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Abstract
Indexes for large collections of intervals are common in temporal

databases, where each record has a lifespan, or validity interval.

We propose a universal representation that encapsulates various in-

terval indexes using diagonal corner structures, providing valuable

insights about their effectiveness. Moreover, we exploit our findings

to develop TIDE, a disk-based index for historical intervals. TIDE

adopts a two-level architecture. A top tree organizes intervals by

their duration. The leaf nodes of the top tree correspond to the root

nodes of bottom trees, ordering intervals by their endpoints. Both

top and bottom trees are append-only B+-trees to facilitate fast

insertions. An experimental evaluation with real data sets shows

that TIDE achieves impressive performance gains with respect to

its direct competitor, on insertion (up to x100) and query processing

(up to x7000) speed.
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1 Introduction
Intervals are fundamental to representing and analyzing a wide

range of real-world data in applications such as resource sched-

uling (e.g., bookings), financial platforms (e.g., transactions), and

IoT monitoring. For instance, a soil sensor may report moisture

status every 10 minutes, while a wearable device tracks high heart

rates during hiking. The efficient management of large volumes of

interval data is critical in spatial analysis, temporal reasoning, and

complex event processing. Traditional database indexes, optimized

for discrete scalar values, cannot effectively handle interval rela-

tionships (e.g., overlaps in Allen Algebra [1]). As datasets grow in

size and complexity, the demand for scalable, high-performance

interval indexes persists today, despite decades of research.

In temporal databases each record has a lifespan, or validity in-

terval [𝑡𝑠 , 𝑡𝑒 ), where 𝑡𝑠 < 𝑡𝑒 . A record is considered alive if 𝑡𝑒 equals
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the current time; otherwise, it is dead. Most temporal interval in-

dexes are partially persistent [14, 27], i.e., they only allow updates

at the current time. Consequently, nodes storing dead intervals are

immutable. On the other hand, fully persistent [7, 23] structures
also allow updates on dead intervals, and all their nodes are muta-
ble. Moreover, indexes can be classified as disk or main-memory

based. Different structures are evaluated on their performance for

stabbing and range queries, which retrieve all intervals intersecting

a timestamp or period in history. These query types form the basic

building blocks of more complex tasks.

Despite their conceptual differences, we demonstrate that in-

terval indexes can be captured by some corner structure in a 2D

space, defined by selecting two out of three possible dimensions:

namely starting time 𝑡𝑠 , ending time 𝑡𝑒 , or duration 𝑑 . This unified

representation facilitates the optimization of query processing by

identifying nodes that must contain query results (i.e., all their

intervals can be directly reported) versus nodes that may contain

results (i.e., their intervals must be examined individually). More-

over, the representation provides useful insight into the advantages

and shortcomings of each index. Specifically, some structures have

highly unbalanced nodes, while others involve redundancy, which

necessitates duplicate elimination during query processing.

These shortcomings led to the development of the proposed

TIDE, a partially persistent, disk-based index for intervals that sat-

isfy the increasing ending time (IET ) assumption, i.e., intervals arrive

in increasing order of 𝑡𝑒 . TIDE has balanced nodes (in terms of both

cardinality and duration variance), without redundancy and the

associated problems (extra space, need for duplicate elimination).

It involves a two-level architecture. The top tree is an append-only

B+-tree on interval duration. The leaf nodes of the top tree corre-

spond to the root nodes of append-only bottom B+-trees that index

the ending time. Finally, the leaf nodes of the bottom trees are data
nodes that store the records (interval + payload). Given IET, only

the last data node of every bottom B+-tree is mutable.

We evaluated TIDE against SEB [31], its direct competitor also

based on the IET assumption, using real datasets with diverse char-

acteristics. TIDE outperforms SEB, often by orders of magnitude,

on insertion and query speed. Moreover, it achieves better space

efficiency because its insertion strategy generates full nodes. The

rest of the paper is organized as follows. Section 2 reviews existing

interval indexes. Section 3 contains a representation that enables

optimization of query processing and conceptual evaluation of

different indexes under a unifying framework. Section 4 presents

the insertion and query processing algorithms of TIDE. Section 5

compares TIDE against SEB, and Section 6 concludes the paper.

2 Related work
Section 2.1 focuses on main-memory, and Section 2.2 on disk-based

interval indexes.
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Figure 1: Classical structures
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Figure 2: Period-index

2.1 Main-memory structures
The first main-memory indexes for intervals use a binary search

tree (BST) as the base structure 𝑇 . Each node of 𝑇 corresponds to

a time instant, and has a secondary structure (i.e., a list) with un-

limited capacity storing all intervals intersecting with that instant.

In the interval-tree [15], each interval is stored in the secondary

structure of the highest overlapping node of 𝑇 . Figure 1a shows

an interval-tree managing thirteen intervals 𝑠0, ..., 𝑠12. For example,

𝑠5 = [14, 19) is assigned to root node 𝑛16. The interval-tree con-

sumes𝑂 (𝑁 ) space, where 𝑁 is the number of data intervals. Nodes

of the interval-tree may be very unbalanced. For instance, most

intervals could be assigned to the top node, while the rest of the

nodes could be almost empty. Moreover, intervals in the same node

may have large length variance.

To avoid these shortcomings, the segment-tree [25] partitions and
stores each interval inmultiple nodes. Specifically, an interval is first

stored at all leaf nodes that intersect it. Then, consecutive partitions

are merged at the upper level recursively, if they cover their parent

node. For example, in Figure 1b, interval 𝑠0 = [2, 22) is stored in

nodes 𝑛𝑅
2
, 𝑛6, 𝑛12, 𝑛18 and 𝑛

𝐿
22
, where 𝐿 (𝑅) denotes left (right) leaf

node. Due to replication, the segment-tree consumes 𝑂 (𝑁 log𝑁 )
space. Range query processing requires duplicate elimination since

the same interval may exist in several nodes, possibly at different

levels.

A learned period-index [5] splits the time domain into coarse

buckets and divides each bucket hierarchically. Figure 2 shows

thirteen intervals in two buckets 𝐵1 and 𝐵2. Each bucket has length

𝑙 = 16 and is partitioned into 𝑚 = 3 levels. Both 𝑙 and 𝑚 are

learned parameters. An interval is stored at the top level such

that its duration is more than half of the extent of that level. For

example, 𝑠2 = [3, 9) is assigned to 𝐿1 because its length (6) exceeds

half the length of level 1. Since 𝑠2 intersects two partitions of 𝐿1, it

is stored in both. A range query searches all levels intersecting its

range. Compared to the segment-tree, the period-index incurs less

redundancy (because all copies of an interval are at the same level),

but duplicate elimination is still necessary for range queries.

HINT [9] also applies a hierarchical decomposition of buckets.

Each interval is partitioned and assigned to different levels, similarly

to segment trees. The first occurrence of an interval is marked as

original and the rest are replicas. During query processing, for

all partitions intersecting the start of the query range, all data

intervals are examined. For the remaining partitions, only originals

may constitute results (replicas correspond to duplicates). LIT [10]

extends HINT for dynamic intervals. The RD-tree [8] is a recent
structure that has two variants: RD-tree-td, sorts intervals by 𝑡𝑠 and

duration 𝑑 ; RD-tree-dt, sorts intervals by 𝑑 and 𝑡𝑠 . Finally, interval

indexes have been applied for specialized tasks including temporal

aggregation [20] and interval joins [6, 18].

2.2 Disk-resident structures
The external interval-tree (EI-tree) and external segment-tree (ES-tree)
[2] are disk-based extensions of their main-memory counterparts

that replace the BST with a B+-tree as the base structure 𝑇 . They

both use a B+-tree with fanout

√
𝐵, where 𝐵 is the page capacity.

Their secondary structures are lists with unlimited capacity, leading

to expensive updates. For example, a split would force numerous

intervals to move between nodes. To decrease the update cost, the

EI-tree and ES-tree use complicated buffer tree and weight balancing
techniques, which are theoretical in nature.

The time-index [16] stores alive records at the first timestamp of

each node, and incremental updates at the following timestamps.

The append only-tree (AP-tree) [28] orders intervals by their starting
time 𝑡𝑠 using an append-only B+-tree. The AP-tree has optimal in-

sertion speed, but is slow to answer stabbing queries. The relational
interval-tree (RI-tree) [22] is an external version of the interval-tree

for relational databases. Another trend extends R-tree and its vari-

ants [4, 29] to manage intervals. However, R-trees are not effective

for long intervals and high overlaps [22]. To deal with long inter-

vals, the segment R-tree (SR-tree) [21] combines the main-memory

segment-tree with the disk-based R-tree. Similar to the segment-

tree, intervals in SR-tree are stored in both leaf and internal nodes,

leading to redundancy. Therefore, it consumes 𝑂 ( 𝑁
𝐵
log𝐵 𝑁 ) space

[27].

The diagonal corner structure [19] is a disk-based index, managing

dynamic intervals in a 2-dimensional (2D) space, where 𝑡𝑠 is the

horizontal and 𝑡𝑒 is the vertical axis. Intervals are mapped to points

above line 𝑡𝑒 = 𝑡𝑠 , because 𝑡𝑒 > 𝑡𝑠 , forming a diagonal corner

space. Figure 3 shows the 2D representation for a set of intervals. A

stabbing query for intervals containing timestamp 𝑞 returns points

with 𝑡𝑠 ≤ 𝑞 ≤ 𝑡𝑒 . For example, in Figure 3a, a query at time 20

will retrieve all points (intervals) in the shaded area. In Figure 3b,

a query with range [9, 13] returns points with 𝑡𝑠 ≤ 13 and 𝑡𝑒 ≥ 9.

Early work on corner structures has been of theoretical nature,

assuming static data [3, 27, 32],

The start/end timestamp B-tree (SEB) [31] applies corner struc-
tures for indexing intervals following the IET assumption: intervals

are inserted in increasing order of 𝑡𝑒 . Figure 4a shows SEB for thir-

teen intervals in six leaf nodes with capacity 3. Initially, there is a

single data node 𝐵0 that covers the entire diagonal corner space,
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Figure 3: Diagonal corner queries
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Figure 4: SEB

𝑡𝑠 ∈ [0, +∞) and 𝑡𝑒 ∈ (0, +∞). When 𝐵0 overflows at time 9, it

generates two nodes 𝐵1 and 𝐵2. 𝐵1 is the first node in its column

with a new 𝑡𝑠 range (4, +∞). 𝐵2 is a node with the same 𝑡𝑠 range

as 𝐵0 [0, 4], and a different 𝑡𝑒 range [9, +∞). 𝐵0 is full and becomes

immutable. 𝐵1 and 𝐵2 are non-full and ready to accept insertions. A

new point always falls into 𝐵1 (if its 𝑡𝑠 > 4) or 𝐵2 (if 𝑡𝑠 ≤ 4). When

a non-first node overflows, it only requires horizontal partitioning.

For example, at time 27, the overflow of 𝐵2 creates node 𝐵5 with

the same 𝑡𝑠 range [0, 4] as 𝐵2. Points in 𝐵2 fulfill 𝑡𝑒 ∈ [9, 27], while
points in 𝐵5 have 𝑡𝑒 ∈ [27, +∞).

SEB uses a top-layer B+-tree to index the columns, which cor-

respond to nodes with the same 𝑡𝑠 range, as shown in Figure 4b.

Each column is indexed by a separate B+-tree. A new insertion of

interval [𝑡𝑠 , 𝑡𝑒 ) first locates the column according to 𝑡𝑠 . Given the

IET assumption, point (𝑡𝑠 , 𝑡𝑒 ) is appended to the last node of that

column. A range query [𝑞𝑠 , 𝑞𝑒 ] identifies column 𝑖 (and 𝑗 ) covering

𝑞𝑠 (and 𝑞𝑒 ). All nodes in columns up to 𝑗 are examined for results,

provided that their 𝑡𝑒 exceeds 𝑞𝑠 . SEB has been used mostly for

trajectory management [12, 13, 26]. The compressed start end-tree
[33] applies similar concepts, but switches the order from < 𝑡𝑠 , 𝑡𝑒 >

to < 𝑡𝑒 , 𝑡𝑠 >. This however introduces high update cost because

insertions may occur at any node (as opposed to the last node of

some column as in SEB).
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Figure 5: Interval spatial transformation

The interval spatial transformation (IST ) [17, 24, 30] maps inter-

vals into a 2D space of 𝑡𝑠 (x-axis) and 𝑑 (y-axis), where 𝑑 is the dura-

tion. IST forms a triangle starting from point (0, 0) and bounded by
line 𝑡𝑒 = 𝑡𝑠 +𝑑 ≤ 𝑛𝑜𝑤 . There are three variants: D(iagonal)-ordering

(sort by 𝑡𝑒 , 𝑡𝑠 ), V(ertical)-ordering (sort by 𝑡𝑠 , 𝑡𝑒 ), and H(orizontal)-

ordering (sort by 𝑑, 𝑡𝑠 ). The sorted points are indexed by a single B+-

tree. Figure 5a shows D-ordering, assuming a B+-tree node capacity

of 3. The first node contains the three intervals closest to (0, 0)
with the smallest 𝑡𝑒 . Figure 5b shows an example of H-ordering,

where the first node of B+-tree contains the three intervals with

the shortest duration.

3 A Unified Representation for Interval Indexes
Interval indexes can be captured by some corner structure in a 2D

space, defined by the endpoints 𝑡𝑠 , 𝑡𝑒 , or duration 𝑑 . This represen-

tation enables the identification of nodes that must contain query

results (i.e., all their intervals can be directly reported) versus nodes

that may contain results (i.e., their intervals must be individually

examined). In addition to reducing the computation cost of regular

queries, this may also decrease the I/O cost of aggregate queries.
For instance, when we wish to compute the count of intervals inter-
secting a range, the number of intervals within each node inside the

range can be aggregated directly, without visiting the node. This is

particularly beneficial for large ranges that contain multiple nodes,

possibly at high levels.

First, we focus on the interval-tree. Figure 6a maps the nodes and

thirteen intervals of Figure 1a into a corner structure, where 𝑡𝑠 is the

𝑥-axis and 𝑡𝑒 the 𝑦-axis. Each node corresponds to a square-shaped

area in the mapped space. For example, node 𝑛16 stores intervals

intersecting with time 16, i.e., its mapped area is 𝑡𝑠 ≤ 16 ≤ 𝑡𝑒 .

Similarly, 𝑛8 is mapped to the space of 𝑡𝑠 ≤ 8 ≤ 𝑡𝑒 < 16, and 𝑛4
corresponds to the space of 𝑡𝑠 ≤ 4 ≤ 𝑡𝑒 < 8. Figure 6b shows

the processing of a range query [9, 13]. Points in nodes (𝑛8, 𝑛16)

partially intersecting the range must be examined because they may

constitute results (for these intervals 𝑡𝑠 ≤ 13 and 𝑡𝑒 ≥ 9). On the

other hand, those in nodes covered by the range (𝑛20) are directly

reported, because they are query results (for these intervals 𝑡𝑠 ≥ 9

and 𝑡𝑒 ≤ 13).
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(b) query with range [9, 13]

Figure 6: Corner structure of the interval-tree
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Figure 7: Corner structure of the segment-tree

Similar to the interval-tree, the corner structure for the segment-

tree organizes intervals in nodes based on 𝑡𝑠 and 𝑡𝑒 , without ex-

plicitly considering the duration 𝑑 . Figure 7a maps the nodes of

Figure 1b into a 2D corner structure that has a bottom layer of

triangle-shaped leaf nodes. Recall that an interval may be parti-

tioned and stored in multiple nodes, possibly at different levels.

For instance, 𝑠0 = [2, 22) is first assigned to leaf nodes, which are

merged recursively, if the parent node is fully covered by 𝑠0. The

first (last) partition containing 𝑡𝑠 (𝑡𝑒 ) of 𝑠0 is stored in leaf node

𝑛𝑅
2
(𝑛𝐿

22
). The remaining partitions are merged in internal nodes.

Specifically, copies of 𝑠0 are stored in nodes𝑛6 = [4, 8),𝑛12 = [8, 16)
and 𝑛18 = [16, 20). Internal nodes are mapped to points because

they only store intervals covering their full range. A query with

range [9, 13] in Figure 7b reports directly the intervals of green-

shaded nodes (i.e., 𝑛8, 𝑛10, 𝑛
𝑅
10
, 𝑛12, 𝑛14,𝑛16) in the area defined by

𝑡𝑠 ≥ 9 and 𝑡𝑒 ≤ 13. Intervals in grey nodes (i.e., 𝑛𝐿
10

and 𝑛𝐿
14
) require

inspection. Duplicate elimination is necessary. HINT [9] translates

to a similar corner structure and query processing mechanism.

Since the period-index assigns intervals to buckets based on

their duration, it is better represented by a 2D space, with 𝑡𝑠 as the

𝑥-axis and 𝑑 as the 𝑦-axis. Figure 8a maps the buckets of Figure 2

to triangles in a corner structure. 𝐵1 (𝐵2) corresponds to the trian-

gular space with 𝑡𝑠 , 𝑑 ∈ [0, 16) (𝑡𝑠 , 𝑑 ∈ [16, 32)). Horizontal lines for
duration 8 and 4 subdivide 𝐵1 and 𝐵2 into three levels 𝐿0, 𝐿1 and

𝐿2. Intervals in 𝐿0 must have duration 𝑑 > 8. Accordingly, the valid

space of 𝐵1 (𝐵2) in 𝐿0 is restricted to the upper triangle 𝑡𝑠 ∈ [0, 8)
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(b) query with range [9, 13]

Figure 8: Corner structure of the period-index

([16, 24)) and 𝑑 > 8, shaded in blue. Similarly, intervals in 𝐿1 must

have duration in the range (4, 8], restricting the valid space of the

corresponding buckets to the blue triangles. Intervals falling in a

valid space (e.g., 𝑠0, 𝑠3) are stored directly in the corresponding

bucket, whereas the rest (e.g., 𝑠2, 𝑠5, 𝑠6) generate duplicates in adja-

cent buckets at the same level. For example, 𝑠2 and 𝑠5 are duplicated

at 𝐿1, while 𝑠6 is duplicated at 𝐿0, and stored at both 𝐵1 and 𝐵2.

Figure 8b shows a query with range [9, 13]. Intervals in the green

partition ([8, 16)) are directly reported, while those in grey buckets

([8, 12)) require inspection. It is worth mentioning that the original

period-index [5] does not differentiate between the two result types,

missing an optimization opportunity.

None of the above indexes includes a maximum (or minimum)

node/bucket capacity constraint. Thus, some nodes/buckets may

contain numerous intervals, whereas the rest may be (almost) empty.

This is particularly true for the interval-tree, where top level nodes

(e.g., 𝑛16 in Figure 6) may include most intervals. In addition, each

node may contain intervals with large duration variance. The other

structures alleviate these problems at the expense of redundancy.

The segment-tree and HINT may store copies at multiple levels,

while the period-index generates duplicates at a single level based

on duration. In addition to its negative effect on index size, redun-

dancy necessitates duplicate elimination, increasing the cost and

complexity of query processing. Motivated by the above observa-

tions, we aim at a novel index that combines the best characteristics

of existing work, namely balanced nodes containing intervals with

similar duration, and no redundancy.

4 TIDE
Similar to SEB, we assume that intervals arrive in increasing or-

der of ending time 𝑡𝑒 (IET), i.e., they are inserted in the database

when they die. The proposed TIDE (time intervals by duration and

endpoint) consists of two layers. The top tree is an append-only

B+-tree organizing intervals by duration𝑑 . The leaf nodes of the top

tree correspond to the root nodes of append-only B+-trees, called

bottom trees, ordering intervals by 𝑡𝑒 . Finally, the leaves of the bot-

tom trees are data nodes that store the records (interval + payload).

Each leaf node of the top and bottom trees stores a pointer to its

next sibling. Under the IET assumption, each interval is inserted

into the latest leaf node of the bottom tree that corresponds to its

duration. The rest of the nodes are full and immutable. Grouping

intervals with similar durations at the top tree, leads to a small
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Figure 9: TIDE

number of bottom trees, especially for datasets that involve low

duration variance. This decreases the non-full nodes (each bottom

tree has a single non-full node), facilitating high compactness and

cache locality (i.e., most non-full nodes are cached).

Figure 9a shows an example of TIDE assuming that the data node

capacity is 3. The root node of the top tree 𝑇𝑅 contains three leaf

nodes, corresponding to three bottom tree roots 𝐵𝑅0, 𝐵𝑅1 and 𝐵𝑅2,

separated by duration keys 6 and 21. 𝐵𝑅0 (𝐵𝑅1) separates its data

nodes with ending time keys 9 and 25 (23). 𝐵𝑅2 is both a root and a

data node. A new interval (with 𝑡𝑒 ≥ 28) may only be inserted at

𝐷5, 𝐷4 or 𝐵𝑅2. Figure 9b shows the corresponding corner structure

in the duration and end-time 2D space. All intervals appear on the

upper half of the diagonal 𝑡𝑒 = 𝑑 . The three bottom trees correspond

to three adjacent columns on the𝑑-axis, separated by 6 and 21. Their

respective data nodes are rectangular partitions of those columns

on the 𝑡𝑒 -axis. Each interval maps to a point into a data node based

on its 𝑑 and 𝑡𝑒 . For instance, intervals with 𝑑 ∈ (6, 21] are mapped

to points in 𝐷1 or 𝐷4 (of 𝐵𝑇1), with 𝐷1 storing older, and 𝐷4 more

recent intervals.

4.1 Insertions
We adopt the AP-tree [28] to facilitate append-only insertions for

top tree and bottom trees. Each root (𝑇𝑅 or 𝐵𝑅) stores a pointer to

its last leaf node, where insertions may occur. Algorithm 1 describes

insertion of interval 𝐼 and its payload 𝑃 . First, TIDE searches the top

tree 𝑇𝑇 for the bottom tree root 𝐵𝑅 containing the duration 𝑘𝑒𝑦𝑑
of 𝐼 (line 5). Then 𝐵𝑅 returns the last data node 𝐷𝑁 of its bottom

tree 𝐵𝑇 . If 𝐷𝑁 is not full, TIDE appends 𝐼 and 𝑃 into 𝐷𝑁 (line 8)

and the insertion terminates. Otherwise, 𝐷𝑁 requires processing

the overflow, generating a new data node (lines 12-24). There are

three cases of splits:

• Case 1: horizontal split only, in lines 13-16.

• Case 2: vertical split only, in lines 17-21.

• Case 3: vertical and horizontal split, in lines 17-24.

If the overflowed node 𝐷𝑁 is not a bottom tree root 𝐵𝑅, TIDE splits

horizontally at the largest ending time 𝑘𝑒𝑦𝑛𝑒𝑤𝑡𝑒 , generating data

node 𝐷𝑁𝑛𝑒𝑤
for the insertion (Case 1). If the overflowed node 𝐷𝑁

is a bottom tree root 𝐵𝑅 (i.e., the bottom tree 𝐵𝑇 has a single data

node 𝐷𝑁 ), TIDE splits vertically at the maximum duration 𝑘𝑒𝑦𝑛𝑒𝑤
𝑑

,

creating a bottom tree 𝐵𝑇𝑛𝑒𝑤
with root 𝐵𝑅𝑛𝑒𝑤 (lines 19-20). 𝐵𝑅𝑛𝑒𝑤

is also a data node, storing intervals with durations in 𝑑 ≥ 𝑘𝑒𝑦𝑛𝑒𝑤
𝑑

.

Due to the constraint that only the latest bottom tree root can be

Algorithm 1 Inserting a new record (I: Interval, P: Payload)

1: procedure insert_record(𝐼 , 𝑃 )
2: if 𝑇𝑇 is empty then
3: Initialize the top tree 𝑇𝑇

4: 𝑘𝑒𝑦𝑑 ← 𝐼 .𝑡𝑒 − 𝐼 .𝑡𝑠 ⊲ Compute the duration key
5: 𝐵𝑅 ← find the bottom root corresponding to 𝑘𝑒𝑦𝑑 in 𝑇𝑇

6: 𝐷𝑁 ← latest data node in the bottom tree of 𝐵𝑅

7: if 𝐷𝑁 is not full then
8: Insert (𝐼 , 𝑃) to 𝐷𝑁
9: else ⊲ 𝐷𝑁 is full
10: 𝐷𝑁𝑛𝑒𝑤 ← process_overflow(𝐵𝑅, 𝐷𝑁, 𝑘𝑒𝑦𝑑 )
11: Insert (𝐼 , 𝑃) to 𝐷𝑁𝑛𝑒𝑤

12: procedure process_overflow(𝐵𝑅, 𝐷𝑁 , 𝑘𝑒𝑦𝑑 )

13: if 𝐷𝑁 ≠ 𝐵𝑅 then ⊲ Case 1
14: 𝑘𝑒𝑦𝑛𝑒𝑤𝑡𝑒 ← ending time of the last interval in 𝐵𝑅

15: 𝐷𝑁𝑛𝑒𝑤 ← add new data node to 𝐵𝑅’s tree with 𝑘𝑒𝑦𝑛𝑒𝑤𝑡𝑒

16: return 𝐷𝑁𝑛𝑒𝑤

⊲ If 𝐷𝑁 is also the bottom tree root
17: 𝐷𝑁 ′ ← transfer the data in 𝐷𝑁 to another page

18: Upgrade 𝐵𝑅 to a branch node pointing to 𝐷𝑁 ′

19: 𝑘𝑒𝑦𝑛𝑒𝑤
𝑑
← maximum duration in 𝐷𝑁

20: 𝐵𝑅𝑛𝑒𝑤 ← add new leaf node to 𝑇𝑇 with 𝑘𝑒𝑦𝑛𝑒𝑤
𝑑

21: if 𝑘𝑒𝑦𝑛𝑒𝑤
𝑑

< 𝑘𝑒𝑦𝑑 then return 𝐵𝑅𝑛𝑒𝑤 ⊲ Case 2

⊲ Case 3
22: 𝑘𝑒𝑦𝑛𝑒𝑤𝑡𝑒 ← ending time of the last interval in 𝐵𝑅

23: 𝐷𝑁𝑛𝑒𝑤 ← add new data node to 𝐵𝑅’s tree with 𝑘𝑒𝑦𝑛𝑒𝑤𝑡𝑒

24: return 𝐷𝑁𝑛𝑒𝑤

a data node, 𝐵𝑅 is upgraded from a leaf to a branch node (lines

17-18), which has a single child. If 𝐼 .𝑑 > 𝑘𝑒𝑦𝑛𝑒𝑤
𝑑

, the insertion falls

into 𝐵𝑅𝑛𝑒𝑤 of 𝐵𝑇𝑛𝑒𝑤 (Case 2). Otherwise (Case 3), TIDE requires

another horizontal split at the current largest ending time 𝑘𝑒𝑦𝑛𝑒𝑤𝑡𝑒 ,

creating data node 𝐷𝑁𝑛𝑒𝑤 in 𝐵𝑇 (lines 22-24) for insertion.

Figure 10 illustrates the insertion of the ten intervals 𝑠0, ..., 𝑠9
of Figure 9 into TIDE (assuming data node capacity 3). Initially

(Figure 10a), the top tree root 𝑇𝑅 has a single child 𝐵𝑅0, which

is both a bottom tree root and a data node 𝐷0, containing 𝑠0, 𝑠1
and 𝑠2. In Figure 10b, the next insertion 𝑠3 forces 𝐷0 to overflow

at current maximum duration 6 (i.e., duration of 𝑠2), generating

bottom tree 𝐵𝑇1 with a single data node 𝐷1, which is also a bottom

tree root 𝐵𝑅1 (Case 2). Interval 𝑠3 is inserted into 𝐷1, since it has

duration 𝑑 > 6. 𝐵𝑅0 is upgraded from leaf to branch node, pointing

to 𝐷0. In Figure 10c, 𝑠4 has duration below 6 and should be inserted

into the latest data node under 𝐵𝑅0, forcing 𝐷0 to overflow at its

maximum 𝑡𝑒 = 9 (Case 1). A new data node 𝐷2 accommodates 𝑠4,

and 𝐷0 becomes immutable. Future insertions either fall into 𝐷1

(e.g., 𝑠6 and 𝑠7) or 𝐷2 (e.g., 𝑠5 and 𝑠8) according to their duration. In

Figure 10d, inserting 𝑠9 causes 𝐷1 to overflow at its current largest

𝑑 = 21, generating 𝐵𝑇2 with a single data node 𝐷3. Meanwhile, 𝐵𝑅1
is upgraded to a branch node, pointing to immutable 𝐷1. Since 𝑠9
has 𝑑 ≤ 21 and should be inserted into 𝐵𝑇1, 𝐷1 overflows at its

current largest 𝑡𝑒 = 23 (Case 3), generating data node 𝐷4 to insert

𝑠9. The following Lemma 4.1 analyzes the insertion cost of TIDE.
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(a) 3-rd insertion

0

(b) 4-th insertion

0

(c) 5-th insertion

0

(d) 10-th insertion

Figure 10: Insertions in TIDE

Lemma 4.1. When there are 𝑁 intervals in 𝑚 bottom trees, an
insertion has I/O cost𝑂 (log𝐵𝑚 + 1

𝐵
· log𝐵 𝑁 + 𝑚

𝑁
· log𝐵𝑚), where 𝐵

is the capacity of a disk page.

Proof. Each insertion always incurs a search cost 𝐶𝑆𝑒𝑎𝑟𝑐ℎ to

find the proper leaf node. Locating the proper bottom tree given the

duration, is bounded by the depth of the top tree 𝑂 (log𝐵𝑚). Since
each bottom tree is append-only, fetching its last node costs only

𝑂 (1). Therefore, the cost of insertions in the absence of overflows

is dominated by the search cost 𝐶𝑆𝑒𝑎𝑟𝑐ℎ = 𝑂 (log𝐵𝑚). In addition,

overflows require a horizontal split (Case 1) with cost 𝐶𝐻𝑆 , or

vertical split (Case 2) with cost𝐶𝑉𝑆 or both (Case 3) with cost𝐶𝐻𝑆 +
𝐶𝑉𝑆 . A horizontal split inserts a new data node into a bottom tree

1
,

and may propagate all the way up to its root with cost bounded by

the depth of the largest bottom tree 𝑂 (log𝐵 𝑁 ). In the worst case

(Case 1&3), a horizontal split occurs after every 𝑂 (𝐵) insertions;
thus, the amortized 𝐶𝐻𝑆 = 𝑂 ( 1

𝐵
· log𝐵 𝑁 ). Moreover, an insertion

may incur a vertical split with a probability
𝑚
𝑁
, generating a single-

node bottom tree, which requires an insertion into the top tree with

𝑂 (log𝐵𝑚) cost. Therefore, the amortized cost𝐶𝑉𝑆 = 𝑂 (𝑚
𝑁
·log𝐵𝑚).

Adding the three terms together:𝐶𝑆𝑒𝑎𝑟𝑐ℎ+𝐶𝐻𝑆 +𝐶𝑉𝑆 = 𝑂 (log𝐵𝑚+
1

𝐵
· log𝐵 𝑁 + 𝑚

𝑁
· log𝐵𝑚). □

In practice, 𝐶𝑆𝑒𝑎𝑟𝑐ℎ and 𝐶𝑉𝑆 are negligible since𝑚 << 𝑁 , and

𝐶𝐻𝑆 dominates the insertion cost of TIDE. Observe that the dura-

tion range of the bottom trees is determined by the initial points

(i.e., intervals with the smallest 𝑡𝑒 ), and may not be optimal if the

duration distribution changes over time. Similar issues exist for all

corner structures, including SEB, and can be solved if the interval

distribution is known in advance.

1
A horizontal split has no cost for the top tree.

0

Figure 11: Range query [𝑞𝑠 , 𝑞𝑒 ] in TIDE

4.2 Range Queries
Since the top tree organizes intervals by duration, it is not useful

for range queries. Instead, given a range query [𝑞𝑠 , 𝑞𝑒 ], where
𝑞𝑠 ≤ 𝑞𝑒 , TIDE searches all bottom trees and returns intervals

fulfilling 𝑡𝑒 ≥ 𝑞𝑠 (horizontal boundary) and 𝑡𝑠 ≤ 𝑞𝑒 (diagonal

boundary). A stabbing query can be considered as a special case

of a range with 𝑞𝑠 = 𝑞𝑒 . Figure 11 shows an example range, where

the result area is shaded in green. For instance, nodes in 𝐵𝑇0 with

possible results (i.e., 𝐷2, 𝐷5 and 𝐷6) intersect [𝑞𝑠 , 𝑞𝑒 + 𝑑1]. Nodes
below the horizontal boundary 𝑡𝑒 < 𝑞𝑠 contain intervals that end

before 𝑞𝑠 , whereas nodes above the diagonal boundary 𝑡𝑠 > 𝑞𝑒
have intervals that start after 𝑞𝑒 . Similarly, in 𝐵𝑇1 nodes possibly

containing results are 𝐷1, 𝐷7 and 𝐷9. Intervals in nodes, such as

𝐷4, covered by the range are directly reported.

Algorithm 2 shows the pseudocode for range query process-

ing [𝑞𝑠 , 𝑞𝑒 ]. Each bottom tree 𝐵𝑇 stores intervals with durations
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Algorithm 2 Searching a range ([𝑞𝑠 , 𝑞𝑒 ]) in TIDE

1: procedure range_qery([𝑞𝑠 , 𝑞𝑒 ])
2: 𝑅 ← {} ⊲ Result Intervals
3: 𝐵𝑇 ← earliest bottom tree

4: 𝑘𝑒𝑦𝑚𝑖𝑛
𝑑
← 0

5: while 𝐵𝑇 ≠ null do
6: 𝑘𝑒𝑦𝑚𝑎𝑥

𝑑
← maximum duration in 𝐵𝑇

7: 𝐷𝑁 ← find the data node for 𝑞𝑠 in 𝐵𝑇

8: while 𝐷𝑁 ≠ null do
9: 𝑘𝑒𝑦𝑚𝑖𝑛

𝑡𝑒 ← first key of 𝐷𝑁

10: 𝑘𝑒𝑦𝑚𝑎𝑥
𝑡𝑒 ← last key of 𝐷𝑁

11: if 𝑞𝑒 + 𝑘𝑒𝑦𝑚𝑎𝑥
𝑑

< 𝑘𝑒𝑦𝑚𝑖𝑛
𝑡𝑒 then

12: break
13: if 𝑞𝑠 ≤ 𝑘𝑒𝑦𝑚𝑖𝑛

𝑡𝑒 and 𝑘𝑒𝑦𝑚𝑎𝑥
𝑡𝑒 ≤ 𝑞𝑒 + 𝑘𝑒𝑦𝑚𝑖𝑛

𝑑
then

14: Append all records of 𝐷𝑁 to 𝑅 ⊲ Report
15: else
16: Append qualifying records of 𝐷𝑁 to 𝑅

17: 𝐷𝑁 ← next sibling of 𝐷𝑁

18: 𝑘𝑒𝑦𝑚𝑖𝑛
𝑑
← 𝑘𝑒𝑦𝑚𝑎𝑥

𝑑
19: 𝐵𝑇 ← next sibling of 𝐵𝑇

20: return 𝑅

ranging from 𝑘𝑒𝑦𝑚𝑖𝑛
𝑑

to 𝑘𝑒𝑦𝑚𝑎𝑥
𝑑

, shaped as a column. Searching a

bottom tree starts from the data node containing 𝑞𝑠 (line 7), and

stops when reaching the data node containing 𝑞𝑒 + 𝑘𝑒𝑦𝑚𝑎𝑥
𝑑

(lines

11-12) or the last data node (line 8). Under the unified representa-

tion, TIDE identifies nodes that can be directly reported (i.e., all its

intervals are results), if 𝑞𝑠 ≤ 𝑘𝑒𝑦𝑚𝑖𝑛
𝑡𝑒 and 𝑘𝑒𝑦𝑚𝑎𝑥

𝑡𝑒 ≤ 𝑞𝑒 + 𝑘𝑒𝑦𝑚𝑖𝑛
𝑑

(lines 13-14). The intervals of the remaining searched nodes may

constitute results, and must be individually examined (lines 15-16).

TIDE can easily be extended to count queries, returning only the

number of intersected intervals, as opposed to their IDs. In this

case, immutable nodes fully covered by the range (e.g., 𝐷3, 𝐷4 of

Figure 11) no longer require disk accesses, but their intervals are

directly aggregated to the total count. Since such nodes are fully

packed, their number of intervals is fixed. Only mutable covered

nodes, or those (mutable or immutable) partially intersecting the

range, necessitate disk accesses.

Lemma 4.2. When there are 𝑁 intervals in𝑚 bottom trees, a stab-
bing/range query has I/O cost𝑂 (𝑚 log𝐵 𝑁 + 𝑘

𝐵
), where𝑘 is the number

of query results.

Proof. Given a range query [𝑞𝑠 , 𝑞𝑒 ], TIDE searches (in each bot-

tom tree 𝐵𝑇𝑖 ) for the data node containing 𝑞𝑠 with cost 𝑂 (log𝐵 𝑁 ).
Then it scans its siblings until finding the data node containing

𝑞𝑒 + 𝑘𝑒𝑦𝑚𝑎𝑥
𝑑

(i.e., the maximum duration in a bottom tree) or

the last data node. The total number of data nodes containing

𝑘 results is
𝑘
𝐵
. Combining the search and scan terms, we obtain

𝑂 (𝑚 log𝐵 𝑁 + 𝑘
𝐵
). □

TIDE can efficiently process queries with length constraints, e.g.,

find all intervals in [𝑞𝑠 , 𝑞𝑒 ] with duration in the range [𝑑𝑠 , 𝑑𝑒 ]. In
this case, the top tree is used to identify bottom trees with intervals

satisfying [𝑑𝑠 , 𝑑𝑒 ]. Even for conventional ranges (without duration

constraints), where all𝑚 bottom trees are accessed, TIDE’s query

BIKE NFT

Object NYC bicycle non-fungible token

Interval riding trips unchanged price

#Intervals 100507903 28581957

Min. Duration 60 seconds 1 second

Avg. Duration

984 secs (0.0004%)

(16.4 minutes)

2724947 secs (3.2%)

(1 month)

Max. Duration

19513649 secs (8.8%)

(7.4 months)

83743716 secs (99.6%)

(2.7 years)

Table 1: Properties of interval datasets
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Figure 12: 10k data points sampled from BIKE and NFT

performance is outstanding because𝑚 is very low in real-world

datasets. We experimentally evaluate our claims in the next section.

5 Experimental Evaluation
The evaluation was conducted on Ubuntu Linux with an AMD

Ryzen Threadripper 3960X 3.8GH CPU and 64GiB RAM. We devel-

oped a generic disk-based framework for historical indexes in Rust

2
, and implemented both TIDE and SEB using the same append-

only B+-tree structures [28]. The disk-page and cache sizes are set

to 4KiB and 4MiB, respectively, for all experiments. We use the

following real datasets, summarized in Table 1:

• BIKE 3
: Start and end timestamps (in seconds) 100M bicycle

trips, during 2014-2020 in New York City.

• NFT 4
[11]: 28M intervals denoting the stable price period (in

seconds) of non-fungible tokens from OpenSea transactions,

during 2021-2023.

Figure 12 plots a sample of 10k data points from the two datasets.

Almost all the data points of BIKE lie close to the 𝑡𝑠 = 𝑡𝑒 diagonal

line, implying that most of its intervals are short-lived, whereas

in NFT they have high variance. This is also evident from the

minimum, average, and maximum duration for the full datasets

in Table 1. The average and maximum duration for BIKE is only

0.0004% and 8.8% of the whole extent of the dataset, in comparison

2
https://codeberg.org/mhm/indie-histree

3
https://citibikenyc.com/system-data

4
https://huggingface.co/datasets/MLNTeam-Unical/NFT-70M_transactions

https://codeberg.org/mhm/indie-histree
https://citibikenyc.com/system-data
https://huggingface.co/datasets/MLNTeam-Unical/NFT-70M_transactions
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Figure 14: Average extent of data nodes per bottom tree

to NFT’s 3.2% and 99.6%. Section 5.1 investigates the size and other

index characteristics, while Sections 5.2 and 5.3 evaluate insertion

and query performance, respectively.

5.1 Index Characteristics
We build TIDE and SEB by sequentially inserting the BIKE and

the NFT datasets. Figure 13 contains four plots, each measuring

the number of data nodes (𝑦-axis) stored in the corresponding

bottom tree (𝑥-axis) for TIDE (first row) and SEB (second row).

The first (second) column shows these statistics for BIKE (NFT).

Most intervals in BIKE have short durations as shown in Figure 12.

Consequently, TIDE generates only four bottom trees, the first of

which contains 98% of the intervals. On the other hand, SEB uses

the start time 𝑡𝑠 to index the top tree, which requires it to frequently

add bottom trees to accommodate the latest intervals. This leads to

numerous (145523) bottom trees, each containing only a few data

nodes (below 30). The intervals in NFT are less regular (i.e., their

durations have higher variance) than BIKE, yielding 34 bottom

trees for TIDE. Notably, the first two bottom trees of TIDE still

contain the majority (56%) of the intervals. In case of SEB, since the

latest intervals in NFT are less likely to have started as recently as

in BIKE, they are more prone to fall into past bottom trees. This,
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Dataset BIKE NFT

TIDE SEB TIDE SEB

#Data Nodes 320091 395187 238201 248306

#All Nodes 320801 541031 238748 268800

Size (GiB) 1.22 2.06 0.91 1.03

#Horizontal Splits 320087 249664 238167 227857

#Vertical Splits 3 145522 33 20448

Table 2: Number of nodes and splits

in addition to NFT being one-third of BIKE’s size, leads to fewer

(20449) bottom trees.

Figure 14 shows the average extent of the data nodes in every

bottom tree of TIDE (first row) and SEB (second row), for BIKE

(first column), and NFT (second column). The extent of a data node

is the difference between the maximum end time of its intervals,

and that of the previous node’s. For BIKE, the first bottom tree of

TIDE contains the shortest 98% of all intervals, and the remaining

trees contain fewer data nodes with increasing interval durations.

Similarly, the average data node extent of TIDE for NFT increases

inversely to the number of data nodes shown in Figure 13. In SEB,

all data nodes have a similar extent, which is significantly higher

than the average node extent in TIDE. Long nodes negatively affect

performance as they are expected to intersect more queries.

Table 2 lists various properties of the indexes generated by TIDE

and SEB. The index size of TIDE is dominated by the data nodes

in both datasets. On the other hand, for BIKE, the SEB data nodes

amount to less than 60% of the total, and the bottom tree roots make

up more than a quarter of all the nodes. Furthermore, each of the

bottom tree roots contains only a handful of data node entries, the

last of which is only partially filled. Consequently, for BIKE, SEB

consumes 1.69xmore space than TIDE, which is fully packed, except

for the last data node of its four bottom trees. The difference in size

(1.13x) is less pronounced for NFT, where the bottom tree roots

constitute 7.6% of the total nodes in SEB. Table 2 also contains the

number of horizontal (𝐻𝑆) and vertical splits (𝑉𝑆). Although 𝐻𝑆 is

comparable in TIDE and SEB for both datasets, 𝑉𝑆 is much higher

in SEB. This has a negative effect on its insertion performance,

because the top tree in SEB is large, and a vertical split may be

expensive.

5.2 Insertion Performance
Figure 15 shows the I/O cost (page read and write operations) of

insertions versus the percentage of the dataset inserted. TIDE and

SEB are based on similar append-only frameworks, which cache

recently accessed nodes using an LRU buffer with 4MiB. Specifically,

TIDE (SEB) caches the last/mutable data node of the most recent

bottom trees based on duration (𝑡𝑠 values). Given the low number

of bottom trees (see Figure 13), TIDE can keep in the buffer the

last (mutable) data node of every B+-tree, as well as the entire top

tree. This is not possible for SEB because of the numerous bottom

trees. Thus, searching for the proper data node to accommodate

an insertion incurs I/O cost. Moreover, SEB suffers from the high

number of vertical splits (on a large top tree), as discussed in the

context of Table 2. Consequently, SEB is about twicemore expensive

than TIDE on BIKE, and about two orders of magnitude on NFT. The

very poor performance on NFT is due to its high duration variance,

which impacts cache locality based on 𝑡𝑠 , i.e., the insertion of long

intervals necessitates fetching from the disk nodes with low 𝑡𝑠 ,

which have not been accessed recently.

5.3 Query Performance
Figure 16 shows the cost of stabbing queries and ranges covering

0.0001% to 0.1% of the total history. Each reported result is the av-

erage of 1000 uniformly distributed queries. The output cardinality

is above the diagrams. The number on top of each bar shows the

ratio of SEB cost over TIDE. For stabbing queries and short ranges

on BIKE, SEB is about 7000 times slower than TIDE. There are

multiple reasons for the superiority of TIDE. First, TIDE has only

four bottom trees, prioritizing their high level nodes in the LRU

buffer, reducing disk accesses. In contrast, SEB searches numerous

bottom trees with 𝑡𝑠 ≤ 𝑞𝑠 because any interval starting before 𝑞𝑠
may die after 𝑞𝑒 . For instance, a stabbing query in the middle of

the data space is expected to visit at least half of the 145523 bottom

trees, which cannot be cached, leading to frequent disk accesses.
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Figure 15: I/O cost of sequential insertions
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Moreover, SEB has another serious weakness: bottom trees with

small 𝑡𝑠 rarely contain results, although their mutable nodes inter-

sect 𝑞𝑠 . Such nodes can be very long (they extend to the current

time), but are not likely to receive insertions because most BIKE in-

tervals are short. The issue (i.e., visiting irrelevant data nodes) also

exists in TIDE (e.g., 𝐷11 of Figure 11), but has low overhead because

TIDE searches a small number of bottom trees, and only the last few

may suffer. As the range increases, the difference between TIDE and

SEB gradually drops (down to x356 for %0.1 ranges in BIKE) since

they both have to access multiple data nodes that contain results.

Although the cost of BIKE naturally increases visibly with the range

length, that of SEB is rather stable, indicating that it is dominated

by visits to irrelevant nodes. On NFT, TIDE is only two times faster

than SEB because of the larger output cardinality. Observe that

even a stabbing query retrieves 1 million intervals, and this number

remains almost the same for all ranges. This is due to the average

interval duration in NFT, which is 3.2% of the entire history (see

Table 1), significantly higher than that of BIKE (0.0004%). Besides,

NFT has diverse durations, causing TIDE to traverse more bottom

trees (34 instead of 4 in BIKE). Nevertheless, compared to SEB, it

still exhibits better cache locality.

Figure 17 shows the I/O cost of count queries for ranges covering
0.001% to 10% of history. A count query only returns the number of

qualifying records, shown on top of each plot, instead of retrieving

their IDs. Compared to conventional ranges, they incur less I/O cost

in both TIDE and SEB because they aggregate directly the results of

full nodes covered by the query. Only partially intersecting nodes

need to be visited. The benefits of TIDE are even more substantial

in this setting, outperforming SEB 4000-7000 times on BIKE and

10 times on NFT. This is because its bottom trees are larger than

those of SEB and contain shorter nodes that may be covered by

the query range. In addition, SEB examines numerous irrelevant

mutable nodes, which cannot be covered since they are open-ended.

6 Conclusion
We first propose a unified representation that treats intervals as

points in a two-dimensional corner space. This representation en-

ables optimization opportunities for query processing and reveals

strengths and weaknesses of different interval indexes. Then, we

describe TIDE, a novel index that has desirable properties, includ-

ing small size, short nodes and cache locality. We compare TIDE

against its main competitor SEB, which is also based on the same

IET assumption (i.e., intervals arrive in increasing order of the end-

point) with two real datasets. TIDE achieves considerable gains on

both insertion and query performance under all settings.
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