features such as convex (bottom left) and concave (top right) regions. The
parameters of our method were set as follows: σ = 0.8 (Eq. 5), w = 0.35 (Eq. 5),
 = dx (Eq. 6)and µ = 0.002 (Eq. 14). Our method found the object boundaries
accurately (see Fig. 2(b)). In fact, for this image without noise, the zero level
contour of the speed ﬁeld v gives the object boundary directly. In this case, no
evolution is needed. Fig. 2(c) shows that the speed ﬁeld is globally deﬁned and
can have long inﬂuence on the moving contour.
The bottom row of Fig. 2 shows the results obtained using the GVF method
with adaptive bidirectional balloon force. Unlike our method, this method needs
extension of force (velocity) ﬁeld based on the diﬀusion of gradient information.
The parameters were set as follows: µ = 0.02, σE = 2dx, β = 0.002 and  = 0.1
(see [8] for deﬁnitions of the parameters). We set a circle as the initial contour
(see Fig. 2(d)). As shown in Fig. 2(e), not all parts of the contour were attracted
to the correct boundaries of the objects (see the bottom left object in Fig. 2(e)).
Fig. 2(f) shows the corresponding force ﬁeld of the GVF method. From the ﬁgure,
it is observed that, at the middle between two adjacent objects, the contour
cannot move further. This is because the extended velocity is perpendicular to
the normal direction of the zero level set.
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(a)

(b)

(d)

(e)

(c)

(f)

Fig. 2. (a) An input image with multiple objects, (b) results obtained using our
method, (c) speed ﬁeld v of our method (Note that log2 (|v| + 1) is shown for better visualization.), (d) initial contour for GVF method, (e) results obtained using the
GVF method and (f) GVF force ﬁeld

Our method has been applied to the same image (see Fig. 2(a)) but with different levels of noise. The SD of the background noise σB = 0.0621 was obtained
from the real 3D-RA images, which will be described in the next section.

(a)

(b)

(c)

Fig. 3. Synthetic images with diﬀerent levels of noise: (a) 0.5σB , (b) σB and (c) 2σB .
Intensity values range between 0(white) and 1(black) in the images.
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(f)
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Fig. 4. Image slices from 3DRA image volumes. Original slices for patients 1 (Fig.a),
2 (Fig.c) and 3 (Fig.e). Results obtained using our method for patients 1 (Fig.b), 2
(Fig.d) and 3 (Fig.f). Fig.g and Fig.h show the MIP image and the corresponding 3D
view of the result obtained using our method.
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(a)
(b)
)
(
)
Fig. 5. (Fig.a) DSA vascular image. (Fig.b) The corresponding segmentation result.

The errors of segmentation were 0%, 0.06% and 0.63% for Figs. 3(a), 3(b)
and 3(c) respectively. It shows that the proposed method can give reasonable
segmentation results when noise level increases.
3.2

Real Images

We have applied our 3D segmentation method on four 3D-RA clinical datasets
acquired by a Philips Integris Imager medical system at the Department of Diagnostic Radiology and Organ Imaging, Prince of Wales Hospital, Hong Kong. The
data volume was around 100 × 100 × 100 voxels with a voxel size of 0.75 × 0.75×
0.75mm3 . Figs. 4(a), 4(c) and 4(e) show three selected image slices. Contours
obtained using our method are shown in Figs. 4(b), 4(d) and 4(f) respectively
(note that the contours are lying inside the vascular regions). The initial contours were obtained directly using the speed ﬁeld, and then evolved using the
level set method and FFT for speed ﬁeld calculation. Given that the vasculature
has convex and concave structures, the results of segmentation are satisfactory.
Fig. 5 shows a DSA vascular image with thin and elongated structures, and the
intensity values are low (weak linkage) in the upper half of the image. As shown
in the ﬁgure (Fig. 5b), our method can help capture weak edges connected along
the strong edges. A 3D surface of one of the segmented image volumes and the
corresponding MIP are shown in Figs. 4(g) and 4(h).

4

Conclusion

We have proposed the use of elastic interaction for active contour and surface
models. Our method has been applied to the synthetic and real image volumes
for image segmentation. The experimental results show that, for images without
noise (e.g. synthetic images), the zero level set of the speed function can give
contour very near to the target object boundary. For images with noise (e.g.
real images), the initial contour can be eﬃciently computed and then object
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details can be detected via contour evolution using the Fast Fourier Transform
(FFT) algorithm. It is experimentally shown that our method can be eﬀective in
detecting elongated and tubular structures, e.g. brain vessels in 3DRA or DSA.
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