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Abstract

The concept “partition of integers” refers to representing a positive integer m as a sum of
indeterminate integers. Multiple researches concerning integer triangles have been conducted, and
satisfying results have been reached. This research utilizes a different method to find the number of
integer triangles with a specific perimeter, tackling the problem from an algebraic point of view, and
applies this method to polygons. In the following research, given the integers m and n, consider the
partition of the integer m into n summands, with the condition that the value of each summand is
smaller than the sum of the other n — 1 summands, so that the summands of the integer can be used to
construct the sides of an integral polygon. We discuss the case of triangles first, using inductive
reasoning to find a pattern to the number of integral triangles. The numbers of integral quadrilaterals
have also been discovered through this method. However, a pattern cannot be determined for polygons
that have more than four sides. Thus, we have searched for a recurrence relation between the partition
of quadrilaterals and triangles, and generalized the formula to find the number of partitions into n
summands for a given integer m.

1 Introduction

“Integer partition” is a significant problem in number theory and combinatorics. It aims to
represent a positive integer m as a sum of indeterminate integers. For example, 5 can be partitioned in
7 ways, which are 5, 1+4, 2+3, 1+1+3, 1+2+2, 1+1+1+2, 1+1+1+1+1; thus, the indeterminately
partitioning number of 5, p(5), is 7. This problem was first issued by G. W. Leibniz, 1646~1716, I
think the question is not easy” asserted by him in the letter sent in 1699 to John Bernoulli, 1667~1748.
It was mentioned several times in his unpublished manuscripts. Later L. Wuler, 1707~1783, developed
the topic to a kind of complete partitioning theory with important publishments in 1741 and 1748.
German combinatorics scholar C. F. Hindenburg, 1741~1808, as well as J. F. W. Herschel, 1792~1871,
A. De Morgan, 1806~1871, J. J. Sylvester, 1814~1897, A. Cayley, 1821~1891, P. A. MacMahon,
1854~1929, etc., also made great contribution to this field successively. Nowadays, it has become a
relatively robust theory, but there’s still no simple formula of m for p(m).

It is as hard as the original problem p(m) if we restrict the partition of m in n parts, say
p(m,n), unless n is small. In the case of 5, we can easily tell p(5,1) = p(5,4) = p(5,5) = 1 and

p(5,2) = p(5,3) = 2. Generally speaking, p(m,1) =1,p(m,2) = [%] where [x] is the largest
integer smaller or equal to x. In specific, for positive integers m and n, p(m, n) is

equivalent to the number of positive integer sequences (a4, a,, ..., a,) satisfying the following
conditions:

(P)a;+a, +-+a,=m

(P2)1Sa1Sa2S--'San



The target of this research is to add the third condition (P3) in addition to (P1) and (P2), regarding it as
a conditional partition problem. In the following sections, f(m,n) is used to represent the number of
positive integer sequences (a4, a,, ..., a,) fulfilling (P1), (P2) and (P3).

PHa,+a,+-+a,_1>a,

These sequences are also equivalent to the sides which can construct a n-polygon, without considering
the order of the sides. Actually, f(m, 3) is the number of distinct integer triangles whose perimeters
are m.

In Advanced Combinatorics, published by a French mathematician Louis Comtet in 1974, an

exercise clearly stated that there are [ﬁ (m? +3m+21+ (—1)m‘13m)] distinct integer triangles

with perimeters equal to m. Four students in East China Normal University (Yajing Cai, Zhengli Tan,
Fugang Chao, Han Ren) and Shanghai Key Laboratory of Pure Mathematics and Mathematical
Practice published a paper in 2015, using Ferrers diagram and generating function as well as
triangular coordinates to give out two approaches to prove the formula written by Comtet.

The goal of this research is to further find f (m, n). First, different discussing methods will be
conducted to show the result of Comtet’s formula again. Also, the approach can be extended to four-
part partition problem. Finally, recursive relationship between different n values for p(m, n) and
f (m,n) will be shown.

2  Three-integer Partition
Table 1: Simple Examples for (a, b, ¢)

a b ¢ a b c a b c a b c a b c a b ¢

1 1 1 1 1 3 2 2 2 1 3 3 2 3 3
2 2 3

a b ¢ a b c a b c a b c a b c a b c

3 3 3 3 3 5 4 4 4 3 4 6 4 4 6
3 4 4 3 5 5 4 5 5
4 4 5

f(m, 3) will be discussed first in this section, with two approaches different from the
aforementioned researches, to prove Comtet’s formula again.

1
F(m,3) = [E (m2 + 3m + 21 + (—1)™13m)



For simple notation, we denote the sequence as (a, b, ¢), where a, b, ¢ are three sides of the
triangle. Without losing the generality, we can also assume that ¢ = b > a. Then, it’s obvious that
b+c>aanda+c > b,soonlya+ b > cisrequired to be discussed.

For instance, a positive-side triangle with perimeter equal to 3 can only be (1, 1, 1). Hence,
f(3,3) = 1. By brute-force approach, the examples in Table 1 can be easily found. According to
these data, we can deduce the result in Table 2, where shows the fact that f(m,3) < f(m + 1,3)
when m is even and less than 15.

Table 2: f(m, 3) for small m

m 3 4 5 6 7 8 9 10 ) 11 |12 | 13 | 14 | 15

f(m,3) | 1 0 1 1 2 1 3 2 4 3 5 4 7

2.1 First approach for f(m, 3)

We first show the first approach to get f(m, 3). For a positive integer m, since 1 <a < b <
c,weobtain3a<a+b+c=manda < %; therefore, the valid range for a can be concluded.

m . - - m
1<ac< g,Wthh isequivalenttol <a < [?]

After fixing a,asa < b =m —a — c < c, we can deduce that % < ¢ < m — 2a. On the other
hand,c+1<a+b=m-—c,s0c < mT_l which means ¢ < [mT_l] We obtain two upper bounds for
¢, both of which are compulsory. Further discussion about these two bounds can be found that

[mT_l] < m — 2a isequivalentto a < [mT”] Hence, the valid range for c satisfies the following

conditions:

D Ifa< [mT”],mZ_a <c< [mT_l] ,which means [m+21_a] <c< [mT_l]

22)Ifa= me , %2 < ¢ <m — 2a, which means Ml <c<m-2a
4 2 2

Thus, we obtain that

f(m, 3)

En [5]
-SR]
[%] m+1 m+1-—a s I‘:l+1

:a=1< 2 ]_[ 2 D_ :%]<[T]_m+2a_1)

=5 -5,

When m is even, S; is the sum of 0, 1, 1, 2, 2, 3, 3, ... (there are x = [%] numbers in total.); it
can be further discussed in two cases. If x = 2y for some integer y, then S$; =0+1+1+24+2+



2
v+ (y-D+@y-1D+y=y%= x:. Otherwise, if x = 2y + 1 for some integery, S; =0+ 1 +

14242+ 4+ -D+@-D+y+y=y@r+1) =7 is the

sumof1,1,2,2,3,3, ... (there are also x = [E] numbers in total.); likewise, if x = 2y for some

x(x+2)

integery, S;=14+14+2+2+-+y+y=y(y+1)=

fx = 2y + 1 instead, then S; =

1414242+ +y+y+@+1) =+1)? =

S, is an arithmetic series with length z = [m] [ ] common difference 2, and first

mi6)
number [mT“] -m+2 [m—+6 -1= [w] = [g ,where w = 3, 2,5, 4 respectively when

m=0,1,2,3 (mod 4), so the firstitem is 1, 1, 2, 2 respectively. When m = 0,1 (mod 4), S, =

(22202 — 22, whenm = 2,3 (mod 4), S, = Z222 = 2(z + 1),

As S, S, are related to [m] [m+2] we can divide the problem into 12 cases by mod 12 and
find the solution for f(m, 3) respectively. Details are shown in Table 3.

With the 12 results shown in Table 3, we can then induce the conclusion that

f(m,3) = [% (m? + 3m + (=1)™13m) + f'(m, 3)]
1
= |5 m? +3m+ 21+ (—1)m-13m)]
Table 3: 12 cases of f(m, 3)
m x=[m/3] | $; z=[m/3] = [(m+2)/4] | S, f(m, 3)=5; — S,
12t 4t 4¢? 4t-3t=t t2 32 =™
48
12t+1 | 4t t(4t+2) 4t-3t=t t2 3t2+2t=(m?+ 6m—7)/48
12t+2 | 4t 4t? 4t-(3t+1)=t-1 t(t-1) | 3t2+t=(m?—4)/48
12t+3 | 4t+1 (2t +1)2 (4t+1)-(3t+1)=t t(t+1) | 3t2+3t+1=(m?+6m+21)/48
12t+44 | 4t+1 t(4t+2) (4t+1)-(3t+1)=t t? 3t% 4+ 2t = (m? — 16)/48
12t+5 | 4t+1 (2t + 1) (4t+1)-(3t+1)=t t? 3t2+4t+1=(m?+6m—7)/48
12t+6 | 4t+2 (2t + 1)? (4t+2)-(3t+2)=t t(t+1) | 3t2+3t+1=(m?+12)/48
12t+7 | 4t+2 (t+1)(4t+2) | (4t+2)-(3t+2)=t t(t+1) | 3t2+5t+2=(m?+ 6m+5)/48
12t+48 | 4t+2 (2t + 1)? (4t+2)-(3t+2)=t t? 3t2+ 4t +1=(m?—16)/48
12t+9 | 4t+3 (2t +2)2 (4t+3)-(3t+2)=t+1 (t+ 3t2+6t+3=(m?+6m+9)/48
1)?
12t+10 | 4t+3 (2t+1)(2t+2) | (4t+3)-(3t+3)=t t(t+1) | 3t?+5t+2=(m? —4)/48
12t+11 | 4t+3 (2t + 2)? (4t+3)-(3t+3)=t t(t+1) | 3t2+ 7t +4=(m?+6m+5)/48

, where the value of f’(m, 3) can be found in the third row in Table 4 as well as the sixth column in
Table 3. In fact, the scalar 21 in the formula can be replaced by any number between 21 and 31.



2.2 Second approach for f(m, 3)

Then we introduce the second approach to find f(m, 3). Recall that f(m, 3) is the number of

positive integer sequences (a, b, ¢) satisfying
as<b<cand a+b >c.

These sequences can be grouped intwo cases:a+b =c+1landa+b > c + 2.

Forthefirstcasea+b:c+1,asa+b+c:m,mmustbeodd,anda+b:mT“,c:

-1 . +1 .
mT. Therefore, since a < b, there are [mT] solutions.

Forthesecondcasea+b =>c+2,asc=b,a+b =b+ 2,50 a = 2. Consider a new
sequence (a’,b’,c"),wherea’ =a—1,b' =b —1,c' =c— 1. Itsatisfiesthata’ + b’ + ¢’ =m —
3,a’ <b'<c',anda' + b" > ¢'. Thus, the case corresponds to the solution of f(m — 3, 3).

To sum up these two cases, we obtain: if m is even, f(m, 3) = f(m — 3, 3); if m is odd,
fm,3) = fm—3,3) + ||
One step further, when m is even,

f(m,3)

= f(m-3,3)

=f(m—12,3)+[m;8] + [":2

m-—=6
=f(m—12,3)+T

. Similarly, when m is odd,

The last equation is true because [":2] + [":8] = (m_8)+£m_2)_2

f(m,3)

= f(m—12,3) + [mgs + [m:1]

=f(m—12,3)+mT



_ (m-5)+(m+1)-2

The last equation is true because [m;s] + [m;:l] 2

. We can induce the two equations

as f(m,3) = f(m — 12) +%, where m’ = 6 if miseven; m’ = 3 if misodd. Letm = 12t + r

for some t € NU {0},r is anintegerand 0 < r < 11. Then,

f(m,3)

=f(m—12,3)+m_2m,

— (m—-12)-m’' m-m’

=f(m—24,3) + > .

= (m—-24)-m'" (m-12)-m’' m-m'
=f(m—36,3) + z . +

PO € 0 ek S G0 Bk Gt Bk

2 2 2 2

_ £ 3)+m—r><12+r—m’+m—m’
=/ 24 2

m? + (12 — 2m")m —r(r + 12 — 2m’) + 48f(r, 3)
48

,wWhere 12 —2m’ = 0 if miseven; 12 — 2m’ = 6 if m is odd. Hence, (12 — 2m')m = 3m +
(—1)™13m. As of the scalar f'(m,3) = —r(r + 12 — 2m') + 48 (r, 3) can be calculated from
Table 4.

Table 4: scalar discussion in 12 cases

r =mmod 12 0 1 2 3 4 5 6 7 8 9 10 11
f(r,3) 0 0 0 1 0 1 1 2 1 3 2 4
f'(m,3) 0 -7 | -4 21 | =16 | =7 12 5 -16 9 —4 5

Thus, we can conclude that

f(m: 3)

= %(m2 +3m+ (—1D)™13m+ f'(m,3))

- [% (m? +3m + (—1)m-13m)]



3  Four-integer Partition

In this section, two different approaches to deduce f(m, 4) will be introduced. For simple
notation, we set the four integers to be a, b, ¢, d, and they fulfillthata + b+ c+d=m,1 <a <
b<c<d,a+b+c>d,sothatthey can be the sides of a quadrilateral (not taking the order into

account).

3.1 First approach for f(m, 4)

We introduce the first way to get f (i, 4) in this section. We knowthat 4a < a+b+c+d =
m,s0a < [%] In addition, to simplify the calculation,assume b =a—-1+x,c=a—-1+y,d =a —

1 + z. Then the solution of positive integer (a,b,c,d) with1 < a < b < c < d is equivalent to the
solution of positive integer (a,x,y,z) with 1<x<y<zand 1<a. Also,a+b+c+d=m
means x + y + z = m — 4a + 3. In the following parts, we discuss f(im, 4) in two cases: x +y > z

andx +y < z.
When x+y>z,a+b+c=3a-2+x+y>3a—-2+z>2a—-2+z>2a-1+4+2z=
d. Thus, there are

2t

i=1 f(m —4i + 3,3) solutions.

When x + y < z, the conditiona + b + ¢ > d means x + y > z — 2a + 1, so the valid range
forx+yis(z—2a+1,z). Letx+y =2z—r.Then 2z —r = m — 4a + 3. We know that r must
be even if m is odd, and r must be odd if m is even, in order to find the integer solution of z.

Therefore, we divide the problem into two cases.

If mis even, set m = 2k, then x + y isodd. Also, z —2a + 1 < x + y < z implies: when
a =i, (x,y, z) has positive integer solutions only when x + y €
{z-1,z- 3,...,z- (2i - 3)}. Besides, along with x + y + z = m — 4i + 3, we obtain: when x +
y=z—-1,z-3,..,z— (2i — 3), there are

k—Qi—1)] rk-2i k—(3i—3)
S e B

integer solutions of (x, y, z) respectively. Whileifk —j <0for2i —1<j<3i—3,x+y <0,it

leads to a contradiction. For simplicity, let



As a result, there are ZH (

i=2

3i—-3
j=2i-1

S
2

discussion, we find: if m = 2k,

F(m,4) = Zf(m—zu +3,3) +
i=1

]

]

2 2|

i=2

3i-3

j=2i-1

Furthermore, assuming m = 12t + r forr = 0, 2,4, 6, 8,10, we obtain

]

Zf(m—4i +3,3)
i=1

k—j]Jr

=f(m—1,3)+f(m—5,3)+f(m—9,3)+---+f(m+3—4[%],3)

t—-1

= Z(f(lzi +a,3) + f(12i + b,3) + f(12i + ¢,3)) + m’
i=0

, Where the information of a, b, ¢, and m’ can be found in Table 5.

Table 5: 6 cases of even numbers

) solutions if x + y < zand m = 2k. Based on the

r= 0 2 4 6 8 10
[m/4] 3t 3t 3t+1 3t+1 3t+2 3t+2
m+3
3 5 3 5 3 5
—4[m/4]
(a,b,c) (3,7,11) (5,9,13) (7,11,15) (9,13,17) (11,15,19) (13,17,21)
3,3 5,3
m 0 0 f@33) f(5,3) JG3) 63
+f(7.3) +1(9.3)
Along with the content of the section 2, we deduce the result in Table 6.
Table 6: first part of f(m, 4)
r= 0 2 4 6 8 10
1 r-1 r—1 r—1 r—1
[m/4’] - Z 9;2 2 2 2 r
S | (B B | B | (g
Z f(m L t=0 i=0 i=0 i=0 9i
1= j—=
i=1 s ) +12i + 4) + 15i + 7) +12i + 4) + 15i + 7) 1;02 4)
+15i+7 +12i+
—4i+3,3) +3r2+3r | +6r°+6r | +6r>+8r
+3rf+2r | 4 +1 +3




Then consider Y

[%]( 3i-3 [k;] +

ieo | 2is2i-1 ) For all natural numbers n with 2n — 1 < k < 3n — 3, set the
= 2

it
minimum value of n be a; and maximum value be 8;. For2 <i<a; —1 (i € N —{1}), [% =
[%] when j = 2i — 1,2i, ..., 3i — 3. Also, set [%] =xwhenk > 3. Let g(i) = ?‘:231-_1 [kz;’] We

have

sl (w3t [5]) = 5 o + 28, (33550 [,

. _int
Foralli > S, + 1, j?;‘z%_l [kz—] = 0. To make a deeper discussion about )

a;-1

2> g(0), we have two

cases: k is odd, or k is even.

For k is even, [k_(22n+1)] = [k_(22"+2)] (2n + 2 < k), so we have the following pattern of

g(@) inTable 7.

Table 7: g(i) pattern when Kk is even

9(2) X

93 x-D+Ex-1

9(%) x=2)+x-2)+(x-3)

g(5) x=-3DN+x-3N+x-DHD+(x—-4
g(6) - +x-4HD+x-5+xE-5)+x-06)

(i—l)x—(%i2—4i+3), i is even
(i—1)x—(§i2 —4i+§), i is odd

Similarly, we obtain g(i) = . For simple computation, we

discuss the problem in two cases again:

When «a, is even:

aq1—2 aq1—2

20 g =3, 2, ((2y — Dx — (577 = 8y +3)) + 5,2, (26x — (56% - 36))

=3.2, (4xe —x — 10e? + 11 — 3)

a;—2

=32 ((-10)e® + (4x + 11)e — (x + 3))

When a; is odd:

T2 9= Zyl?_l((zy —Dx—(5y2 -8y +3)) + Z;T_l(z&x — (562 — 39))

=221 [(-10)e? + (4x + 11)e — (x + 3)] + (ag — 2)x —%(051 -1)?+4(a; —1)-3



The second situation is that k is odd. With the same method as the case K is even, we have:

o tg()=
al—Z

Y2, [(10)e? + (4x + 9e — (x + 2)], if a4 is even

a1—3

Y2 [(~10)e? + (4x + 9)e — (x + 2)] + [(al = 2x = 2(ay — D2+ (2, — 1) - 2], if & is odd

. _i1t
Lastly, we can discuss Ziﬁ:lal(Z?‘;ﬁ_l [kz—]] ) in two cases.

The first case happens when k is even. Let a,, 4 be the g-th j-value for i = p, which is

(2p — 1) + q — 1. Some examples are shown in Table 8:

Table 8: a,, ; examples

i J Ap,q
2 3 aza
3 5,6 as,1,0a37
4 7,8,9 A4,1,0472,043
5 9,10, 11,12 as,1,0s5,2,053,0d54
k—-a + ..
Assumethat k = ag, o, = Aa,+1,0, = *** = A, w,- FOr g, (T > w1), [ 2"‘”] = 0. Similarly, we

can induce the result in Table 9 by discussing the a,, , value withp = a; and q < wy, i.e. the a, 4 in

the same row as k but smaller column.

Table 9: [?] +pattern

. . k—j1*
i = 7
j =
B1 2B, —1, aﬁl_wa(k) 0,0
pr—1 2B, —3,2p, — 2,26, - 1, aﬁ1—1,w,,_1(k) 1,1,0,0
@ 20, = 1,203 ., Gy, () S

From Table 9, we know that when k is even,
B1 3i-3

NS

i=a; \j=2i-1



B1

k — 2i
Zz(o+1+2+---+ - )

i=a1

ik—2i+2 k—2i
(—5—)

i=a1

The second case is that k is odd; similarly, we have Zleal ( jr i [""2’ ) = Zleal("“zT”l)z.

m ] ot
To sum up, we successfully deduce the value of ZE:]Z( ?‘;2%_1 %] ). In detail, we have:

1. Whenk is even,

i— 2t-j1* k—2i+2, k—2i
o (D0 [P )2 0 + 2, (R A
, where 371 g ()
55 (10022 + x #1006 - 4 ), if s even
Zal 2[( 10)e? + (4x + 11)e — (x + 3)] + (a; — 2)x — —(al - 12+ 4(a; — 1) = 3,if oy is odd

2. When k is odd,

i 2t+41—j1F -1 . k—2i+1
(Tt ] e g + 2f, (R

2

wherezl ) g(L)

ay

Y 2 [(-10)e? + (4x + e — (x + 2)] + [(al —2)x — —(a1 —1)%+= (a1 -1 - 2] if a; is odd

{Zalz[( 10)e? + (4x + 9e — (x + 2)], if a; is even

Replace m with 12t + r . For example, forr = 0, a; = 2t + 1, §; = 3t, x = 3t — 2. We obtain:

F(12t,4)

=l 9i® +151+7)+Z L [(-10)e® + (4x + 11)e — (x + 3)] + (g — 2)x —

k—-2i+2, k—-2i

2@y — 1+ 4(ay — 1) - 3+ 30, (A2 (A

= AL 415 M0 4 7y 4 SIOEDEED 4 (1204 3) 0 - @Br+ (e - 1) +

3t(3t+1)(6t+1) _ 2t(2t+1)(4t+1)
6 6

— (6t + 1)L (5t+1)t +

(2t—1)(Bt—2)—5t>+8t—3+
3t(3t + 1)t
=63+ 212 42t
2 2

Similarly, for different r-value, we have the result in Table 10:



Table 10: f(m, 4) results when m is even

r 0 2 4 6 8 10
f(12t +r,4) 3%23 322§ 31_52 3&2 352 322
6t +2t +2t 6t +2t +2t 6t+2t 6t+2t 6t+2t 6t+2t
+-t+1 +—t+1 +—=t+3 +—t+5
f(m, 4) 1o 1o R R 1o 1o
288 288 288 288 288 288
+lz +iz +lz +lz +lz +iz
9% " 9% " 9% " 9% " 9% " 9% "
+ L L1, st + L, 3 + L2 1 5
22" 24™ " 72 24™ "9 22™ "3 224™ "9 tamts
When m is odd, we use the same approach to deduce the equations in Table 11:
Table 11: f(m, 4) results when m is odd
r 0 2 4 6 8 10
12 4 3 9 15 21 27 33
fzt+r4) 6t3 + =t 6t3 + =t 6t3 + —t? 6t3 + —t? 6t3 + —t? 6t3 + —t?
2 2 2 2 2 2
+1t +=t 7t 1 +13t+1 +21t+3 +31t+5
2 2 tott 2 2 2
f(m,4) 1o R R R R R
288" 288" 288" 288" 288" 288"
+ L 2 + L2 + L2 + L 2 + L 2 + L2
96" 96" 96" 96" 9% " 96"
N 1 1 11 N 1 +4 N 1 3 N 1 +2 N 1 N 5
24" 24™ " 72 24 "9 24" "3 24™ "9 247

Hence, by induction, we have:

1 9 9 3 15
’4 S 3 a2 - 128 -1 m+1 <_ 2 _ >
f(m,4) 288<m +2m +2m+ +(-1) 2m 2m

3.2 Second approach for f(m, 4)

In this section, we introduce the second approach to deduce f (m, 4). Similar to the method in
2.2, for natural number m, four positive integers a,b,c,d witha+b+c+d =manda+b+c >

d + 1 can be discussed in three situations:

m+1

Bla+b+c=d+1= — It’s obvious that a, b, ¢, d has integer solution if and only if

m is odd; in specific, there are p (mTH 3) =p ([mT”], 3) solutions.

B2a+b+c=d+2= mT"LZ It’s obvious that a, b, ¢, d has integer solution if and only if

m is even; in specific, there are p (mT” 3) =p ([mT”], 3) solutions.

(833)a+b+c=d+3. Ifa=1thenb+c>d+ 2> c + 2, whichimplies b > 2 and
(b—1)+(c—1)=(d—-1)+1,sothereare f(m — 4, 3) solutions; if a = 2, it can be




representedas (a — 1)+ (b—1)+(c—1) = (d —1) + 1, which has f(m — 4,4)
solutions. Hence, whena + b + ¢ > d + 3, thereare f(m — 4,3) + f(m — 4,4)

solutions.

To sum up, we obtain:

FOm4) = fim—4,4) + f(m—4,3) +p ([%”]3)

To deduce the closed-form solution of f(m, 4), we refer to the approach we use to
find f(m, 3) in 2.2 to calculate p(m, 3). Recall that p(m, 3) is the number of natural number
sequences (a,b,c) witha < b < cand a + b + ¢ = m. These sequences can grouped into
two categories: one satisfies a = 1, the others fulfills a > 2.

Consider the first situation a = 1. The equation a + b + ¢ = m implies that b + ¢ =
m — 1. Along with 1 < b < ¢, we can conclude that there are p(m — 1,2) = [mT_l] solutions.

For the second case a > 2, consider a positive integer sequence (a’, b’,c’) witha' = a — 1,
b'=b—1,c" =c—1,whichsatisfiesa’ + b’ + ¢’ =m — 3 and a’ < b’ < ¢’. This maps to
a solution of p(m — 3, 3). Combining the two cases, we obtain p(m,3) = p(m — 3,3) +

[mT_l] One step further,

p(m,3) =p(m—-3,3) + [mT_l]

-ptm =620+ 2] 4 [

(m-1)+(m-4)-1

=p(m—6,3) + >

=p(m—6,3) + (m—3)
Letm = 6t + r, where r € {0, 1, 2,3,4,5}. Then
p(m,3) =p(m—6,3) + (m—3)

=p(m—-12,3)+(m—-3)+(m—-9)

=p@r3)+(mMm—-3)+(M—-9) +--+(m—6t+3)

m-r (m-3)+(m-6t+3)
6 2

=p(,3)+
~m? =712+ 12p(7,3)
B 12

,where p’(m, 3) := =12 + 12p(r, 3) can be calculated as shown in Table 12.




Table 12: p’(m, 3) discussion

r 0 1 2 3 4 5
p(r,3) 0] 0|0 1 1 2
p'(m,3) = —r? + 12p(r,3) 0 | -1|-4] 3 -4 | -1

Therefore, we obtain that p(m , 3) = 1—12 (m? +p'(m,3)) = % (m? + 3)] In fact, the

scalar 3 can be replaced by any number between 3 and 7.

With the formula of p(m, 3), along with the result of f (i, 3) in section 2. We obtain that

fm4) = fm—4,4) + f(m—4,3) +p (|=F].3)

= fm—8,4) + fm—8,3) +p ([=],3) + Fom— 4,3) +p ([=2F].3)
= f(m—12,4) + f(m—12,3) + p([=2].3) + rm - 8,3) +p (|=7].3) +

=43 +5([22.9)
= f(m—-12,4)+ f*(m,4)
, Where f*(m,4) = A+ B, and

A= i((m —12)2 4+ 3(m —12) + (=)™ 2713(m — 12) + 4[m7_6]2) +

—(n—8)? +3(m — 8) + (~1)™"5"13(m — 8) + 4[=2)?) +

(=22 +30m — ) + (~1)"*13(m — 4) + 4[=2)?)
i (6m? — 60m + 268), ifmiseven,
| = (6m* - 48m + 139), if mif odd,
1/, ,([m—6 v ,([m—2 o , m+2
B= E(f (m—12,3) + 4p ([—2 ]3) +F'(m—8,3)+4p ([—2 ],3)+f (m—4,3) + 4p' (T ],3))
Use Table 13 to compute B. We know that B = 4—18 (=28) ifmiseven, B = 4—18 (=1) if mis odd.

1

(6m? — 60m + 240), if m is even,
Hence, f*(m,4) ={*®

ﬁ(6m2 — 48m + 138), if m if odd,

Table 13: B’s discussion for f*(m, 4)

(m-12) mod 12 0 1 2 3 4 5 6 7 8 9 10 11
f'(m —12,3) 0 -7 —4 21 -16 -7 12 5 -16 9 —4
(m-8) mod 12 4 5 6 7 8 9 10 11 0 1 2
f'(m—-38,3) -16 -7 12 5 -16 9 —4 5 0 =7 —4 21
(m-4) mod 12 8 9 10 11 0 1 2 3 4 5 6 7

f'(m—4,3) -16 9 41 s 0 g1l 4l 16712715




[m_—é] mod 6 3 3 4 4 5 5 0 0 1 1 2 2
2
4p’([m7_6].3) 12 12 ]-16]-16] 4 -4 0 0 -4 4 | -16 | -16
[m_—z] mod 6 5 5 0 0 1 1 2 2 3 3 4 4
2
4p1([mT-2],3) -4 -4 0 0 -4 4 | -16 ] -16] 12 12 | -16 | -16
[m_”] mod 6 1 1 2 2 3 3 4 4 5 5 0 0
2
4p'([mT+2]'3) -4 4 | -16]-16] 12 12 |-16|-16] -4 -4 0 0
48B 28 | -1 | 28] -1 28 28] | 28 | o |28 -1
Then setm = 12t + r with 0 < r < 12. Then
f(m,4) = f(m—12,4) + f*(m,4)
=f(m—-24,4)+f"(m—12,4) + f*(m,4)
=f(r,4) + X2 fr(m—12i,4)
25;341—8(6(771 —12i)? — 60(m — 12i) + 240),if m is even
=f(r4)+
{23+ (6(m — 12i)2 — 48(m — 12i) + 138),if m is odd
% (m® 4+ 3m? + 12m — r® — 3r2 — 12r + 288f(r,4)), if m is even
B z%s(m3 +6m? —3m — 13 — 6r% 4+ 3r + 288f(r,4)),if m is odd
1 e
288 (m3 +3m? + 12m + f'(m, 4)),if m is even
-] 1
288 (m3 + 6m? —3m + f'(m,4)),if mis odd
, Where f'(m, 4) can be found in Table 14.
Table 14: scalar f'(m, 4) discussion
m mod 12 0 1 2 3 4 5 6 7 8 9 10 11
—r3 —3r2 - 12r 0 -44 -160 -396 -800 -1420
—r3 —6r?+3r -4 -72 -260 -616 -1188 -2024
£(r,4) 0 0 o] o 1 1 1 2 3 4 5 7
f'(m,4) 0 -4 -68 | -72 128 28 -108 -40 64 -36 20 -8
In conclusion, we can induce that
1 9 9 3 15
m,4) =-——|(m*+-m?*+-m+ f'(m,4) + (—1)™*! (—mz ——m)
f()288< “m?+om ot f(m,4) + (~)™ (Sm? - —




Y R +128+(1)m+1(3 2 15 )
~28g\™ T™ T™M 2 T

4  Multi-integer Partition

In this section, we extend the approach in 2.2 and 3.2, and apply it to find the multi-integer

partition for more than four numbers. We first consider p(m, n), which will be used in the process of
deducing f(m, n)

4.1 Approach for p(m, 4)

Recall that p(m, n) is defined as the number of natural number sequences (a4, a,, ..., a,;) with

1<a;<a, < <ay, a,+a, +--+a,=m

for positive integer m, n. These sequences can be grouped in two situations: one is a; = 1, and the
others is a; = 2.

For the firstcase a; = 1,as a; + a, + -+ a,, = misequivalenttoa, +---+a, =m—1,
along with 1 < a, < -+ < a,, there are p(m — 1,n — 1) solutions.

a

For the second case a; > 2, consider another natural number sequence (aj, ay, ..., ay), where

i =a;—1fori=1,2,..,n. It satisfies the conditions a; + a + -+ ap, =m—nand 1 < aj <
ajy < -+ < a;,, which maps to the solution of p(m — n, n)

Combining these two cases, we obtain p(m,n) = p(m —n,n) + p(m — 1,n — 1). One step
further,

p(m,n) = p(m—n,n) +p(m—1,n—-1)

p(m—-2n,n)+pm—n—-1,n—-1)+p(m—-1,n-1)
5]
=p(m—[%]n,n)+2p(m—in+n—1,n—1)

i=1

m
= Zi;‘]lp(m—in+n—1,n—1)
The last equation is true as — — 1 < [E] < Zis equivalentto 0 < m — [E] n<n
n n n n

The answer can be found by applying p(m, 2) = [%] to the recurrence relation.
4.2 Generating Function of p(m, 4)

In this sub-section, we discuss p(m, n) in the view of generating function. Recall that
p(m,n) is defined as the number of natural number sequences (a4, a,, ..., a,) with

1<a;<a, < <ay, a,t+a;+--+a,=m



for positive integer m,n. Set b; = a; — a;_, fori = 1,2, ..., n with a; = 1. The number of natural
number sequences (a4, a,, ..., a,) IS equivalent to the number of non-negative integer sequences
(b, by, ...,by). a4 < a, < -+ < a, isequivalentto by, by, ...,b, = 0.a; + ay, + -+ a, =mis

equivalenttonb; + (n — 1)b, + -+ 1b, = m —n.

The number of non-negative integer sequences (by, by, ..., by,) Withnb; + (n — )by + -+ +
1b,, = m — nis equal to the coefficient of x™ ™ in (1 +x +x%2 + ) (1 +x? +x*+ ) .(1 +
x™ + x?" +...). This is because nb; = 0,n,2n,...; (n— b, =0,(n—1),2(n—1),...; 1b, =

0,1,2,...,and so on.

We can simplify the polynomial. The coefficient of x™ ™ in (1 +x +x2+---) (1 + x%2 +
x* 4 ) (14 x™ + x2™ + --+) is equal to the coefficient of x™ in x®(1 +x +x% + ) (1 + x% +
x*+ ) (1 +x™ 4+ x?" + --+). By Taylor series, we obtain that x™(1 + x + x2 + ---) (1 + x? +

44 ... n 2n 4 ..y =TI d
x* 4+ ) @A+ x ) =120

Hence, the coefficient of x™ in [ X _isthe

i=1 (1_xl)
number of non-negative integer sequences (by, by, ..., by,), and that’s the number of natural number

sequences (aq,ay, ..., a,).

In conclusion, the generating function of p(m, n) is

4.3 Approach for f(m,n)

We can apply the approach we used for f(m, 3) and f(m,4) in 2.2 and 3.2 to find f (m, n).

Recall that f(m, n) is the number of natural number sequences (a,, a,, ..., a,) satisfying
a,+a, +-+a,_,=a, +1, a,t+a;+--+a,=m, a) < ay < - < dy.

These sequences can be divided inn — 1 groups: a; +a, + -+ a1 =a,+1,a, +a, + -+
Qn1=ap+2,..,a0+a,++a,_1=a,+n—-2,andag; +a,+-+a,_1=2a,+(n—1).

These groups can be categorized in three types.

m+2k—-1

For the first type, k = 1,2, ..., [nT_l] anda, +a,++a,_1=a,+2k—-1= L 1t’s
obvious that a4, a,, ..., a, are positive integers if and only if m is positive odd number, and there are

p(m”zk_l,n — 1) solutions.

For the second type, k = 1,2, ..., [%2] anda; +a, + -+ a,_ =a, + 2k = %Zk it’s

obvious that a4, a,, ..., a,, are positive integers if and only if m is positive even number, and there are

P(%Zk,n — 1) solutions.



For the third type, a; + a; + -+ a,_1 = a, + (n — 1), two sub-types are considered: a; =
lora, =2.Ifa, =1,thena, + a3 + -+ a,_1 = a, + (n— 2), which can be shown to have
Y f(m—n, ).
Proof: Consider n = 4. a, + a3 = a, + 2. There is no solution when a, = 1, as it implies
az; > a,+ 1. Hencea, = 2and (a, —1) + (az — 1) = (a4 — 1) + 1, which has
f(m — 4,3) solution. Suppose that there are ¥ f(m — k , i) solutions for a, +
az+ -+ ag_1 =ag+ (k—2).Considern =k +1witha, +az + -+ a;, =
s+ (k—=1).Ifa, =1,thenaz + .-+ a; = a1 + (k — 2), which has
Yk lf(m—1—k,i) solutions. If a, > 2, then (@, — 1) + (a3 — 1) + - +
(ax — 1) = (agy41 — 1) + 1, which has f(m — 1 — k, k) solutions. Thus, there are
Yk . f(m —1— k,i) solutions when n = k + 1. By mathematical induction, we

prove that there are Y= f(m — n, i) solutions when a; = 1.

If a; = 2, then it can be represented as (a; — 1)+ (a; — D+ (a3 — 1D + ..+ (ap_; — 1) =
(an, — 1) + 1, which has f(m — n, n) solutions. Hence, there are )., f(m — n, i) solutions for the
third type.

To sum up, we obtain the following result:

-2
( n 7]
m + 2k
Whenmiseven » f(m,n)= ) f(m—n,i)+ p(T,n—1>
) i=3 =1
n-1

(=1
§ 2 o m+2k—1
When misodd - f(m,n) = fm—n,i)+ p(—,n—l)
k i=3 k=1
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