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Abstract

Surrogate maximization (or minimization) (SM) algorithms are a family of algorithms that can
be regarded as a generalization of expectation-maximization (EM) algorithms. An SM algo-
rithm aims at turning an otherwise intractable maximization problem into a tractable one by
iterating two steps. The S-step computes a tractable surrogate function to substitute the orig-
inal objective function and the M-step seeks to maximize this surrogate function. Convexity
plays a central role in the S-step. SM algorithms enjoy the same convergence properties as
EM algorithms. There are mainly three approaches to the construction of surrogate functions,
namely, by using Jensen’s inequality, first-order Taylor approximation, and the low quadratic
bound principle. In this paper, we demonstrate the usefulness of SM algorithms by taking lo-
gistic regression models, AdaBoost and the log-linear model as examples. More specifically, by
using different surrogate function construction methods, we devise several SM algorithms, in-
cluding the standard SM, generalized SM, gradient SM, and quadratic SM algorithms, and their
two variants called the conditional surrogate maximization (CSM) and surrogate conditional

maximization (SCM) algorithms.
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1 Introduction

In machine learning and statistics, optimization plays a very important role because many problems
require performing maximization or minimization of some objective function. One widely used
objective function is the log-likelihood function. Since it is closely related to convex (or concave)
functions [30], convexity (or concavity) also plays a central role in such problems. A successful
example is the well-known expectation-maximization (EM) algorithm [11]. Becker et al.[l] and
Lange et al. [23] showed that the EM algorithm can be derived from either Jensen’s inequality or
the concavity property of the log function. Along this line, a family of EM-like algorithms without
missing data [1] have been devised to handle cases involving no missing data. Lange et al. [23] unified
this family of algorithms under the framework of the so-called optimization transfer algorithms,
in which all algorithms rely on optimizing a function that serves as a surrogate for the original
objective function. By invoking convexity arguments, a general principle providing guidelines on
constructing these surrogate functions, as well as some specific examples, have been discussed [23].
Depending on the context, this often relies on three important tools, namely, Jensen’s inequality,

first-order Taylor approrimation, and the low quadratic bound principle.

Optimization transfer algorithms are very efficient because they can make an otherwise hard or
very complicated optimization problem simpler. For example, an optimization transfer algorithm
can decouple the correlation among parameters so that they can be estimated in parallel. It can also
locally linearize a convex function near some value so as to make the problem at hand tractable. It
can avoid the computational problem of inverting large matrices as required by Newton’s method.

Moreover, optimization transfer enjoys the same local convergence properties as standard EM.

Other names have been used for optimization transfer methods. In the context of multidi-
mensional scaling (MDS) [3], optimization transfer is referred to as iterative majorization; while in
convex optimization [4], it is usually called the auziliary function method. To contrast optimization
transfer methods with standard EM algorithms for missing data problems, Meng [26] suggested to
refer to these methods as SM algorithms. Here, S stands for the surrogate step while M stands
for the maximization (or minimization, depending on the optimization problem at hand) step. In
this paper we also prefer the name “SM algorithms” as it reflects more accurately the spirit of
this family of algorithms. Like EM algorithms, SM algorithms are also gaining popularity in com-

putational statistics. However, although EM algorithms are commonly used in machine learning



nowadays, this is not the case for SM algorithms. This paper attempts to demonstrate the power
and potential of SM algorithms in machine learning, by using generalized linear models, such as

logistic regression and log-linear models, as specific examples for illustration.

We address two major issues in devising SM algorithms, namely, how a surrogate function is
defined and how the resultant surrogate function is maximized. On the first problem, there exist
three main approaches, namely, by using Jensen’s inequality, first-order Taylor approximation, and
the low quadratic bound principle. The first two approaches follow readily from the properties
of convex functions, while the third one uses a quadratic function to approximate the original
objective function. On the second problem, in general different maximization methods are required
for different surrogate functions. This leads to the standard SM, generalized SM, gradient SM,
and quadratic SM algorithms, and their two variants called the conditional surrogate maximization

(CSM) and surrogate conditional maximization (SCM) algorithms [26].

1.1 Contributions

To demonstrate how the three approaches mentioned above can be used to construct a surrogate
function, we consider the optimization problem corresponding to the binary logistic regression
model. Based on Jensen’s inequality, we decouple the correlation among the estimated parameters
and decompose the original high-dimensional optimization problem into a set of one-dimensional
sub-problems which can then be handled separately. Although we cannot obtain a one-step closed-
form iterative procedure, we present a gradient SM algorithm by borrowing ideas from the gradient
EM algorithm [22]. Moreover, we show that the iterative procedure of [5] can be regarded as a
generalized SM algorithm analogous to the generalized EM algorithm [11]. Based on the first-order
Taylor approximation, we express the original objective function as the difference of two convex
functions (i.e., a convex function plus a concave function), leading to a quadratic surrogate function.
Based on the low quadratic bound principle [2], we devise quadratic SM algorithms. The essence
of quadratic SM algorithms is to approximate the Hessian matrix in the pure Newton method with
a simpler positive definite matrix, and we will adopt a constant matrix in our case here. Thus, we
only have to compute the inverse of the Hessian matrix just once and inversion of large matrices

at each iteration can be avoided.

While Lange et al. [23] also used these three approaches to construct their SM algorithms, they



considered different approaches for different optimization problems. In contrast, we consider the
use of the three approaches for the same optimization problem. Thus, our treatment allows us to
show that different construction approaches can be used to devise different SM algorithms for the
same optimization problem. In addition, based on combinations of Jensen’s inequality, first-order
Taylor approximation and the low quadratic bound principle, we present the fourth approach for
constructing surrogate functions. Quite surprisingly, the SM algorithms obtained turn out to be
equivalent to the parallel Bregman distance algorithms of [5], and thus our method can be seen
as providing a new derivation for their algorithms. Compared with [10] and [5], the mathematical
skills required for our approach are much simpler because we only need to utilize Jensen’s inequality

or first-order Taylor approximation over a convex function.

Our other contributions are to devise CSM and SCM algorithms for the binary logistic re-
gression model, and SM algorithms for multi-class logistic regression models and AdaBoost. More
importantly, our approaches naturally guarantee convergence of the corresponding iterative algo-
rithms. Moreover, we derive an SM algorithm for the log-linear model. On the one hand, this
illustrates an application of the SM algorithm to a constrained optimization problem. On the other
hand, our SM algorithm may be seen as an amendment of the generalized iterative scaling (GIS) [7]
as the constraint in GIS is not exactly satisfied. In summary, we believe that SM algorithms can

find wide applications in machine learning even beyond generalized linear models.

1.2 Related Work

The idea behind SM algorithms has been used in logistic regression models and AdaBoost (see, e.g.,
[28, 24]). However, our work has been mainly motivated by some recent works [5, 20, 21] which are
based on Bregman distance optimization methods. Simply put, the Bregman distance between two
vectors is defined via a convex function on a convex set that contains these two vectors. Della Pietra
et al. [9] applied Bregman distance optimization to log-linear models, while Della Pietra et al. [9] and
Collins et al. [5] discussed its relationship with GIS for log-linear models [7]. Like GIS, the core spirit
of Bregman distance optimization is from convex analysis [30]. However, this approach requires
considerable mathematical skills to construct a Bregman function that matches the problem in
question. Furthermore, in order to use Bregman distance optimization, it is common to reformulate

the unconstrained optimization problem as an equivalent constrained optimization problem subject



to some constraints. This makes the problem much more technically involved. Della Pietra et al. [10]
also recognized these difficulties and sought to use the Legendre transformation technique [30]. The
main difference between [10] and [5] is that the former works with the argument at which a convex
conjugate takes on its value, while the latter works with the value of the functional itself. This

makes it more natural to formulate a duality theorem.

The rest of this paper is organized as follows. Section 2 presents the generic principle of
SM algorithms and Section 3 presents two extensions of SM algorithms. This is then applied
to the binary logistic regression model in Sections 4 and 5. In Sections 6-8, we further present
SM algorithms for the multi-class logistic regression model, AdaBoost, and the log-linear model,

respectively. The last section gives some concluding remarks.

2 Generic Structure of SM Algorithms

In many applications we have to consider the problem of maximizing an arbitrary function L(8)
with respect to (w.r.t.) some parameter vector @ € R?. Given an estimate 0(t) at the ¢th iteration,

a typical SM algorithm [23, 26] consists of the following two steps:
Surrogate Step (S-Step): Substitute L(€) by a surrogate function Q(0 | 6(t)), such that

L(6) = Q(6]6(1)) (1)

for all 8, with equality holding at 8 = 0(t).

Maximization Step (M-Step): Obtain the next parameter estimate 6(t+1) by maximizing
the surrogate function Q(0 | 8(t)) w.r.t. 6, i.e.,

O(t+1) = argmng(B | O(t)). (2)

Note that the SM algorithms can be applied equally well to the minimization of L(@), by
simply reversing the inequality sign in (1) and changing the “max” to “min” in (2). Therefore,
in the sequel, “M” stands for either maximization or minimization depending on the optimization

problem at hand.

Depending on the surrogate functions obtained, different SM algorithms can be devised accord-
ingly. In the standard SM algorithm, a closed-form solution for @(t+1) exists in the M-step. How-

ever, it is not always possible to obtain a closed-form solution for 8(¢+1) in the M-step. In the same



spirit as the generalized EM algorithm [11], we can devise a generalized SM algorithm, where, instead
of maximizing Q(0]6(t)), we only attempt to find a 8(t+1) such that Q(0(t+1)|0(t)) > Q(6(¢)|6(1)).
Alternatively, in the same spirit as the gradient EM algorithm [22], we may also devise a gradient

SM algorithm, as

8(1+1) = 6(1) — (V2Q(8(1)[6(1))) " VQ(6(1)[6(1)),
which is indeed the pure Newton method over Q(6]6(¢)) instead of L(8) because L(8) — Q(6|6/(t))
has a stationary point at 6 = 6(£) so that VL(0(t)) = VQ(6(£)|0(t)).

2.1 Convergence Properties

Let €2 C R? be a set of feasible parameter values and
L:0eQ—L(0#)eR

defines the objective function to be maximized. We regard each SM iteration as a point-to-set
mapping A such that 6(t) becomes 0(t+1) € A(0(t)). That is, the generalized SM algorithm leads

us to the following problem
Find 6 € Q such that L() > L(0) for all 8 € €.

Given an initial value 6(0), we can generate an iterative sequence {6(t)} such that 8(t+1) € A(0(t)).

It follows from the definition of the standard (or generalized) SM algorithm that
L(O(t+1)) = Q(O(t+1) | 8(t)) = Q(O(t) | O(t)) = L(O(1))-

Let {L(0(t))} be bounded above. Then L(6(t)) converges monotonically to some L* < oc.

The standard (generalized) SM algorithm enjoys the same convergence properties [11, 34| as
the standard (generalized) EM algorithm. Throughout this subsection, we make the following
assumptions:

L is continuous in 2 and differentiable in the interior of (2, (3)
Qo={0€Q:L(0O)>L(6(0))} is compact for any L(6(0)) > —oo, (4)
Q(0|¢) is continuous in both € and ¢ in 2, and differentiable in @ in the interior of Q.  (5)

From the convergence results in [34, Theorems 2 and 3], it is straightforward to obtain the conver-

gence results to our generalized SM (standard) algorithm. Specifically, let M and S be the set of



local maxima and the set of stationary points, respectively, of L in the interior of €2. The condition
that Q(0|¢) is continuous in both @ and ¢ in 2 is a sufficient condition for that A is a closed
point-to-set mapping over the complement of S (M). Since L(0) — Q(0|6(t)) has a stationary
point at @ = 6(t), we have VL(0(t)) = VQ(0(t)|6(t)) # 0 for any 6(t) ¢ S. This implies that
0(t) is not a local maximum of Q(0|0(t)) over 8 € Q. From the definition of the M-step, we have
QO(t+1)|6(t)) > Q(O(t)|0(t)), hence L(O(t+1)) > L(0(t)) for all O(t) ¢ S. Therefore, it follows

from Zangwill’s global convergence theorem [34] that

Theorem 1 Suppose that the conditions (3), (4) and (5) are satisfied. Then all the limit points
of any iterative sequence {0(t)} of a generalized SM algorithm are stationary points of L(0) and
L(6(t)) converges monotonically to L(0%) for some stationary point 8*. Furthermore, if Q also
satisfies

s Q(0]¢) > Q(¢lg)  for any ¢ € S\M, (6)
(=9

then all the limit points of any sequence {0(t)} of the SM algorithm are local mazima of L(6) and

L(6(t)) converges monotonically to L(0™) for some local mazimum 6*.

Condition (5) is in fact very weak as it is usually satisfied in most practical cases. For example,
this condition always holds in Sections 4-8. Condition (6) is typically hard to verify. However, if
L(0) is concave in € and bounded above (< o0), then L(0) has a unique stationary point which is

the global maximum. Thus, we have the following theorem.

Theorem 2 Suppose that the conditions (3), (4) and (5) are satisfied. If L(0) is concave in @ and
bounded above, then the limit point of any sequence {0(t)} of a generalized SM algorithm is the
global mazimum of L(6) and L(6(t)) converges monotonically to L(0™) for the global maximum 6*.

2.2 Construction of Surrogate Functions

Clearly, construction of the surrogate function is key to SM algorithms in turning an otherwise
intractable optimization problem into a tractable one. On the one hand, the closer is the surrogate
function to L(@), the more efficient is the SM algorithm. On the other hand, a good surrogate
function should preferably have a closed-form solution in the M-step. Lange et al.[23] discussed
some general principles and presented three methods for the design of surrogate functions in which

convexity of functions plays a central role.



Suppose a function f : & — (—o0,400] is convex on a closed convex set S C RY. The first

method stems from Jensen’s inequality

f(i Olilli) < zk: o f(ug),
i=1 i=1

where a; >0 (i =1,...,k) and Zle a; = 1, or its variant
k k
f(zaiui) <Y aif(w) + (1 - Z%)f(o),
i=1 i=1 i=1

where 2521 a; < 1.

The following two extensions of Jensen’s inequality are also useful. The first one is

et < 37 S (),

cTw

where all elements of ¢ = [¢;] and w = [w;] are positive, while the second one is

f(zk:ciuz) < zk:aif(j(ui —v;) + zk:cjvj>,
i=1 i=1 i =

where a; > 0 (i =1,...,k) and Zle a; = 1, and a; > 0 whenever ¢; # 0 [12]. These inequalities
can be used to decouple the correlation among the u;’s.

The second construction method makes use of the following property: When f(-) is also dif-

ferentiable on its domain S, it can be linearized by first-order Taylor approximation, as
fu) > f(v) + Vi(v) (a-v), foru,ves.

Since most continuous functions can be expressed as the difference of two convex functions, we can
often use this trick to construct a surrogate function. For example, if for any f(u) = g(u) — h(u)
where both g(u) and h(u) are convex, we can write f(u) < g(u) — h(v) — Vh(v)T(u —v). The
use of differences of convex (d.c.) functions is a very important strategy in convex optimization
and has received much attention recently in machine learning. For example, the recently proposed

convex-concave computational procedure (CCCP) [35] is essentially based on this strategy.

The third method uses the low quadratic bound principle [2]. Suppose there exists a u-
independent positive semi-definite matrix B such that B — V2 f(u) is positive semi-definite. Then,

it can be shown that

fw) < F(v) + VF@) (0= v) + (- v)"Blu-v)



This is often used to define a quadratic surrogate function that can avoid the inversion of the

Hessian matrix in Newton’s method.

3 Extensions of SM: CSM and SCM

For a multi-parameter optimization problem with a set of parameter vectors © = {61,...,0¢}, the
objective function L(©) may also be expressed as L(01, . ..,0¢). In order to maximize L(61,...,0¢)
w.r.t. 8;’s, we use the so-called block relazation diagram proposed by [8]. For simplicity of notation,
let Ly = L(01(%),...,0;_1(%),04,0;41(t),...,0¢c(t)), where all «’s are simultaneously either ¢ or t+1.
The block relaxation algorithm obtains 6;(t+1) by maximizing L;. If x = ¢, the procedure is called
parallel-update (corresponding to the Jacobi method in numerical mathematics), otherwise it is

called sequential-update (corresponding to the Gauss-Seidel method).

Instead of working with L(©) directly, we apply the SM algorithm to the maximization of L;
w.r.t. 6;, i.e., we first for L;’s define surrogate functions Q;(0;|6;(t)), whose types can be different
for different L;’s, and then maximize @Q;(0;]0;(t)). In many cases, since L; is in fact a log-likelihood
function conditioned on 6;’s (I # i) in computational statistics, we refer to @;(0;|0;(t)) as a con-
ditional surrogate function. As a result, this variant of the SM algorithm is called the conditional
surrogate mazimization (CSM) algorithm (Table 1). It is noteworthy that the CSM algorithm is
closely related to the CEM algorithm [18], which is for maximizing an approximate conditional

likelihood function in mixture models.

An alternative to dealing with multiple variables (parameters) is based on the idea behind
the ECM algorithm [27], where one first computes the E-step and then decomposes the M-step
into several CM-steps. Analogous to the setting of ECM, we also propose a surrogate conditional
mazimization (SCM) algorithm (Table 2). The differences between CSM and SCM can be clearly
seen from Tables 1 and 2. Specifically, CSM decomposes each SM-step into C conditional SM-steps,
while SCM only decomposes each M-step of SM into C' conditional M-steps. In Table 2, ;(0) is a
vector function of ©. Specifically, r;(©) = (61,...,0,-1,0;1+1,...,0¢) which is a vector containing

all the parameters except 6;.



Table 1: Block relaxation diagram of the CSM algorithm.
Begin Start with 8;(0) € R™ fori=1,...,C and t = 0.

S-step (t+1).1 | Define a surrogate function Q1(61|61(t)) for L;.
M-step (t+1).1 | Find a 01 (t+1) such that Q1(01(t+1)[01(t)) > Q1(01(¢)|01(1)).
t)) for Lo.
M-step (t+1).2 | Find a 02(t+1) such that Q2(02(t+1)|02(t)) > Q2(02(t)|02(t)).

(
)
S-step (t+1).2 Define a surrogate function Q2(62]02(
)

S-step (t+1).C | Define a surrogate function Qc(6¢|0¢(t)) for Le.
M-step (t+1).C' | Find a 08¢ (t+1) such that Qc(0c(t+1)[0c(t)) > Qc(0c(t)|0c(t)).

Motor If not converged, then ¢ < ¢+1 and go to S-step (t+1).1.

Table 2: Block relaxation diagram of the SCM algorithm.
Begin Start with 8;(0) € R™ fori =1,...,C and t = 0.

S-step t Define a surrogate function Q(©|0(t)) for L(O).

M-step ¢.1 | Find a 0;(t+1) that satisfies Q(O|O(t)) > Q(O(t)|O(t)) subject to
r1(02,...,0¢c) = ri(02(t),...,0c(t)).

M-step ¢.2 | Find a 02(t+1) that satisfies Q(O]O(t)) > Q(O(t)|O(t)) subject to
r2(01,03,...,0c) =12(01(%),05(t),...,0c(t)).

M-step ¢.C | Find a 8¢ (t+1) that satisfies Q(0|O(t)) > Q(O(t)|©(t)) subject to
rc(01,02,...,0c-1) = rc(01(x),02(x), ..., 0c-1(x)).

Motor If not converged, then ¢ « ¢t+1 and go to S-step t.

4 SM Algorithms for Binary Logistic Regression Model

In this section we focus on parameter estimation in the binary logistic regression model and present
several SM algorithms based on using different methods for constructing the surrogate function.
The first is based on Jensen’s inequality (Section 4.1), the second is based on the first-order Taylor

approximation (Section 4.2), the third is based on the low quadratic bound principle (Section 4.3),
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while the last one is based on a combination of approaches (Section 4.4). Moreover, we will also see
that the generalized SM algorithm is equivalent to the parallel Bregman optimization algorithm in
[5].

Let 7 = {(x1,91),-.., (Xn,yn)} be a finite set of training examples, where each instance x;
from a domain or instance space X corresponds to a label y; € {—1,+1}. We also assume that
we are given a set of real-valued feature functions, hq, ..., hm,, on X. Now our goal is to label the
x;’s using a linear combination of these features. In other words, we want to find a parameter
vector A = (A1,...,Am)T € R™ such that f\(x;) = > j=1 Ajhj(x;) is a good approximation of the
underlying classification function. Instead of using f) directly as a classification rule, we usually
postulate that the y;’s come from a probabilistic model associated with fy(x;). In logistic regression
models, one suggestion is that the posterior probability of y; is given by a logistic function of f)(x;),

1
= T el S M)} @)

Accordingly, we can use the maximum likelihood estimation method for A. Here we reformulate

P(yi | xi, A)

maximum likelihood estimation as an equivalent minimization problem, which is based on the

following loss function
Lb(A) = Zln {1 + exp ( —Y; Z )\th(Xl)) }
i=1 j=1

This problem was also addressed by an algorithm called LogitBoost [5] in the context of boosting
[16, 32].
Let us define
9ij = —yih;(xi) (8)

and g; = (g1, - - - ,gim)T. Thus,

n

Lo(\) :Zln{l—kexp(i)\jgij)}. 9)

i—1 j=1

As in [5], we assume that
m
Z lgij] < 1. (10)
j=1

Moreover, without loss of generality, we assume throughout this paper that g;; # 0 for all ¢ and j.
If there exists some g;; = 0, we can simply remove the corresponding term from the summation in

exp{>_7"; A;jgi;} so that the same results are still applicable.

11



4.1 Using Jensen’s Inequality

We rewrite Ly(A) in (9) as

9ij
Zln {1+e0 [Z 51 (22505 = 4 (0) + MOT8) + (1= A0 ]}
where
a; :Z’gzj" (11)
j=1
Since & ln(l(;;‘;’(p(“)) = (1f§1§8))2 > 0, In(1 + exp(-)) is convex, and hence

LA < f:u —a)In (1+exp(A()7g:)) +
i=1
zn: { 3 1gij]In [1 + exp (IgZI (A — () + )\(t)Tgi)} }

i=1 " j=1

Qz(AIA(?)). (12)

It is easy to show that Q,(A(t)|A(t)) = Ly(A(t)). Hence, Q.(A|A(t)) can be used as a surrogate
function of Ly(X). We then minimize Q,(A|A(t)) w.r.t. the A;’s, by setting the partial derivative

ILAAD) & o (A e+ gy - N(0)

. 9ij
O; I e (A0 g+ L0y = (1))

to zero. However, a closed-form solution cannot be found. There are two methods to tackle this
problem. One is to employ a strategy similar to the generalized EM algorithm [11], leading to a
generalized SM algorithm. Alternatively, we can resort to a gradient SM algorithm analogous to

the gradient EM algorithm [22]. Here, we employ this strategy. Using

Q- (AIA(1)) Z
- a0y = pi(A(1))gij
“ A=A (t)
0%2Q (At
QAT _ sz D1 = piA®))lgis -
J A=A (t)
T
where p;(A) = %, we update the current parameter estimate \;(t) to

_]_ n
Aj(t+1) = {sz )(1 = pi(A <t)>>|gij\} > pilAt))gi;- (13)
i=1

This gives rise to a gradient SM algorithm.

12



4.2 Using First-Order Taylor Approximation

First, notice that Incosh(u) = lnw for u € (—00,00) is even while Incosh+/u for

u € [0,00) is concave [17]. It is easy to obtain

T, T, T, T,
In (1 +exp()\Tgl-)) =In2+ )\le + In cosh (Ang) =1In2 }\ng n cosh <|A2gl|> . (14)

Let v/u = A g gz . Then it follows from the concavity! of In cosh \/u that

T,
In cosh (\)\le|> In cosh (‘)\(

g, ATg)2 (A1) g)?
51 1 o (X182 A78)
where (3;(t) stands for the derivative of Incosh \/u at /u = |A(t)T'g;|/2, and 3;(t) = tanh(A () gil/2)

~—

IN

[\]

T

= Incosh <M> + i()‘ — X)) Bit)gigl (A + A1),

~—

\V]

4 4
A1) gl
when A(t)T'g; # 0 and B;(t) = % otherwise. Thus, we obtain a quadratic surrogate function

n T . T
Qr(AIA®) = nln2+Z{>‘2gl+lnCOSh(>\(t;gz)}
1 {Zﬂz )i, } A+ A1) (15)
n _ T, n
= LyA[) + ) 0\’\2@))& + i A — A(t))T{ Zﬂi(t)gig?}()\ FA®D)).
1=1 i1

Minimization of Qr(A|A(t)) w.r.t. A results in a new one-step SM algorithm
-1 4,
t+1 { Z ﬂz gzgz } Z &i- (16)
i=1

4.3 Using the Low Quadratic Bound Principle

The original idea of the low quadratic bound principle was proposed by [2]. More specifically, let
L(0) be the objective function to be maximized, VL(0) the Fisher score vector and V2L(0) the
Hessian matrix at @ € R?. The low quadratic bound principle aims at finding a negative definite

q X q matrix B such that V2L(0) = B for all 8.2 Thus, one can define the surrogate function
Q(8 | ¢) of L(6) as

Q(016) = L(8) + (0~ 6)TVL($) + 5(0 — )" B(O — §).

Tt is well-known that Incosh \/u is concave. Nevertheless, we present a new proof in Appendix A because the

proof procedure will be useful in the sequel.
2Here C *= D means C — D is positive semi-definite.

13



Clearly, L(60) — Q(0|¢) attains its minimum at @ = ¢. Since Q(0|¢) is a quadratic function, its
concavity implies that it has only one maximum. If we let ¢ be the tth estimate of 8, denoted 6(t),

then maximizing Q(0|6(t)) w.r.t. 6 yields the (t+1)th estimate of 8 as
O(t+1) = 0(t) — B IVL(O(1)). (17)

Note that if B is singular, we use its Moore-Penrose inverse instead. Obviously, it is a special case
of the SM algorithm, and, due to its origin from the low quadratic bound principle, will be referred

to as the quadratic SM algorithm in the sequel.

We now apply the low quadratic bound principle to the binary logistic regression model. First,

we compute the Fisher score vector and Hessian matrix as

VLy(A) = Z pi(N)8is

VAL(A) = Zpl )(1 = pi(N)gig: - (18)

This leads to the following second-order Taylor series approximation of the objective function Ly()

at A(t):
QuX [ A1) = LA®) + (A = M) VLA®)) + %(A = A®)TVELA@)A = X)), (19)

Using the pure Newton method, the corresponding iteration formula is

)‘(t+1 { sz 1 - pz( gzgz } sz gi- (20)

On the other hand, since p;(A)(1 — p;(A)) < 7, we have
1
V2Ly(N) < ZGGT,

where G = [g1,...,8s). Now, given the tth iterates \;(t)’s of \;’s, we can define a surrogate

function of Ly(A) as
QA [ A(t)) = Lo(A(1) + (A = A(t)T VLy(A(t)) + é()\ —AM)TGGTA - A®).  (21)
Then, minimization of Q4(A|A(t)) gives rise to the (t41)th iterate of X, as:
A(t+1) = A(t) — 4(GGT) VL (A(2)). (22)
We can see that the assumption >, |g;;| < 1 is not necessary for this SM algorithm.
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4.4 Different Combinations of the Basic Approaches

Depending upon the problem at hand, usually one of the three approaches mentioned in Section 2
is used to construct a surrogate function. However, when none of these approaches can give a
closed-form solution, one may consider using multiple approaches in tandem. Here we illustrate
some combination approaches in the context of the binary logistic regression model. We will first
consider the combination of Jensen’s inequality and the first-order Taylor approximation, and will
see that it works well independent of the order in which they are combined. Next, we will consider

the combination of Jensen’s inequality and the low quadratic bound principle.

Combination 1 We first apply Jensen’s inequality to @Q,(A|A(f)) in (12) and then apply

first-order Taylor approximation to the In(-) function. Specifically, by

u—"uv

In(u) < 1In(v) +

for u,v >0 (23)
v

and letting u = 1 + exp (|g |()\ —Ai(t) + )\(t)Tgi> and v = 1 + exp(A(t)T'g;), we have,

In [1 + exp ( I (xy = N (1) + )\(t)Tgi)]

|gi]’
(exp (2504 = A1) = 1) exp(A(1) g:)
1+ exp(A(t)Tg:) '

< In [1 + exp()\(t)Tgi)] +
By combining this with Q.(A|A(t)), we obtain a new surrogate function for Ly(\):

Qe(AlA(?)) (24)
Y In <1 +exp () Aj(t)gz‘j)) +) pi(A®))> \gz‘j!{ exp (éﬂ (N = A1) — 1}-
i=1 j=1 i=1 j=1 4

Since the partial derivative of Q:(A|A(t)) w.r.t. A; is

0Q (At
L) sz

gZJ €xXp <|z:j| ()‘j - Aj@)))

= sz |gzgleXP()\ _)‘ sz |gZ]’eXp( ()—)‘j)a

+
zeSJ ZGSJ

where S;-r ={i:g; >0} and S; = {i:gi; <0}, it is easy to find an exact analytical solution of
argminy Qc(A|A(t)) as

(25)

; N <Ziesj |93 pi@@))) |

M) = X0+ 5 I T )
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Combination 2 The second combination approach first applies the first-order Taylor approx-

imation and then Jensen’s inequality. Now let u = 14+exp(3_72; Ajgi;) and v = 1+exp(d_1L Aj(t)gij)
n (23), we have

In (1 +exp(d /\jgz‘j)) <In (1 +exp(Y_ Aj(1)gi;
=1 j=1

)) N exp(D_711 Ajgig) — exp(Do75y Aj(t)gis)
L+exp(D_72, Aj(t)gij) '

It thus follows from Ly(A) in (9) that

exp ( j=1Aj9ij) — exp Z;ﬂ: Aj(t)gij
Ly(A) < Zln (1+exp ZAJ )9ii )+Z 1—1|-exp()z7.n: )\((t)gzyl) |

J=1

— Zln(1+exp > Ai(t)gi )+sz [eXp zm: t)gij) — 1}

Jj=1 j=1
Qx(AA(2)).

S

Using Jensen’s inequality, we have

exp (i()‘j - )\j(t))gij> = exp (Z |gij| |gZ’ =)+ (1 - ai)0>

j=1

< 1_az+z‘gz]’exp (7‘()‘ )‘J(t)))
7=1

Inserting this inequality into Q«(A|A(t)), we again obtain the surrogate function Q.(A|A(¢)) and

the iterative equation given in (25).

Clearly, this is a standard SM algorithm. Note that this algorithm is equivalent to the parallel
Bregman distance algorithm for binary logistic regression proposed by [5]. However, our derivation
is much simpler because we only utilize Jensen’s inequality with the convexity of In(1 + exp(u))
and first-order Taylor approximation with the concavity of In(u).

Combination 3 The point of departure of the third combination approach is from the
surrogate function @,(A|A(t)) defined in (12). As

0QZ(AIA(1))
%

Zn] e (AT + 250y = 3 (1) [1_ exp (A() i + 24 (0 — A1) ]
S e (AOTes+ 24y =5 L 1 exp (MO e + B0 - A1)

1 n
1 Z 1951,
i=1

we apply the low quadratic bound principle to @, (A|A(t)), leading to another surrogate function

QA1) = Ly(A(1)) + (X = X)) VLy(A(#)) + %(A = A1) DA = A1), (26)
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where D = diag( > 7, |gi1],- .-, > iy |gim|) is a diagonal matrix, and we use Q.(A|A(t)) = Ly(A)
and VQ (A(t)|A(t)) = VLy(X) at A = A(¢). Thus, we have

A+ = X0~ 4(Ylal) SopAW)gy. G=1....m. (27)
=1 =1

Apparently, Q,,(A|A(t)) is also a surrogate function for the log-likelihood function Ly(A) through

combining Jensen’s inequality and the low quadratic bound principle.

4.5 Theoretical Analysis

We can see that the surrogate function for an objective function is not unique. By using (com-
binations of) different approaches from Section 2, different surrogate functions and consequently
different SM algorithms can be devised. Table 3 compares the various SM algorithms proposed in

the previous subsections, and their needs for matrix inversion are shown in Table 4.

Table 3: General comparison of the proposed SM algorithms and the pure Newton method for the

binary logistic regression.

Method Surrogate Iterative | Approach(es) used
function equation

SM-1 Q.(A|A(t)) in (12) (13) Jensen’s inequality
SM-2 Qf(AIA(t)) in (15) (16) First-order Taylor approximation
SM-3 Qq(A|A(t)) in (21) (22) Low quadratic bound principle
SM-4 Q:(AIX(t)) in (24) (25) Jensen’s inequality

+ first-order Taylor approximation
SM-5 Qm(A|A(t)) in (26) (27) Jensen’s inequality

+ low quadratic bound principle
Newton’s | Qn(A|A(t)) in (19) (20)

(From Section 4.4, it can be shown that, for the same A(t),

L(A) < Q.AW) < Qe(AA®)), (28)
L(A) < QuAA®) < Qu(AA(E)). (20)
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Again considering A(¢t+1) in (25), we have

Qz(AAF)[A®) < Qe(A(t+1)[A()) < Qe(A(H)|A(E)) = Lu(A(t)) = Q=(A(L)[A()).
QzAUF)A®) < QmAEF+D[A®)) < Qm(A@)IA(E)) = Ly(A(t) = Q=(A)[A(2))-

This implies that the iterative procedure based on either (25) or (27) defines a generalized SM
algorithm w.r.t. the surrogate function @, (A|A(t)). Therefore, we see that a standard SM algorithm
w.r.t. one surrogate function may at the same time be a generalized SM algorithm w.r.t. another

surrogate function.

SM-1 is a gradient SM algorithm. Like the gradient EM algorithm, its convergence is not
guaranteed. Here, since the SM-k (kK = 2,...,5) algorithms are standard SM algorithms, we
consider their convergence properties. For SM-3 and SM-5, their corresponding surrogate functions
Qq(AIA(t)) and @ (A|A(t)) are clearly continuous in both A and A(t). For SM-2, it is easy to
see from Lemma 1 that §;(t) is continuous in A(t)”'g; at (—oo, +00). As a result, we obtain that
Q(A|A(t)) is continuous in A(t), and hence Q ¢(A|A(t)) is continuous in both X and A(t). As for SM-
4, we choose to regard it as a generalized SM algorithm w.r.t. the surrogate function Q,(A|A(t)) in
(12), which is continuous in both X and A(¢). On the other hand, from (18), we have V2L;(A) = 0.
Consequently, Ly(\) is convex. We again note that Ly(X) is bounded below (> 0). This shows that
Ly(A) only has a unique stationary point which is the local minimum. By Theorem 2, we thus have

the following corollary.

Corollary 1 The limit point of any sequence {A(t)} of one of the SM-k (k= 2,...,5) algorithms
is the global minimum of Ly(X) and Ly(A(t)) converges monotonically to Ly(A*) for the global

minimum \*.

With a variety of different possibilities, a natural question to ask is what criteria should be
used to guide the design of a good surrogate function. Intuitively, one criterion that could be used
is the closeness of a surrogate function to the original objective function. For example, the closer
is the surrogate function to the objective function, the better it will be. Another possible criterion
is the tractability of the M-step. For example, a closed-form update equation is more desirable. In
other words, we want the surrogate function to be both efficient and effective. In practice, however,

there has to be a tradeoff between these two criteria.
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Table 4: Comparison on the needs for matrix inversion of the proposed SM algorithms and the

pure Newton method for binary logistic regression.

Method | Matrix inversion?

SM-1 No need for matrix inversion

SM-2 Invert an m x m matrix at each iteration

SM-3 Invert an m x m matrix once during the whole process
SM-4 No need for matrix inversion

SM-5 No need for matrix inversion

Newton’s | Invert an m x m matrix at each iteration

Now, we discuss this issue by taking our proposed SM algorithms as concrete examples. Specif-

ically, we have that, for the same A(t),
Qu(AIA(®)) (or Lp(A)) < Qp(AIA()) < Qq(AIA(D)) < Qum(A[A(1)). (30)

The proof can be found in Appendix B. Since their corresponding SM algorithms are standard, we

can order the convergence rate of these algorithms as
the pure Newton method > SM-2 > SM-3 > SM-5. (31)

This shows that the closer is a surrogate function to the objective function, the faster the rate
of convergence of the standard SM algorithm corresponding this surrogate function will be. On
the other hand, from (16) and (22), we can see that both SM-2 and SM-3 based on Q(A|A(t))
and Q4(A|A(t)) amount essentially to minimizing Ly(A) by the pure Newton method, but with the
Hessian matrix V2L, () replaced by an approximated matrix. They can avoid the non-convergent
problem of the pure Newton method. SM-2 has the same computational cost as Newton’s method.
Since SM-3 uses a constant matrix (i.e., B), it only needs to compute the inverse of this constant
matrix once during the whole iterative process. However, SM-5 does not need to invert any matrix.

Thus, in general, there may be a tradeoff between the two criteria.

Further, going back to (28) and (29), we have that the surrogate function @, (A|A(t)) is superior
to Qc(A|A(t)) and Qn(A|A(t)). However, while SM-1 based on Q;(A|A(t)) does not have a closed-

form solution for the M-step, it is easy to show that an exact analytical solution exists for SM-4
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or SM-5 based on Q:(A|A(t)) or Qum(A|A(t)). It is worth noting that although we have (28),
SM-1 > SM-4 does not always hold because SM-1 is a gradient algorithm. Given the same A(t),
we denote its next estimates by AN (t+1) and A® (¢+1) from SM-1 and SM-4, respectively. For
SM-1, AV (¢+1) may not be the minimum of Q. (A|A(t)). Consequently, we do not ensure that

Q: AV EHDIA®)) < Qe(AD(t+1)IA(®)).

In other words, we are not able to guarantee that SM-1 is faster than SM-4. However, for SM-1

and SM-5, it can be shown from the last paragraph in Section 4.4 that

V2Q.(AIA@)) < -D.

e e

Thus the Rayleigh quotient of V2Q.(A|A(t)) is smaller than that of D. Therefore,
~1 _
1= [(V2Q:(AA®))) ™ VEL()|| = 4D VL)

This implies that the dominant eigenvalue of I — (VQQZ(M)\(t)))_lVZL(A) is not smaller than that
of I — 4D~ !V2L(A). As described in the so-called Ostrowski’s theorem [29, Ch.18], the dominant
eigenvalue determines the convergence rate of the corresponding algorithm. Thus SM-1 is faster
than SM-5, i.e., we still have

SM-1 > SM-5. (32)

4.6 Experimental Analysis

In this subsection we empirically evaluate the SM algorithms summarized in Table 3 for the binary
logistic regression model. Our goal is to further validate the theoretical analysis given in Section 4.5

from an experimental perspective. Specifically, we attempt to achieve the following purposes:

(a) Illustrate the tradeoff between efficiency and effectiveness;

(b) Ilustrate the tradeoff between training and testing.

In our experiments we use the pure Newton method for baseline comparison due to its relationship
with the SM algorithms given in (30) and (31). An empirical comparison of some SM algorithms
with other numerical methods such as conjugate gradient and quasi-Newton have been systemati-

cally studied in [28]. In the experiments, we use two synthetic data sets similar to those used in [5]
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and two real-world data sets. The code is implemented in MATLAB and it is available from the
homepage of the first author, and the experiments are run on a Pentium 2.79GHz PC with 2.00GB
RAM. We use the same initial values of the \;; to implement these six algorithms. Specifically,
we use two initialization methods: one is to randomly generate A;;(0) from a uniform distribution
over [—1,1], i.e., Aj;(0) ~ U([—1,1]), and another is to set A;;(0) = 0. From (7), the latter method
implies that p(y; = 1|x;, A(0)) = p(y;i = —1|x3, A(0)) = 1/2 for i = 1,...,n. For all four datasets,
we run all the six algorithms until |Ly(A(t+1)) — Lp(A(2))]/Ly(A(0)) < 0.00001.

Simulated Data The first data set consists of 3,000 data points x; € R!% sampled randomly

from the normal distribution with zero mean and identity covariance matrix. To label these points,
we first randomly generate a 100-dimensional hyperplane represented by a vector w € R'% subject

Tx;) to each x;. After this labeling step, we

to ||w| = 1 and then assign the label y; = sgn(w
perturb each point x; by adding a random noise term €; ~ N(0,0.2I), leading to a new noisy data
point z;. We use 1,000 points for training and the remaining 2,000 points for testing. We run our
experiments using two data sets, i.e., {x;} without noise and {z;} with noise. Specifically, we set
hj(x;) = zi; and h;(z;) = z;j, respectively, for the two data sets. In this case, we have n = 1000

and m = 100. Fori=1,...,nand j = 1,...,m, we calculate g;; = —y;h;j(x;) (or g;; = —yih;(z;))

such that 21-001 l9ij] < 1.

and set g;j = =i =
1

Text Data We also evaluate the SM algorithms on two text categorization tasks using the
WebKB [6] and NewsGroup [19] data sets. The WebKB data set contains web pages gathered
from computer science departments in several universities. The pages can be divided into seven
categories. Here we run the binary logistic regression model on the classes faculty and course, with
a total of 2,054 pages. The NewsGroup data set consists of 20 classes. We use the classes alt.atheism
and comp.graphics, with a total of 1,985 words. Based on the information gain criterion, 300 features

(i.e., m = 300) are selected for WebKB and 1000 features (i.e., m = 1000) for NewsGroup. We then

define a feature as
Nj(xy)
hi(xp) = =2 ,
3 (%) N (xz)

where Nj(xj) is the number of occurrences of feature j in document x; and N(xy) is the total

number of occurrences of all features in document x. In the experiments, we specify 1, 398 training
samples and 656 test samples for WebKB dataset, and 1, 390 training samples and 595 test samples

for NewsGroup dataset.
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Figures 1 and 2 show the training loss, with values normalized to 1, for the two initialization
methods on these four data sets. Note that the z-axis is in log scale for all plots. Moreover, to
facilitate comparison and visualization, we illustrate the training losses of the first 100 iterations,
although some of the algorithms have converged and others have not converged before 100 iterations.
As we can see, all six algorithms are not sensitive to the initial values of the \;; and converge though
with different rates. Obviously, the convergence of SM-2, SM-3, SM-4 and SM-5 follow from the
basic properties of SM algorithms. For SM-1 and the pure Newton method, they also converge in
our experiments. However, as is well known, the convergence of SM-1 and the pure Newton method
is generally not guaranteed. The orderings of different methods in terms of their convergence rate
are same as those in (31) and (32). In addition, SM-1 > SM-4 holds for the two simulated data
sets, while it does not hold for the two text data sets. This is in full agreement with our theoretical

analysis in Section 4.5.
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Figure 1: Training loss vs. number of iterations.
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Since the performance of the algorithms is almost the same for different initial values of the
Aij, the experimental results, reported in Tables 5 and 6, are based on initial values of the A;;
chosen randomly from U([—1,1]). For SM-2 and the pure Newton method, we need to invert
an m X m matrix at each iteration (see Table 4). Although SM-2 and the pure Newton method
take very few iterations to converge, they become very inefficient for larger values of m due to
the need for large storage. For SM-3, we need to invert an m x m matrix only once for all the
iterations. Hence its computational cost is lower. For the other methods, their computational costs
are even lower. These can be seen from Table 5, in which the bottom of each table entry gives
the corresponding number of iterations required before convergence. Thus, there exists a trade-off

between the convergence rate and the computational cost. SM-2 and the pure Newton method are

(c¢) With A(0) ~ U([—1,1]) for NewsGroup
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Figure 2: Training loss vs. number of iterations.

inefficient for high-dimensional data, although their convergence rates are the fastest.
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Table 5: Total CPU time (in seconds) / number of iterations required until convergence.

Dataset SM-1 SM-2 SM-3 SM-4 SM-5 | Newton’s
Without noise 14.5781 | 21.8750 | 0.0156+2.5469 | 0.0469"436.7344 | 8.3594 3.2656
(# of iterations) 3511 256 1287 3842 4105 42
With noise 3.8906 3.4531 0.015624-0.1875 | 0.0313"+13.2344 | 2.9375 0.5938
(# of iterations) 943 40 86 1359 1507 8
WebKB 2.1875 | 98.1406 | 0.0938*+2.7500 | 0.0469"+1.9531 | 5.2656 | 6.7813
(# of iterations) 147 191 357 119 957 15
NewsGroup 3.0313 | 523.4531 | 1.4219%4+10.2969 | 0.1563"4+2.3594 | 9.1719 | 38.5938
(# of iterations) 66 164 254 42 585 14
& CPU time required for inverting B.
> CPU time required for finding S;f and S5 .
Table 6: Classification accuracy (%) after convergence.

Dataset SM-1 | SM-2 | SM-3 | SM-4 | SM-5 | Newton’s

Without noise || 94.55 | 94.80 | 95.10 | 94.60 | 94.05 94.95

With noise 82.70 | 82.50 | 82.50 | 82.70 | 82.95 82.60

WebKB 96.95 | 96.49 | 95.88 | 97.10 | 97.71 96.80

NewsGroup 94.12 | 93.45 | 85.21 | 94.29 | 96.13 91.76

We also report the classification accuracies on the test data in Table 6. On the simulated

data without noise, the pure Newton method, SM-2 and SM-3 outperform SM-1, SM-4 and SM-5.

This shows that the classification accuracy is consistent with the convergence rate for noiseless

datasets. However, on the noisy simulated data and the two text data sets, the classification results

are different from those for the simulated data sets. Specifically, the classification accuracies of

SM-2, SM-3 and the pure Newton method slightly decrease. In contrast, SM-1, SM-4 and SM-5 are

rather robust to noise, and they now give higher accuracy than SM-2, SM-3 and the pure Newton

method. Moreover, SM-5 gives the best classification performance although it is the worst in terms

of convergence rate. Thus, an algorithm with higher convergence rate does not always have higher

classification accuracy. Since most real-world datasets are noisy in nature, we think that SM-4 and
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SM-5 are the best choices when considering both computational cost and classification accuracy.

5 CSM and SCM Algorithms for Binary Logistic Regression Model

Now we consider applying the CSM and SCM algorithms to the logistic regression model. The loss
function L(A) can be regarded as a function Ly(A1, ..., Ay ) of multiple variables \;’s. First, if we
employ the parallel-update scheme, it is easy to see that the standard, generalized and gradient
SM algorithms given in the previous sections can also be regarded as CSM or SCM algorithms. On
the other hand, if we employ the sequential-update scheme, it is easy to obtain a CSM or SCM
algorithm from one of these SM algorithms by replacing p;(A(t)) with

pi(w) = exp(w'g;)
‘ 1+ exp(wlg;)’
where w = (A1 (t), ..., \i(t), Aig1 (tH1), ..o, A (E+1)) T
Now, we consider in more detail the application of CSM algorithms to an extension of the
logistic regression model. We change p(y;|x;, A) in (7) to
1

1+exp ()\Tgi + b) ’ (82)

P(yilxi, X, b) =

where b is a bias term. Let us denote the corresponding loss function by Ly(\,b). Let g;r =
(git, -+, Gim, DT and AT = (A\1,..., A, b)T be the extensions of g; and A, respectively. Note that
condition (10) is no longer satisfied. However, the SM-2 and SM-3 algorithms given in the previous
sections can still work because (10) is not a necessary condition for them. To use the SM-1 and
SM-4 algorithms, we can simply modify gl?'“ — %gj

We now devise a CSM algorithm that alternately updates b and A. First, given b(t), we use
Q1(AIA(2),b(t)) in the same way as Q.(A|A(t)) in (24) for a surrogate function and then obtain

T
A(t+1) with an iterative equation as in (25). However, here we replace p;(A(t)) = %
exp g
T
with p;(A(t),b(t)) = op(A_(H)gi +b(1) Then, given A(t+1), we define a surrogate function Q2(b |

1+exp()\T(t)gi+b(t)) '
b(t), A(t+1)) of Ly(A(t+1),b) as

Ly(A(t+1),b(t)) + Y pi(A(t+1),b(1)) ("0 — 1),
i=1

where we have used the convexity of —In(-), and then obtain b(t+1) via

b(t+1) = b(t) + mi PiA(E+1), b(2)).
=1
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It is easy to see that

Ly(A(t+1),0(t+1)) < Qa(b(t+1)[b(t), A(t+1)) < Qa(b(£)[b(¢), A(t+1))
= LyA(t+1),6(1)) < QuACHD|AR), b(1)) < QuAB)IAR), b(1))
= Lo(A(t), b(1)),

and Q1(A|A(t), b(t)) is continuous in both A and A(¢) while Q2(b|b(t), A(t+1)) is continuous in both
b and b(t). Thus this CSM algorithm is also guaranteed to converge in terms of Zangwill’s theorem

(see [8] for more details).

6 SM Algorithm for Multi-Class Logistic Regression Model

In a multi-class classification problem, the response variable y; takes value from a finite set of labels,
say Y = {1,2,...,c}. Each feature is a mapping h; : X x J) — R. In the logistic regression model
(LogitBoost) [5, 16], we use the following probabilistic model:

e ) = SRS Ak i)
P\Yi|Xi, - ZzeyeXp(Z )\h(Xi,l))

1
C Yieyexp (X255 X (ki 1) — hy(xi, i) o

Given a training set 7 = {(X1,%1),- - -, (Xn, Yn)}, the logistic regression problem can be trans-

formed into maximizing the conditional log-likelihood

= ZZAJ"U(X%% Zanexp Z (Xzyl))7

i=1 j=1 i=1 ey j=1

or, equivalently, into minimizing the loss

Zln [ZGXP (i Aji(hy(xi, 1) — hj(%.%’)))} :

i=1 ley j=1

We first work on L,,(\) to devise a quadratic SM algorithm. Since

8L8n;\(s>\) = Z|: Xl’y’L Zp ”Xu le ):|a

i=1 ley
O*Lin ()
m g ZZP l|X’L7 X’“ |: Xzayl Zp k|XfL, X,“ ) s
=1 1€y key
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then

VLn(A) = > Hilei—q),
i=1

Vi(A) = =Y Hi(A; — qiq] H],
i=1

where e; is a ¢ x 1 vector with the kth element being 1 if y; = k£ and 0 otherwise,

hl(Xi71) hl(Xi,Q) hl(XZ’,C) ﬁ(l‘XZ,A)
hQ(XZ‘, 1) hg(XZ‘,Q) e hQ(XZ‘,C) ﬁ(Q‘XZ,A>
H; = . . . ) Qi()\) = .
| hn(%i 1) R (%,2) oo hi(Xi,0) | plelxi, A) |

and A;(X) = diag(p(1]|x;, A), p(2|xi, A), ..., p(c|x4, ).

Using the following inequality [2]

1 1
A — qZ'Cl@'T = 5 [I - EllT},

where 1 is the ¢ x 1 matrix of ones, we obtain

1 & 1
2 T T A
V2 Lm(N) = =2 Hi[I—fll }H 2 B.
N z-35 c i

i=1

Thus, we have an iterative procedure for solving A, as

A(t+1) = A(t) +B! Zn: H;(e; — qi(A(1))).
=1

(35)

Next, we seek to derive the parallel Bregman distance algorithm for multi-class logistic regres-

sion proposed by [5] from the perspective of an SM algorithm. We work on L, () and combine

the first-order Taylor approximation with Jensen’s inequality. First, using the concavity of In(:),

we have

n n 721 N gitg 721 A5 (D)git
Zleyezj 1 NGl _Zleyezj 125 (8)git

Ln() < D[ 3 eEimm |

i=1 ley i=1 Zley e2j=1 i (D)git;

n

=Yk [T 0] 37 S i, A(H)eSF 0

=1 ley i=1 1€y

exp(3_TLy A (B)gis)

where gi1; = hj(x;,1) — hj(x5,9;) and p(l|x;, A(t)) = ey DT A, (D)) For any i and [, we

assume that ZTzl |9ij] < 1. Furthermore, without loss of generality, we assume that g;;; # 0 for
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arbitrary 4, [ and j. Since exp(+) is convex, we have

exp (i()\j _ Aj(t))gz‘lj) = exp (i ’gilj‘gilj ()\ — )\ (1-— Z |gzlj )

= =1 \guﬂ

m

1_Z’gm|+2\gd]|exp( ll]|( Aj(t))).

Thus, we obtain a surrogate function for Li,(X):

m(AIA() Zln [Zexp <§:)\j(t)gi1j)} - Zn: > pllxi, A(t)) i |git|
j=1 J=1

IN

i=1 ley i=1 1€y
- - Gilj
30Dl AO) 3 sl exp (204 = X5(0)). (36)
i=1 1€y =1 gij
We are interested in the minimization of Q,,(A|A(t)) w.r.t. . Taking the derivatives of Q,,(A|A(t))
w.r.t. A
0Qm(AA())
8)\3
= Zzp (0] iy A( gzlsexp< gils (/\s_)\s(t)))
i=1 ey ’g’LlS‘
= > pIx A0 gaslexp (As = As(8) = D p( | xi A1) lgus| exp (As() = X)),
(i,1)eSs (i,1)eSs

where ST = {(4,1) : gys > 0} and S; = {(7,1) : gis < 0}. So the solution of 2QmAIAW) _ 0 leads
s s OAs

us to the (t41)th estimate of Ag, as

As(t+1) = As(t) + (37)

1 In (z(i,l)es; |gits| p(UIxs, A(t)))
2 > (inest 19us| pUxi, A(t) )

Obviously,

Lin(A(t+1)) < QuAEHDIA®) < QuADIA®)) = Lin(A(#))-
This is thus an SM algorithm, which is equivalent to the parallel Bregman distance algorithm of
[5] for the multi-class logistic regression. It is clear that Q,,(A|A(t)) is continuous in both A and
A(t). In addition, Lemma 2 shows that A; — qiq;fr = 0. Thus V2f/m(A) =3, Hi(Ai — quZT)H;‘F

is positive semi-definite. Similar to Corollary 1, we have the following corollary.

Corollary 2 The limit point of any sequence {\(t)} of the SM algorithm defined in (37) is the
global minimum of Ly, (X) and L, (A(t)) converges monotonically to Ly, (X*) for the global minimum
A
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7 SM Algorithm for AdaBoost

In this section we present SM algorithms for binary and multi-class AdaBoost. There exists a
connection between AdaBoost and maximum likelihood for exponential models [16, 24]. Unlike
the binary logistic regression model which is based on the minimization of (9), binary AdaBoost is

based on the minimization of the exponential loss function
= Zexp [—yZZ)\]h](Xl)} = Zexp (Z)\jgiJ)' (38)
=1 j=1 i=1 j=1
Let us denote the tth iterate of A\; by A;(¢). From (38), we have
Lad) = Y exp (D lol 250 = A1) + A1) e:)
i=1 j=1 9:i]
N . L W 1— )0 Ao,
= ZGXP Z‘gz3||g“|( J (1) + ( ;)0 ) exp(A(t)” gi).
i=1 j=1 E
Since exp(-) is convex, it can be shown that

zexp {1 a4 D ol exp (220 - 1,0) } = Qua@),

2 94

Clearly, Qq(A(t)|A(t)) = Lo(A(t)), and thus the right-hand side can be used as a surrogate function
of Lq(A). Note also that Qq(A|A(t)) has decoupled the relationship among the \;’s. To minimize
Qa(A[A(t)) w.r.t. Aj’s, we set

Qa(AN | Alt :
L Zgw exp(A(t)" gi) exp (’gw‘ (A — Aj(?f)))

to zero, and obtain

Z |.ng’ exp gz) exp()\ - )‘ Z ‘92j| exp gz) exp()\ (t) - /\j)a
zES;r €S
where S;-r ={i:gij > 0}and S; = {i:g;; <0}. We take log on both sides and, upon simplification,
obtain the following update equation for A;:
N Yics lois| exp(A(t)"g1)
. _|_ — . _|_ — In - .
! ’ 2icst 19ii] exp(A()T8i)

2
As La(A(t41)) < Qa(A{t+1)|A(E)) < Qa(A(t)|A(t)) = La(A(t)), local convergence is guaranteed.

Notice that the derivation of our SM algorithm is equivalent to the one by Lebanon and Lafferty [24].
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There are two popular versions of multi-class AdaBoost. The first one is AdaBoost.M2 [15],

which is based on the loss function

n m

Linz(N) = 32 3 exp [ D7 i (hy (xi.0) = by (xis i) (39)

i=1 €y j=1
and the other is AdaBoost.MH [33], which is based on the loss function
=33 exn | =G> by D)|, (40)
i=1 1€y j=1

where
+1 ifl=y;

Let git; = hj(xi,1) — hj(xs,y:) or gij = —¥i1hj(xi,1), and use Jensen’s inequality with Z;n:1 lgir;| <

Uiy =

1 for any ¢ and [ over Lya(A) (or Ly,n(A)). Then, we can immediately obtain the surrogate function

QAIA®) = Y e [30 (0 g,]l]{l—ZIQZJz\JrZ!gzMeXP[ Lt - 00)]}

=1 1le)y 7=1
and the corresponding iterative equation

11 (Z(“)ess— |gils| exp (Z;nzl )‘j(t)gijl) >

n m
2 E(i,l)esj |gits| exp (Zj:l Aj(t)gijl)

Ao (t41) = Ag(t) +

We can see that these iterative procedures for binary and multi-class cases are equivalent to
those of the parallel-update optimization algorithm of [5]. However, while ours is built upon the
SM algorithm and relies only on the convexity of the exponential function, the one in [5] requires
the construction of a Bregman distance which is much more mathematically involved. Moreover,
convergence of our algorithm follows directly from the SM algorithm because it is obvious that
Lo(A) or Ly2(A) (Lipp(A)) is convex in A, and Qq(A|A(t)) or Q(A|A(t)) is continuous in both A
and A(t). It is worth noting that the Bregman distance optimization algorithm of [5] can also work
with the first-order Taylor expansion of a convex function. However, the argument of this convex

function is itself also a function.

8 SM Algorithm for Log-Linear Model

The generalized iterative scaling (GIS) algorithm [7] is an important method for the log-linear

model. In this section we develop an SM algorithm for the log-linear model which can be shown
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to be equivalent to GIS. Following the notation in [7], we let I be a finite index set, p = {p;;i €
I,pi >0,% crpi <1} and w = {m;i € I,m; > 0, ..;m < 1}. Now given 7, we seek to find a
probability function of the form

Di =T H Aprt (41)

which satisfies the constraints
Zam'pi:hm r=12...,¢
el

where a,; and h, are given and satisfy

c c
aT"iZO, Zarizlv hr>07 ZhTzl
r=1 r=1

Darroch and Ratcliff [7] formulated this problem as a constrained minimization problem as follows

min < K L(p, ln— s.t. aripi =h., T=1,...,c.
{KLpm =S pm?h st Tom=h

P iel il

Further, this problem is equivalent to the following unconstrained minimization problem:

p77707 szln*-FZ??r aszZ_hT>+770<Zpi_1>7 (42)

i€l il
where 19 and n = {n1,...,n.} are the Lagrange multipliers. As

oL

= In— =0,

Op; n poy + TE:I NrGri + Mo =

oL

oo = D pi—1=0,

o icl
we obtain

Uy eXp(— Zf‘ZI nTaTi) (43)

pi = c .
> exp(— D _5_y Nrarj)
Plugging (43) back into (42), we obtain the dual maximization problem [4] as
_ Z nehy — lnz <7ri exp ( — Z nram-)> . (44)
T i€l r
Now we apply the SM algorithm to this dual problem. Noticing that both —In(-) and exp(-) are

convex, we have

P > =S (- S as) - SO Sl
i€l T i e (t)ar;

= _anh —anm exp —an(t)am Zpl €xp Z(nr(t) _nr)ari)

el 7’ el
> = Z Nrhy —In Z T eXP - Z nr(t)am' - sz'(t) Z ari exp(nr(t) — ),
il T il r
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where
mi exp(= oy nr(t)ar:)

pi(t) = c : (45)
2255 exp(— 25—y nr(t)ary)
This leads us to the (t+1)th estimate of n,, i.e.,
h
r(t+1) = n,(t) —In (46)

Zie] pi(t)ari.

For r =1,...,¢, let 1,(0) be equal and randomly generated. We then alternately implement (45)
and (46). Recall that the iterative process of GIS for this problem is defined as [7, Theorem 1]

pi(0) =, p¢<t+1>:pi<t>f[< )

e 9r(t)

where g.(t) = > . aripi(t). In fact, with our initial settings on 7, it follows easily from (45) that

T

pi(0) = S
je

Moreover, plugging (46) into (45), we have

pi() [T (%&))an
>jer i) Il (Ji&)) "

where g,(t) = > _;c; aripi(t). Clearly, our SM algorithm is similar to GIS. However, our SM algo-

pi(t+1) =

rithm satisfies ), ; p;(t) = 1 while GIS only satisfies ), ; p;(t) < 1. Thus, we may regard our SM

algorithm as a variant of GIS that makes the constraint ), ; p; = 1 hold.

9 Concluding Remarks

In this paper we have demonstrated the successful application of SM algorithms to generalized linear
models, and to the binary logistic regression model in particular. Like EM algorithms for missing
data problems, SM algorithms are gaining popularity in computational statistics for problems
without missing data. Although EM algorithms have already been commonly used in machine
learning, this is currently not the case for SM algorithms. We hope that this paper has successfully
demonstrated the power and potential of SM algorithms and will thus lead to its wider adoption

in machine learning.

Besides using Jensen’s inequality, first-order Taylor approximation or the low quadratic bound

principle, we have also demonstrated the possibility of using different combinations of these methods
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for constructing a surrogate function. In order to deal with multi-variable optimization problems,
we have also presented CSM and SCM. Furthermore, for this problem we can devise an SCMS
algorithm, an alternative based on the idea behind the ECME algorithm [25], which is an extension
of the ECM algorithm [27]. It would be possible to speed up SM algorithms via over-relaxation
approaches [31].

Recall that on the one hand, Della Pietra et al. [10] associated iterative scaling algorithms with
an auxiliary function, so iterative scaling algorithms are essentially equivalent to SM algorithms.
On the other hand, the Bregman distance-based optimization algorithms [9, 20, 21, 5, 10] work
with the first-order Taylor expansion of a convex function, the argument of which is itself also a

function. Therefore, these algorithms also share some common properties with SM algorithms.

Since convexity plays a central role in the methods proposed in this paper, it appears that
convexity is a necessary condition for SM algorithms to be applicable. It is noteworthy that a recent
work [13] in computational statistics devised a so-called TM algorithm, which alternates between
a T-step for calculating a titled version of the unconditional likelihood function and an M-step
for maximizing the titled version. The basic idea behind the TM algorithm is to approximate the
conditional log-likelihood function by linearizing the corresponding marginal log-likelihood with
the first-order Taylor expansion. However, since the TM algorithm does not make use of the
convexity property, its convergence is thus not guaranteed. Nevertheless, this algorithm inspires a
convex termination approach to the applications of SM algorithms in case of non-convexity. For a
method designed to work well for a convex function, convex termination refers to the application
of this method also to a non-convex function. From this perspective, the TM algorithm has the
property of convex termination. This resembles the Newton-like methods that possess the quadratic
termination property [14]. Thus the work of [13] sheds some light on the possibility of using SM
algorithms for non-convex functions as well. More studies along this line will be pursued in our

future work.
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A Concavity of the Function f(u) = Incosh(y/u)

Lemma 1 The function

tanh(zx) 40
h(z) = * 70
1 x=0.

is continuous on (—oo, +00).

Proof: If z # 0, we have

tanh(z) exp(z) — exp(—x)

x z(exp(z) + exp(—z))

Now consider that

lim exp(x) — exp(—x) — lim exp(z) + exp(—x) _
2—0 z(exp(z) + exp(—z))  2—0exp(z) + exp(—z) + z(exp(z) — exp(—z))

thus h(x) is continuous.
Q.E.D.

For v > 0,
d1n cosh(y/u) _ exp(y/u) — exp(—+/u) _ tanh(\/ﬁ).
du 2vu(exp(y/a) + exp(—va)) | 2V

(From Lemma 1, we can thus define a continuous function ¢(u) on [0,00) as

tanh(y/u) u>0,
2 U=
Now we compute the derivative of p(u) on (0,00) as

1 4Vu+ exp(=2y/u) — exp(2Vu)
du (exp(y/a) + exp(—/u)’

d(2v + exp(—v) — exp(v))

v =2 — exp(—v) — exp(v) = —(exp(—v/2) — exp(v/2))? < 0,

2v + exp(—v) — exp(v) is a decreasing function. Hence, we have 4,/u + exp(—2y/u) —exp(2y/u) <0

for w > 0. Thus, ¢(u) is decreasing on (0,00). Again, using the property that ¢(u) is continuous
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on [0, 00), we have that ¢(u) is decreasing on [0, 00). Furthermore, o(u) < % (Vu € [0,00)). Since,

up to an additive constant, we can express

f(u) = /0 " o), e [0,00),

according to Theorem 24.2 in [30], we obtain that f(u) is a well-defined closed proper concave

function on [0, 00). Moreover, f} (0) = 3.

B Proof of the Relationship (30)
Lemma 2 Suppose that n; >0 for j=1,....r and 33%_;n; < 1. Let n = (11, ... )L, Then
diag(n) —nn" = 0.
Proof: For an arbitrary x = (z1,...,2,)7 # 0 € R", we have
x"(diag(n1, ..., ) —mm’ )x = iﬂjl‘? - (injl‘J)Q > 0.
j=1 Jj=1

2

Here we use that the function «* is convex on R.

Q.E.D.
In this appendix, we want to prove that

Qn(A[A[1)) < Qp(AIA(X)) < Qq(AIA(?)) < Qu(A[A(D)).
Let p; = pi(A(t)), ui = ATg; and v; = A(t)Tg;. Then

n

QuAN®) = L) + D (ws — wdpi+ 5 S pill = po)(us — v,
=1 =1

QM) = LO®) + 3 3 P 4w,
=1 =1

QeAIX(®) = L) + Y (us — vi)pi + é > (uy = i),
=1 ]
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If v; =0, then 3; = % and p; = % and so the above relationship (30) holds. Now, consider the case
where v; # 0. As

tanh(|A(t) g;|/2)
IA() &l
exp(|A(H) gil) — 1
IA() gl (exp(IA()"gil) +1)
exp(|vi|) — 1
o] (exp(fvs]) + 1)
_ exp(v;) — 1 ( exp(z) — 1
v; (exp(v;) + 1) z(exp(z) + 1)

Bi(t) =

is even on (—o0,0) U (0, —1—00)),

we have

Dy %(Uz —v;)(u; +vi) — pi(u; —v;)
u; — v; exp(v;) — 1 exp(v;)
- 2 + 4v; (exp(v;) + 1) (i = i) (s +vi) = 1+ exp(v;)
_ 2v exp(v;) + 2v; + (exp(v;) — 1) (u; + v;) — 4v; exp(v;) (s — v2)
4v; (exp(v) + 1) c
_ exp(v;) — 1 - ‘)2
4v; (exp(v) + 1) ’

(u; — v;)

From Appendix A, we know that
exp(v) -1 _1
4v; ( exp(v;) + ) 8"

This then follows that

- D —1 1
QM) — QuAND) =Y (1 efjj{:y R §) (s =) < 0.
i=1 7, (A

On the other hand, consider

_exp(y) —1 r ..
olvi) = 4v; (exp(v;) + 1) a 2p,(1 pi)
exp(v;) — 1 1 exp(v;) 1

4v; (exp(v;) + 1) 21+ exp(v;) 1+ exp(v;)
exp(2v;) — 1 — 2v; exp(v;)
4vi(exp(vi) + 1)

For v; > 0, since

d(exp(2v;) — 1 — 2v; exp(v;))
dvi

= 2exp(vi)(exp(vi) — 1 —v;) =0,
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then exp(2v;) — 1 — 2v; exp(v;) > 0. So ¢(v;) > 0. Clearly, ¢(v;) is even on (—oo,0)U (0, +00). This
shows that ¢(v;) > 0 on (—00,0) U (0, +00). Thus, immediately we obtain
exp(v;) — 1 1

4v;(exp(vi) +1) gl —pﬁ)(uz‘ —vi)* 2 0.

Qr(AA(®) = @u(AA®) = (

i=1
We now prove that Q4(A|A(t)) < Qm(A|A(t)). By Lemma 2, we first have diag(|gi1|,. .., [gim|) —
g;g! is positive semi-definite because Z;nzl lgij| < 1. It then follows that

1

SA=AO)T Y (diag(lgal. - lgim) — gig] ) (A= A1) > 0.

i=1

Qm(A [ A(®) = Qq(A [ A1)
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