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Abstract. Labeled data are needed for many machine learning applications but
the amount available in some applications is scarce. Semi-supervised learning
and multi-task learning are two of the approaches that have been proposed to al-
leviate this problem. In this paper, we seek to integrate these two approaches for
regression applications. We first propose a new supervised multi-task regression
method called SMTR, which is based on Gaussian processes (GP) with the as-
sumption that the kernel parameters for all tasks share a common prior. We then
incorporate unlabeled data into SMTR by changing the kernel function of the GP
prior to a data-dependent kernel function, resulting in a semi-supervised exten-
sion of SMTR, called SSMTR. Moreover, we incorporate pairwise information
into SSMTR to further boost the learning performance for applications in which
such information is available. Experiments conducted on two commonly used
data sets for multi-task regression demonstrate the effectiveness of our methods.

1 Introduction

Many machine learning applications require that labeled data be available for model
training. Unfortunately the amount of labeled data available in some applications is
very scarce because labeling the data points manually is very tedious and costly. As a
consequence, the model thus learned is often not satisfactory in performance. To alle-
viate this problem, machine learning researchers have investigated various approaches,
with semi-supervised learning and multi-task learning being two popular ones.

Semi-supervised learning [1] can be seen as an extension of the conventional super-
vised learning paradigm by augmenting the (labeled) training data set with unlabeled
data so as to exploit the useful information in the unlabeled data to boost learning per-
formance. Early semi-supervised learning methods include co-training [2], which builds
two learning models based on two different views of the data and then uses each learn-
ing model to select confident unlabeled data for the other, and transductive SVM [3,4],
which uses both labeled and unlabeled data to maximize the margin of a support vector
machine (SVM). More recent development includes many graph-based methods [5,6,7],
which model the geometric relationship between all data points in the form of a graph
and then propagate the label information from the labeled data points to the unlabeled
data points throughout the graph. In order for the unlabeled data to be useful for semi-
supervised learning, some assumptions about the data have to be satisfied. Two widely
used assumptions are the cluster assumption and manifold assumption. The cluster as-
sumption simply means that if two points are in the same cluster, they are more likely to
belong to the same class. Equivalently, this means that the class decision boundary only
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goes through low-density regions. Transductive SVM is one popular method based on
the cluster assumption. As for the manifold assumption, it means that the data points in
some high-dimensional space span a low-dimensional manifold. If two points are close
to each other with respect to some metric on the manifold, their outputs are likely to
be similar. As a result, if we want to preserve the manifold structure when performing
some projection, then two points that are close in the manifold should remain close af-
ter projection. The manifold assumption is the underlying model assumption of many
semi-supervised learning methods, particularly graph-based methods.

On the other hand, multi-task learning [8,9,10] seeks to improve the learning perfor-
mance of one task with the help of some related tasks. This approach has been inspired
by psychological observations that humans can often benefit from previous learning
experience when learning a new but related task, sometimes referred to as transfer of
learning. Many multi-task learning methods have been proposed over the past decade.
For example, multi-task feature learning [11] learns a common representation for all
tasks under the regularization framework, regularized multi-task SVM [12] extends
SVM by requiring that the SVM parameters for all tasks be close to each other, task
clustering methods [13,14] group the tasks into multiple clusters and then learn a sim-
ilar or common representation for all tasks within a cluster, and GP-based multi-task
learning methods [15,16,17,18] utilize Gaussian processes (GP) as the base model for
multi-task learning. For multi-task learning, many existing methods assume that all the
tasks are related to each other and hence similar or identical data features or model pa-
rameters are shared by all tasks or subsets of tasks, for example, all tasks in the same
cluster. Methods based on neural networks and multi-task feature learning all assume
that the data features are shared by all tasks. On the other hand, regularized multi-task
SVM and the methods in [14] assume that similar model parameters are shared by all
tasks or tasks in the same cluster. Moreover, some methods incorporate both assump-
tions in their models, e.g., [13].

Since semi-supervised learning and multi-task learning share the common objective
of seeking to improve the learning performance of the original supervised learning task
by exploiting some auxiliary data available (unlabeled data for the current task or la-
beled data for other related tasks), it makes sense to combine them in an attempt to
get the best of both worlds. Indeed, some such attempts have been made recently. The
method proposed by Ando and Zhang [19] bears some relationship with these two learn-
ing paradigms even though its objective is mainly to improve the performance of semi-
supervised learning. There exists only a single task (target task) to start with as well as
some unlabeled data. The unlabeled data are then utilized to create more tasks to help the
learning of the target task. Moreover, Liu et al. [20] proposed a semi-supervised learn-
ing method called parameterized neighborhood-based classification (PNBC), which ap-
plies random walk to logistic regression and uses a task clustering method for multi-task
learning. However, these two methods only consider the classification problem and can-
not be extended readily to the regression problem. Indeed, there exist some applications
that can be modeled as the combination of semi-supervised regression and multi-task
regression, for example, personalized pose estimation. In personalized pose estimation,
each task corresponds to the pose estimation for one person. In this application, there
exist large amount of images with unknown pose information for each person.
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To the best of our knowledge, there does not exist any work in the literature that
integrates semi-supervised regression and multi-task regression. In this paper, we want
to fill the gap by proposing a scheme for such integration. We first propose a new su-
pervised multi-task regression method called SMTR, which is based on GP with the
assumption that the kernel parameters for all tasks share a common Gaussian prior.
We then incorporate unlabeled data into SMTR by changing the kernel function of the
GP prior to a data-dependent kernel function, resulting in a semi-supervised extension
of SMTR, called SSMTR. Moreover, as in [21], we incorporate pairwise information
into SSMTR to further boost the learning performance for applications in which such
information is available.

We first present SMTR in Section 2. SSMTR, our semi-supervised extension of
SMTR, and the incorporation of pairwise information into SSMTR are then presented
in Sections 3 and 4, respectively. Section 5 reports some experimental results to provide
empirical evaluation of our proposed methods.

2 Supervised Multi-Task Regression

Let there be m related regression tasks T1, . . . , Tm. For task Ti, the training set Di

consists of ni labeled data points {(xi
j , y

i
j)}ni

j=1 with the jth point xi
j ∈ R

d and its
output yi

j ∈ R.

For each task, we use a GP [22] as the base regressor. For task Ti, we define a latent
variable f i

j for each data point xi
j . The prior of f i is defined as

f i |Xi ∼ N (0ni ,Kθi), (1)

where f i = (f i
1, . . . , f

i
ni

)T , Xi = (xi
1, . . . ,x

i
ni

), N (m, Σ) denotes a multivariate
Gaussian distribution with mean m and covariance matrix Σ, 0ni denotes an ni × 1
zero vector, and Kθi denotes the kernel matrix defined on Xi where the kernel function
is parameterized by θi.

The likelihood for each task Ti is defined based on the Gaussian noise model:

yi | f i ∼ N (f i, σ2Ini), (2)

where yi = (yi
1, . . . , y

i
ni

)T , σ2 denotes the noise level, and Ini is the ni × ni identity
matrix.

Since all tasks are assumed to be related, we impose a common prior on the kernel
parameters {θi}m

i=1 for all m tasks:

θi ∼ N (mθ, Σθ). (3)

The graphical model for SMTR is depicted in Figure 1.
In some formulation of GP regression, the noise level σ2 can also be regarded as

one element of the kernel parameters θi since GP regression has an analytical form
for p(yi

j |xi
j). So the noise levels for different tasks can also share a common prior as
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Fig. 1. Graphical model for Supervised Multi-Task Regression

in Eq. (3) but they are not identical. Note that the noise level can be estimated from
the labeled data. Since the number of labeled data points in semi-supervised learning is
typically not very large, it may not be possible to obtain an accurate estimate of the noise
level if estimation is done independently for each task based on limited labeled data. For
this reason, we assume in this paper that all tasks have the same noise level. The more
general case that allows different noise levels for different tasks will be studied in the
future.

There exist some GP-based multi-task regression models [15,16,17,18]. Lawrence
and Platt [15] proposed a multi-task regression model in which the kernel parameters
are shared by all tasks. This assumption becomes unreasonable when there exist outlier
tasks. This problem also exists in the models of [16] and [17], which later motivated
the development of a robust model using t-processes [23]. Unlike the model in [15], the
models in [16,17] learn the kernel matrix in a nonparametric way. This makes it difficult
to perform inductive inference since there is no parametric form for the kernel function.
Bonilla et al. [18] proposed a powerful multi-task GP regressor which is especially suit-
able for multi-output regression problems. Their method directly models the similarity
between multiple tasks and is equivalent to using a matrix-variate normal distribution to
model the multiple latent function values. Due to the use of the Kronecker product, this
method incurs high storage and computational costs. However, these difficulties do not
exist in our proposed model. In our model, the kernel parameters for different tasks just
share the same prior but are not identical, making it capable of modeling outlier tasks.
Our model has a parametric form for the kernel function and hence it can be used to
make inductive inference directly. Even though our model does not directly character-
ize the relatedness between tasks, it is implicitly characterized by the kernel parameters.
Moreover, since the dimensionality of θi is usually not very large, the storage cost is
not high. Although there exist some multi-task learning methods which also place a
common prior on the model parameters of different tasks [24,25,13], to the best of our
knowledge none of them is based on GP.
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2.1 Learning and Inference

Since

p(yi|Xi) =
∫

p(yi|f i)p(f i|Xi)df i

= N (yi|0ni ,Kθi + σ2Ini),

the log-likelihood of all tasks can be computed as

L = − 1
2

m∑
i=1

[
(yi)T (Kθi + σ2Ini)

−1yi + ln
∣∣Kθi + σ2Ini

∣∣ ]

− 1
2

m∑
i=1

[
(θi − mθ)T Σ−1

θ (θi − mθ) + ln
∣∣Σ−1

θ

∣∣ ]+ Const,

where |A| denotes the determinant of a square matrix A. We maximize L to estimate
the optimal values of θi, σ, mθ and Σθ . Since the number of parameters to estimate is
large, we use an alternating method to solve the problem.

In the (t+1)st iteration, given m(t)
θ and Σ

(t)
θ as estimates of mθ and Σθ from

the tth iteration, we apply gradient ascent to maximize the log-likelihood to estimate
θ

(t+1)
i and σ(t+1). The form of the kernel function we adopt is k(x1,x2) = θ1xT

1 x2 +
θ2 exp(− ‖x1−x2‖2

2
2θ2

3
) where ‖·‖2 denotes the 2-norm of a vector. Since each element of

θi and σ is positive, we instead treat ln θi and ln σ as variables, where each element
of ln θi is the logarithm of the corresponding element in θi. The gradients of the log-
likelihood with respect to ln θi and ln σ can be computed as:

∂L

∂ ln σ
=

∂L

∂σ2

∂σ2

∂ ln σ

= σ2
m∑

i=1

{
(yi)T (Kθi + σ2Ini)

−2yi − tr
[
(Kθi + σ2Ini)

−1
]}

∂L

∂ ln θi
=

1
2

diag(θi)
[

Tr

(
A

∂Kθi

∂θi

)
− 2(Σ(t)

θ )−1(θi − m(t)
θ )
]

,

where A = (Kθi +σ2Ini)−1yi(yi)T (Kθi +σ2Ini)−1−(Kθi +σ2Ini)−1, tr(·) denotes

the trace function defined on a square matrix, Tr(A∂Kθi

∂θi
) denotes a vector whose jth

element is tr(A∂Kθi

∂θij
) where θij is the jth element of θi, and diag(θi) denotes the

diagonal matrix whose (j, j)th element is the jth element of θi.
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After we obtain θ
(t+1)
i and σ(t+1), we keep them fixed and maximize the log-

likelihood with respect to mθ and Σθ . With some simple algebraic calculations, we
can get

m(t+1)
θ =

1
m

m∑
i=1

θi

Σ
(t+1)
θ =

1
m

m∑
i=1

(θi − m(t+1)
θ )(θi − m(t+1)

θ )T .

These two steps are repeated until the model parameters converge.
Given a test data point xi

� of task Ti, the predictive distribution p(yi
� |xi

�,X
i,yi) is

a Gaussian distribution with mean mi
� and variance (σi

�)2 given by

mi
� = (ki

�)
T (Kθi + σ2Ini)

−1yi

(σi
�)

2 = kθi(x
i
�,x

i
�) − (ki

�)
T (Kθi + σ2Ini)

−1ki
�,

where kθi(·, ·) denotes the kernel function parameterized by θi and ki
� = (kθi(xi

�,x
i
1),

. . . , kθi(xi
�,x

i
ni

))T .
The computational complexity of our model is O

(∑m
i=1(ni)3

)
. Since the data set

sizes ni for different tasks are generally small in typical semi-supervised learning ap-
plications, our model is usually quite efficient.

2.2 Inductive Inference for New Tasks

The model presented above assumes that all tasks are given in advance for multi-task
learning to take place. This setting is sometimes referred to as symmetric multi-task
learning [14]. If a newly arrived task does not belong to any of the tasks in the training
set, our model can still deal with this situation easily without having to retrain the whole
model from scratch using an augmented training set. Instead, we can utilize the common
prior in Eq. (3) as the prior of the kernel parameters for the new task and then perform
maximum a posteriori (MAP) estimation to obtain the kernel parameters and maximum
likelihood estimation (MLE) to obtain the noise level. Therefore, we only need to store
mθ and Σθ instead of all the training data points for all tasks.

3 Semi-Supervised Multi-Task Regression

We now extend the SMTR model to the semi-supervised setting, which is called SSMTR.
For task Ti, the training set Di consists of a set of labeled data points {(xi

j , y
i
j)}li

j=1 and
a set of unlabeled data points {xi

j}ni

j=li+1. Typically, we have ni � li.
Like in many semi-supervised learning methods which are based on the manifold

assumption as described above, the unlabeled data in our model serve to enforce the
smoothness of the regression function. For each task Ti, we use local scaling [26] to
construct the similarity graph Si in which each element is defined as follows:

Si
jr =

{
exp
(
− ‖xi

j−xi
r‖2

σi
jσi

r

)
if xi

j ∈ NK(xi
r) or xi

r ∈ NK(xi
j)

0 otherwise
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where NK(xi
j) denotes the neighborhood set of the K nearest neighbors of xi

j in task
Ti, σi

j is the distance between xi
j and its Kth nearest neighbor, and σi

r is the distance
between xi

r and its Kth nearest neighbor.
We introduce a random variable Gi to reflect the geometric structure contained in

the training set of task Ti. The prior for G is defined as

p(Gi | f i, Di) ∝ exp
[
−αi

2
(f i)TLif i

]
, (4)

where f i = (f i
1, . . . , f

i
ni

)T includes the latent variables for both labeled and unlabeled
data, Li is the Laplacian matrix or normalized Laplacian matrix [27] of the similarity
graph Si defined on the training set Di, and αi is a hyperparameter which needs to be
estimated. So if the probability of Gi is high, it means that the data set is more likely to
contain manifold structure according to the graph structure implied by Li.

Thus the joint prior of f i conditioned on Di and Gi can be computed based on

p(f i |Di, G
i) ∝ p(f i |Di)p(Gi | f i, Di)

and so
f i |Di, G

i ∼ N (0n, (K−1
θi

+ αiLi)−1
)
. (5)

This formulation is similar to that of [28]. However, [28] focused on semi-supervised
classification but not the regression problem. The graphical model for SMTR is depicted
in Figure 2.

Fig. 2. Graphical model for Semi-Supervised Multi-Task Regression. Here Xi contains labeled
and unlabeled data in the ith task.

From the joint prior defined in Eq. (5), the new kernel function for task Ti can be
defined as:

ki(x, z) = kθi(x, z) − (ki
x)T
(
α−1

i I + LiKθi

)−1
Liki

z, (6)

where ki
x =

(
kθi(x,xi

1), . . . , kθi(x,xi
ni

)
)T

. The kernel function in Eq. (6) is similar
to the semi-supervised kernel function defined in [29].
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The hyperparameter αi in Eq. (4) can be viewed as a measure of usefulness of the
unlabeled data. We expect to automatically learn αi from data. If the optimal αi is very
small or even 0 after learning, then the prior of f i will degenerate to the Gaussian prior.
This means that the unlabeled data points have negligible effect on improving the per-
formance of GP regression. From the new kernel function in Eq. (6), we can view αi

as a parameter in the kernel function.
There exist some works on semi-supervised or transductive GP regression that work

in a different way, such as [30]. The assumption of [30] is that the mean and variance
of the predictive results on the unlabeled data are close to those of the labeled data. We
can show that it is easy to incorporate this more restrictive assumption into our model.

3.1 Learning and Inference

Since the likelihood is only related to the labeled data, we first marginalize the joint
prior with respect to f i

j corresponding to the unlabled data. In this section, we still use
Kθi to denote the kernel matrix whose elements are calculated by the modified kernel
function in Eq. (6) on the labeled data of task Ti.

We still use an alternating method to maximize the log-likelihood. The update rules
for mθ, Σθ , θi and σ are the same as those in Section 2.1 with the kernel function being
the only difference. Moreover, for αi, the gradient can be calculated as

∂L

∂ ln αi
=

αi

2

{
tr

[
(Kθi + σ2Ili)

−1yi(yi)T (Kθi + σ2Ili)
−1 ∂Kθi

∂αi

]

−tr

[
(Kθi + σ2Ili)

−1 ∂Kθi

∂αi

]}
.

When making prediction, the formulation is the same as conventional GP. Moreover,
the way to handle new tasks is the same as that in Section 2.2.

4 Utilizing Pairwise Information

In the previous section, we showed that incorporating unlabeled data into SMTR to
give the SSMTR model only requires modifying the GP prior, but the likelihood is still
defined based solely on the labeled data.

In addition to unlabeled data, in some applications the training set also contains
some other auxiliary data in the form of pairwise constraints [21]. Let the jth pairwise
constraint for task Ti take the form (i, u(j), v(j), di

j), which means that yi
u(j)−yi

v(j) ≥
di

j where yi
u(j) and yi

v(j) are the true outputs of two data points xi
u(j) and xi

v(j) in task
Ti with at least one of them being an unlabeled point. For personalized pose estimation,
it is easy to add a constraint that the pose angle difference between a frontal face image
and a left profile face image is not less than 45 degrees.

In semi-supervised classification or clustering applications, one may also find pair-
wise constraints such as ‘must-link’ and ‘cannot-link’ constraints [31], which state
whether or not two data points should belong to the same class or cluster. Many methods
have been proposed to incorporate such pairwise constraints into their learning models.



Semi-Supervised Multi-Task Regression 625

For semi-supevised regression, however, very little has been studied on this topic. Here
we offer a preliminary study in the context of SSMTR.

The jth pairwise constraint of task Ti is denoted by ξi
j . The noise-free likelihood

function pideal(ξi
j | f i

u(j), f
i
v(j)) is defined as

pideal(ξi
j | f i

u(j), f
i
v(j)) =

{
1 if f i

u(j) − f i
v(j) ≥ di

j

0 otherwise

In real applications, however, the pairwise constraints are often noisy. To model this
more realistic setting, we introduce a random variable δ which follows some normal
distribution with zero mean and unknown variance ε2. The variance is the same for all
tasks. So the corresponding likelihood function is defined as

p(ξi
j | f i

u(j), f
i
v(j))

=
∫ ∫

pideal(ξi
j | f i

u(j) + δ1, f
i
v(j) + δ2)N (δ1 | 0, ε2)N (δ2 | 0, ε2) dδ1dδ2

= Φ

(
f i

u(j) − f i
v(j) − di

j√
2ε

)
,

where Φ(z) =
∫ z

−∞ N (a | 0, 1)da is the probit function.
The noise level ε2 in the pairwise constraints has some relationship to the noise level

σ2 in the likelihood function since they both relate the latent variable f i
j to the output

yi
j . However, it should be noted that the noise sources they represent are different. For

instance, one may have noise in the pairwise constraints but not in the likelihood, or
their noise levels may be different. For flexibility, we use two different parameters for
the two noise sources in our model.

Although it appears that the likelihood function of our model is similar to that of [32],
their differences are worth pointing out here. The model in [32] is for classification and
the constraints there refer to label preference. On the other hand, our model is for semi-
supervised regression with pairwise constraints as auxiliary data and the constraints
specify the differences between the outputs of pairs of data points. Moreover, the like-
lihood function in [32] can be seen as a special case of our likelihood function when
each di

j takes the value 0.

4.1 Learning and Inference

Since direct integration of f i is intractable, we resort to the Laplace approximation [33]
to approximate the posterior of f i. We first compute f i

MAP by maximizing the posterior
of f i, which is equivalent to minimizing the following function:

g(f i) =
1
2
(f i)T K−1

θi
f i +

σ−2

2
‖ỹi − f̃ i‖2

2 −
ci∑

j=1

ln Φ(ωi
j) + li ln σ +

1
2

ln |Kθi | ,

where ỹi and f̃ i denote the subsets of yi and f i, respectively, corresponding to the
labeled data, ci is the number of pairwise constraints available in task Ti, and ωi

j =
fi

u(j)−fi
v(j)−di

j√
2ε

. We want to find f i
MAP that minimizes g(f i):

f i
MAP = arg min

f i
g(f i).
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It is easy to show that g(f i) is a convex function since the Hessian matrix of g(f i) is
∂2g(f i)

∂f i∂(f i)T = K−1
θi

+ σ−2Ili
ni

+ Ωi, which is positive definite, where Ili
ni

is the ni × ni

zero matrix with the first li diagonal elements being 1, and Ωi =
∂2−∑ci

j=1 ln Φ(ωi
j)

∂f i∂(f i)T is
positive semidefinite. The proof is similar to that in [32] and we omit it here. So we can
apply gradient descent to find the global optimum.

After obtaining f i
MAP, we can approximate the likelihood or evidence of task Ti ac-

cording to the analysis in [33] as

p(yi) ≈ exp{−g(f i
MAP)}

(2π)ni/2

|K−1
θi

+ σ−2Ili
ni + Ωi

MAP|1/2
,

where Ωi
MAP is the value of the function Ωi taking on f i

MAP.

So the total negative log-likelihood of all m tasks can be approximated as

L =
m∑

i=1

[
1
2
(f i

MAP)
T K−1

θi
f i
MAP +

σ−2

2
‖ỹi − f̃ i

MAP‖2
2+

1
2

ln |Kθi | +
1
2

ln |K−1
θi

+ σ−2Ili
ni

+ Ωi
MAP|

]
+

m∑
i=1

1
2

[
(θi − mθ)T Σ−1

θ (θi − mθ) + ln |Σ−1
θ

]
+

m∑
i=1

[
li ln σ −

ci∑
j=1

ln Φ(ωi
j)
]

+ Const.

We still use an alternating method to minimize the negative log-likelihood. In the
(t+1)st iteration, given m(t)

θ and Σ
(t)
θ , the gradient of L with respect to each variable

is given by

∂L

∂ ln σ
=σ2

m∑
i=1

{
−σ−4‖ỹi− f̃ i

MAP‖2
2 +

li
σ2

− σ−4tr
[
(K−1

θi
+ σ−2Ili

ni
+ Ωi

MAP)
−1
]}

∂L

∂ ln θi
=

diag(θi)
2

{
Tr(B

∂K−1
θi

∂θi
) + 2(Σ(t)

θ )−1(θi − m(t)
θ )

}

∂L

∂ ln αi
=

αi

2

{
−(f i

MAP)
T

∂K−1
θi

∂αi
f i
MAP − tr

(
Kθi

∂K−1
θi

∂αi

)

+tr

[
(K−1

θi
+ σ−2Ili

ni
+ Ωi

MAP)
−1

∂K−1
θi

∂αi

]}

∂L

∂ ln ε
=ε

m∑
i=1

⎧⎨
⎩

1
2

tr

[
(K−1

θi
+ σ−2Ili

ni
+ Ωi

MAP)
−1 ∂Ωi

MAP

∂ε

]
+

ci∑
j=1

ωi
jN (ωi

j |0, 1)
εΦ(ωi

j)

⎫⎬
⎭ ,

where B = f i
MAP(f

i
MAP)

T − Kθi +
(
K−1

θi
+ σ−2Ili

ni
+ Ωi

MAP

)−1
.

The update rules for mθ and Σθ are the same as those in Section 2.1.
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4.2 Extension

In some applications, there exist auxiliary data given in another form as ξi
j = (i, u(j),

v(j), w(j), z(j)), which means that yi
u(j) − yi

v(j) ≥ yi
w(j) − yi

z(j). Let us take the
personalized pose estimation problem again as example. It is often easy to know that
the pose angle difference between a left profile face image and a right profile face image
is larger than that of two nearly frontal face images. The pairwise constraints considered
before may be seen as a special case of ξi

j when two of the data points xi
u(j), xi

v(j), x
i
w(j)

and xi
z(j) are labeled. The special case with v(j) = w(j) is also interesting in the pose

estimation application. For example, the pose angle difference between a left profile
face image and a right profile face image is larger than that between the left profile
image and a frontal image. Similar to the pairwise constraints above, the noise-free
likelihood function pideal(ξi

j | f i
u(j), f

i
v(j), f

i
w(j), f

i
z(j)) is defined as

pideal(ξi
j | f i

u(j), f
i
v(j), f

i
w(j), f

i
z(j)) =

{
1 if f i

u(j) − f i
v(j) ≥ f i

w(j) − f i
z(j)

0 otherwise

For more realistic situations, we again introduce a random variable δ following a normal
distribution with zero mean and unknown variance ε2. The likelihood function is thus
defined as

p(ξi
j | f i

u(j), f
i
v(j), f

i
w(j), f

i
z(j))

=
∫

pideal(ξi
j | f i

u(j) + δ1, f
i
v(j) + δ2, f

i
w(j) + δ3, f

i
z(j) + δ4)

N (δ1 | 0, ε2)N (δ2 | 0, ε2)N (δ3 | 0, ε2)N (δ4 | 0, ε2) dδ

= Φ

(
f i

u(j) − f i
v(j) − f i

w(j) + f i
z(j)

2ε

)
,

where δ = (δ1, δ2, δ3, δ4)T . It is easy to show that the posterior distribution of f i is
unimode, so we can also use the Laplace approximation to make inference.

5 Experiments

We compare a single-task regression method, SMTR, SSMTR and SSMTR with pair-
wise information in this section using two benchmark data sets, one for learning the
inverse dynamics of a robot arm and another for predicting the student performance in
terms of examination scores.

5.1 Learning Inverse Dynamics

This data set1 was used in [34]. For each instance, there are 7 joint positions, 7 joint
velocities and 7 joint accelerations forming 21 input attributes, together with 7 joint
torques for the outputs corresponding to 7 degrees of freedom. We treat each output

1 http://www.gaussianprocess.org/gpml/data/
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Table 1. nMSE results on learning inverse dynamics (SSTR: supervised single-task regression
which uses one GP for each task; SSMTRPI: semi-supervised multi-task regression with pairwise
information)

Method Transductive Error Inductive Error
SSTR 1.0228±0.1318 1.0270±0.1450
SMTR 0.4149±0.1109 0.4368±0.1020
SSMTR 0.3810±0.1080 0.3905±0.1123
SSMTRPI 0.3500±0.1088 0.3486±0.1010

Table 2. nMSE results on predicting student performance

Method Transductive Error Inductive Error
SSTR 1.2914±0.3146 1.3240±0.3274
SMTR 1.1151±0.3025 1.1535±0.3128
SSMTR 1.0506±0.2804 1.0612±0.2813
SSMTRPI 0.9817±0.2809 0.9824±0.2832

(i.e., degree of freedom) as a separate learning task. To simulate a more general multi-
task learning setting, we randomly select 2000 data points independently for each task
so that the input data points for different tasks are different. We randomly partition the
whole data set into three subsets, with 1% as labeled data, 10% as unlabeled data and
the rest as test data. The kernel we use is the RBF kernel. Moreover, we randomly se-
lect 100 pairs of data points and generate the pairwise constraint using their labels. Ten
random splits are performed and the mean and standard derivation of the performance
measure over different splits are reported. We adopt the normalized mean squared er-
ror (nMSE), which is defined as the mean squared error divided by the variance of the
test label, as the performance measure. Table 2 shows the results. From the results, we
can see that the performance of our proposed SMTR is significantly better than that of
supervised single-task learning which uses one GP for each task. Moreover, the perfor-
mance of SSMTR and SSMTR using pairwise information is better than that of SMTR,
which shows that both the unlabeled data and the pairwise information are effective in
improving performance.

5.2 Predicting Student Performance

This data set2 was used in [11] for multi-task learning. The goal is to predict the student
performance in terms of examination scores. The data set consists of 15362 students
from 139 secondary schools, recording their examination scores in three years (1985–
87). We treat each school as a different task, so that there are 139 learning tasks in total.
For each instance, the input consists of the year of the examination as well as 4 school-
specific and 3 student-specific attributes. We still use nMSE as performance measure.
We randomly select 2% of the data as labeled data, 20% as unlabeled data, and the rest
as test data. The kernel we adopt is the RBF kernel. We also generate 100 pairwise

2 http://www.cs.ucl.ac.uk/staff/A.Argyriou/code/
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constraints just as the last experiment did. We perform 10 random splits and report the
mean and standard derivation over different splits. Table 2 shows the results. Similar to
the results on learning inverse dynamics, SSMTR with pairwise information gives the
best performance.

6 Conclusion

In this paper, we have proposed an approach for integrating semi-supervised regres-
sion and multi-task regression under a common framework. We first propose a new
supervised multi-task regression method based on GP and then extend it to incorporate
unlabeled data by modifying the GP prior. In addition, if auxiliary data in the form of
pairwise constraints are available, we propose a scheme to incorporate them into our
semi-supervised multi-task regression framework by modifying the likelihood term. In
our future research, we will investigate sparse extension of our models, possibly by
using the informative vector machine [35].
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30. Le, Q.V., Smola, A.J., Gärtner, T., Altun, Y.: Transductive Gaussian process regression with
automatic model selection. In: Proceedings of the 17th European Conference on Machine
Learning, Berlin, Germany, pp. 306–317 (2006)

31. Bilenko, M., Basu, S., Mooney, R.J.: Integrating constraints and metric learning in semi-
supervised clustering. In: Proceedings of the Twenty-first International Conference on Ma-
chine Learning, Banff, Alberta, Canada (2004)

32. Chu, W., Ghahramani, Z.: Preference learning with Gaussian processes. In: Proceedings of
the Twenty-Second International Conference on Machine Learning, pp. 137–144 (2005)

33. Bishop, C.M.: Pattern Recognition and Machine Learning. Springer, New York (2006)
34. Vijayakumar, S., D’Souza, A., Schaal, S.: Incremental online learning in high dimensions.

Neural Computation 17(12), 2602–2634 (2005)
35. Lawrence, N.D., Seeger, M., Herbrich, R.: Fast sparse Gaussian process methods: The in-

formative vector machine. In: Becker, S., Thrun, S., Obermayer, K. (eds.) Advances in Neu-
ral Information Processing Systems 15, Vancouver, British Columbia, Canada, pp. 609–616
(2003)


	Semi-Supervised Multi-Task Regression
	Introduction
	Supervised Multi-Task Regression
	Learning and Inference
	Inductive Inference for New Tasks

	Semi-Supervised Multi-Task Regression
	Learning and Inference

	Utilizing Pairwise Information
	Learning and Inference
	Extension

	Experiments
	Learning Inverse Dynamics
	Predicting Student Performance

	Conclusion



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




